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Abstract
Previous studies have quantified the mechanical dissipation associated with
dielectric thin films formed from alternating layers of ion-beam-sputtered
SiO2 and Ta2O5 and concluded that such dissipation could lead to potentially
significant levels of thermally induced displacement noise in proposed
advanced gravitational wave detectors. We report here, for the first
time, measurements of the mechanical dissipation of coatings formed from
alternating layers of Al2O3 and Ta2O5, and SiO2 and Al2O3, respectively, when
applied to fused silica substrates. In addition, we report our measurements of
the elastic properties of Al2O3/Ta2O5 and SiO2/Ta2O5 coatings, as the film
elastic properties can significantly influence expected levels of coating thermal
noise. In summary, our analysis suggests that SiO2/Ta2O5 coatings currently
present the best option for future detectors from a thermal noise standpoint.

PACS numbers: 04.80.Nn, 62.40.+i, 77.55.+f, 95.55.Ym

1. Introduction

Several studies, combining experimental measurements and theoretical modelling, [1, 2] have
identified the mirror coatings formed from alternating layers of SiO2 and Ta2O5 applied to the
test masses of all current interferometric gravitational wave detectors as a potentially significant
source of mechanical dissipation and associated thermal displacement noise, particularly for
the planned upgrade to the US LIGO project, Advanced LIGO. For future generations of
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detector, operation at cryogenic temperatures, however, could prove a useful method to reduce
the level of the thermal displacement noise [3]. For the SiO2/Ta2O5 coatings studied, the
mechanical dissipation appeared to be predominantly associated with the Ta2O5 component
of the coatings [4].

High reflectivity dielectric coatings can also be formed from alternating layers of Al2O3

and Ta2O5, and SiO2 and Al2O3, respectively. The mechanical dissipation of these coatings is
thus of considerable interest.

We present here our measurements of the mechanical dissipation of ion-beam-sputtered
coatings of Al2O3/Ta2O5 and SiO2/Al2O3, and compare the results with those obtained
previously for SiO2/Ta2O5 coatings.

The expected level of coating thermal noise depends on the mechanical dissipation of a
coating and the relative thermo-mechanical properties of a coating and the substrate to which
it is applied [5], in particular the relative Young’s moduli and coefficients of linear thermal
expansion. It is important to ensure that the coating and substrate are mechanically and
thermally matched. We evaluate the thermal noise levels expected from each of the coatings
studied when applied to substrates of fused silica or sapphire, using standard bulk values for
all mechanical properties.

While the mechanical properties of the substrates of interest are typically well known,
there exists little information in the literature on the mechanical properties of ion-beam-
sputtered coatings. In addition we have carried out preliminary measurements of selected
mechanical properties of the Al2O3/Ta2O5 and SiO2/Ta2O5 coatings studied.

We consider the results of these measurements and their effect on the interpretation of the
losses associated with the multi-layer coatings studied.

2. Method

In general the power spectral density of the thermal noise of a test mass, x2(f ), may be written
as [2]

x2(f ) = 4kBT

πf

∫
V

U(r)φ(f, r) dV (1)

where T is the temperature of the test mass, kB is Boltzmann’s constant and U(r) is the elastic
energy per unit volume stored in the test mass when it is distorted as the result of a notional unit
force applied at frequency f to the front of the test mass. φ(f, r) is the mechanical dissipation
of the system, which can vary throughout the volume of the system. In this context, we
are particularly interested in the mechanical loss attributable to a mirror coating applied to a
test mass, and have carried out a series of experiments to determine the magnitude and any
frequency dependence, of this loss.

If the intrinsic loss of a test mass substrate, φ(f0)s , and the loss of a coating applied to the
substrate, φ(f0)c, are the only sources of dissipation in the system then the mechanical loss,
φ(f0)cs, at a resonant frequency, f0, of a coated sample, can be written as

φ(f0)cs � φ(f0)s +
Uc

Us

φ(f0)c (2)

where Uc/Us is the ratio of the strain energy stored in the coating to that stored in the substrate.
The strain energy ratio associated with each resonant mode of a sample can be found using
finite element analysis. φ(f0)s and φ(f0)cs can be experimentally measured.
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Table 1. Dielectric coatings studied. λ = 1064 nm. Optical thicknesses are per layer.

Coating Total First Optical Second Optical Coating
number layers material thickness material thickness manufacturer

1 30 SiO2 λ/4 Ta2O5 λ/4 LMAa

2 30 SiO2 3λ/8 Ta2O5 λ/8 LMA
3 30 SiO2 λ/8 Ta2O5 3λ/8 LMA
4 47 Al2O3 λ/4 Ta2O5 λ/4 MLDb

5 30 Al2O3 λ/4 Ta2O5 λ/4 WPc

6 30 Al2O3 λ/4 SiO2 λ/4 MLD

a Laboratoire des Matériaux Avancés Université Claude Bernard Lyon 1, Campus de la DOUA,
Virgo Building, 22 Boulevard Niels Bohr, 69622 VILLEURBANNE Cedex, France.
b MLD Technologies LLC, 2672 Bayshore Parkway Suite 701, Mountain View, CA 94043, USA.
c Wave Precision Inc., 5390 Kazuko Court, Moorpark, CA 93021 USA.

3. Experimental set-up

The experimental set-up used to measure the mechanical dissipation of the coated and uncoated
substrates studied here was that described in detail in [12]. Two sets of disc-shaped samples
were studied. The first set were each 7.62 cm in diameter by 2.54 cm thick and the second set
were each 7.62 cm in diameter by 0.25 cm thick. Measurements were made of the mechanical
dissipation of a number of modes of each sample. The resonant frequencies studied of the
thin samples were between 2 kHz and 6 kHz while those of the thick samples were in the
frequency range from 20 kHz to 72 kHz. The coatings studied include those discussed in [12]
with the addition of coatings containing Al2O3 as one of the layer materials. The complete
set of coatings studied is given in table 1.

4. Analysis

Our recent work [5] and that of our colleagues [10] has shown that dissipation due to
thermoelastic damping may contribute to measured coating loss φ(f0)c. This type of damping
arises from the coating and substrate having different thermo-mechanical properties. We may
express the total coating loss as

φc(f ) = φth(f ) + φresidual(f ) (3)

where φresidual(f ) is the residual loss of the coating, which is potentially due to the intrinsic
dissipation of the coating materials [11]. φth(f ), the thermoelastic term, is given by [5]

φth(f ) = 2CF T(
E

1−ν

)
avg

[
1

CF

(
Eα

1 − ν

)
avg

− 1

Cs

Esαs

1 − νs

]2

g(f ) (4)

where the frequency-dependent term g(f ) is given by

g(f ) = Im

[
− 1√

i2πf τF

sinh
√

i2πf τF

cosh
√

i2πf τF +
√

kF CF /ksCs sinh
√

i2πf τF

]
(5)

with τF = l2CF

kF
and where E is Young’s modulus, C is the heat capacity per unit volume, α is

the coefficient of thermal expansion, l is the coating thickness, k is the thermal conductivity and
ν is Poisson’s ratio. k−1

F ≡ (k−1)avg and CF ≡ (C)avg. In equations (4) and (5) the subscript
‘s’ denotes a substrate property and (X)avg denotes properties being averaged in proportion to
their fractional amounts in a coating. For a coating consisting of two alternating materials a
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Figure 1. Graph showing experimental coating losses, calculated thermoelastic coating losses and
residual coating losses as a function of frequency for coating 1.

Table 2. Parameters used in the calculation of thermoelastic noise level [5–9, 14–17]. Note that
there is no value for kTa2O5 in the literature; without a definitive value we take this to be closer to
that of Al2O3 than SiO2 and assign the same value as used for Al2O3 accordingly.

Property Value Property Value

nSiO2 1.45 αSiO2 5.1 × 10−7 K−1

nTa2O5 2.03 αTa2O5 3.6 × 10−6 K−1

nAl2O3 1.65 αAl2O3 5.4 × 10−6 K−1

ESiO2 7.2 × 1010 Pa CSiO2 1.64 × 106 J K−1 m−3

ETa2O5 1.4 × 1011 Pa CTa2O5 2.10 × 106 J K−1 m−3

EAl2O3 4 × 1011 Pa CAl2O3 3.09 × 106 J K−1 m−3

νSiO2 0.17 kSiO2 1.38 W m−1 K−1

νTa2O5 0.23 kTa2O5 33 W m−1 K−1

νAl2O3 0.23 kAl2O3 33 W m−1 K−1

and b of thicknesses ta and tb, respectively, we define the volume averaging operator (X)avg

by

(X)avg ≡ ta

ta + tb
Xa +

tb

ta + tb
Xb. (6)

Values used for the thermo-mechanical properties of the coating and substrate materials
are shown in table 2. It should be noted that no information was available on the thermo-
mechanical properties of Al2O3 in ion-beam-sputtered thin film form, hence values for bulk
Al2O3 were used. Values for Young’s modulus and the density of Ta2O5 in thin film form
were taken from reference [9]. The coefficient of thermal expansion for Ta2O5 film was taken
from [16] and a value for the specific heat capacity of Ta2O5 (bulk) from [15]. No values
for thermal conductivity or Poisson’s ratio were available for Ta2O5; in the absence of better
information we take these to be closer to those of sapphire than silica, and assign them the
same values as used for Al2O3.

The total measured coating loss for coating 1 along with the thermoelastic loss and
consequent residual dissipation is shown in figure 1. This figure corresponds to figure 1 in
[12].
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Figure 2. Graph showing residual loss values for each mode measured on coatings 1, 2 and 3.
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Figure 3. Residual losses for SiO2 (φSiO2 ) and Ta2O5 (φTa2O5 ) as a function of frequency.

It can be seen from this figure that the level of thermoelastic damping for this coating is
small.

The next step in the analysis is to use the different compositions of coating to determine
individual loss values for the SiO2 and Ta2O5 as described in [12]. Figure 2 shows the modal
loss data for coatings 1, 2 and 3.

The fitted dissipation levels for each material (shown on a per mode basis in figure 3) are
given by

φSiO2(f ) = (1.0 ± 0.2) × 10−4 + f (1.1 ± 0.5) × 10−9 (7)

φTa2O5(f ) = (3.8 ± 0.2) × 10−4 + f (1.8 ± 0.5) × 10−9. (8)

It should be noted that the loss of the tantala has decreased by ∼10% and the loss of the
silica has increased by just over a factor of 2 from the values presented in [12]. This
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Figure 4. Residual losses for SiO2 (φSiO2 ), Ta2O5 (φTa2O5 ) and Al2O3 (φAl2O3 ) as a function of
frequency. Note that for the Al2O3, losses are quoted for both the sample obtained from MLD and
that obtained from Wave Precision.

is due to a number of reasons, predominantly a more accurate estimation of the energy
stored in the coatings deposited on the thin samples. Additionally, there was a reduction
in the calculated thermoelastic dissipation since any shear deformation of the coating has no
associated thermoelastic loss [5]. This had the effect of reducing the thermoelastic contribution
for the lowest and 20 kHz modes, both of which exhibit a modal deformation showing a
significant level of shear, by ∼92% and ∼96%, respectively. The thermoelastic contribution
for the other modes was reduced by ∼50%. We should note, however, that the effect of
increasing/decreasing Young’s modulus of Ta2O5 by 10% is to decrease/increase the loss of
the Ta2O5 by a similar amount. Changing Poisson’s ratio of Ta2O5 by the same amount has a
smaller effect.

4.1. Extension to other materials

The next stage in the analysis is to compare the levels of loss associated with different coating
materials. Consider coatings 4 and 5. These samples, both having Al2O3/Ta2O5 coatings,
were coated by two different vendors, MLD Technologies LLC and Wave Precision, Inc (see
footnotes in table 1). Using the loss for Ta2O5 predicted using the results from the LMA
coatings along with the residual loss of the Al2O3/Ta2O5 coatings for each mode measured,
it is possible to estimate the loss associated with the Al2O3 component of the two coatings.
This method is valid if the loss of tantala is the same between coating vendors. To check this,
the loss of a MLD coating equivalent to coating 1 was measured and found to be the same
as that of the LMA coating within error. The calculated values for the per mode Al2O3 loss in
the MLD and Wave Precision samples are plotted in figure 4 along with the equivalent losses
for SiO2 and Ta2O5.

Note that the level of the loss of Ta2O5 is still the highest of the coating materials studied.
Approximating the frequency dependence of the Al2O3 loss as linear we find the residual
loss of the Al2O3 component of the coatings to be, for the MLD coating and WP coating,
respectively:

φAl2O3:MLD(f ) = (3.1 ± 0.2) × 10−4 + f (3.7 ± 4.5) × 10−10 (9)
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φAl2O3:WP(f ) = (1.6 ± 0.4) × 10−4 + f (2.1 ± 9.6) × 10−10. (10)

An alternative approach to the analysis of these coatings would be to assume that the
Al2O3 loss in the Wave Precision sample was the same as that in the MLD sample and then
extract a new value for the loss of the Ta2O5 in the Wave Precision coating. However, when
this was tried the Ta2O5 loss yielded was negative. This is unphysical and so the current
results are more consistent with one coating having a lower loss for the alumina component
than the other. Measurements made at Stanford of the optical losses of the coatings from
the two different vendors suggest no obvious correlation between the optical and mechanical
properties.

4.2. SiO2/Al2O3 coating

Typical high-reflectivity dielectric mirror coatings are formed from alternating layers of high
and low index materials. The coatings studied so far use Ta2O5 as the high index material
(n = 2.03), with either SiO2 (n = 1.45) or Al2O3 (n = 1.65) being used as the low
index material. The similarity in the refractive indices of SiO2 and Al2O3 means that this
combination of materials is rarely chosen for standard high-reflectivity coatings. However
they have been used as high damage threshold coatings for excimer lasers, albeit using electron
beam manufacturing techniques [13]. Given that our studies suggest that individually Al2O3

and SiO2 both have low levels of mechanical dissipation, the mechanical dissipation of a
SiO2/Al2O3 multilayer coating is of interest as it may form a coating combination having
overall low mechanical dissipation.

However it should be noted that the small difference between the refractive indices of
SiO2 and Al2O3 means that many more layers are required to achieve a high reflectance coating
than is the case for a SiO2/Ta2O5 coating. To achieve approximately 15 ppm transmission
for a SiO2/Al2O3 coating 43 high–low index pairs are required as opposed to 17 pairs for the
same transmission using a SiO2/Ta2O5 coating. The increased number of layers will undo to
a large extent the advantage gained by the lower loss of the coating, as will be discussed later.

For convenience, measurements were made here on a 30 layer SiO2/Al2O3 coating
manufactured by MLD. As before the corrected thermoelastic loss for this coating was
calculated and subtracted from the experimental loss to leave the residual loss. The residual
losses for SiO2 and Al2O3 (from the MLD sample) calculated earlier were used to predict a
level for the residual loss for the SiO2/Al2O3 coating for each mode. These losses are plotted
in figure 5 along with the residual losses obtained from our experimental measurements of the
30 layer SiO2/Al2O3 coating, a reasonable level of agreement being observed.

5. Thermal noise calculation

We now use our results to calculate the level of thermal noise associated with each type of
coating at a frequency in the bandwidth of a ground-based gravitational wave detector. The
thermoelastic coating noise and residual coating thermal noise were calculated for SiO2/Ta2O5,
SiO2/Al2O3 and Al2O3/Ta2O5 coatings applied to silica and sapphire substrates respectively,
these materials forming the baseline and fallback mirror substrate materials for the planned
Advanced LIGO detector respectively. The loss for Al2O3 was taken to be that calculated
from the Wave Precision coating. In each case coating thicknesses appropriate for a 15 ppm
transmission coating were used. This transmission is typical of that which may be used in
future detectors. The results of this calculation are shown in tables 3 and 4. In both of these
tables, the beam radius is that for the laser amplitude to fall by a factor (1/e). The parameters
used in the thermoelastic coating noise are given in table 2. It should be noted that a change
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Figure 5. Comparison of predicted loss per mode for a SiO2/Al2O3 coating with experimental
values.

Table 3. Shown are the contributions to the total coating thermal noise from the residual coating
loss and thermoelastic dissipation for a single silica test mass. Note that the individual noise values
are added in quadrature to give the total. All values are given at 100 Hz. The Advanced LIGO
thermal noise target for silica is 6 × 10−21 m Hz−1/2 and the beam radius in all cases is 5.5 cm
[18].

SiO2/Ta2O5 Al2O3/Ta2O5 SiO2/Al2O3

Type of coating (m Hz−1/2) (m Hz−1/2) (m Hz−1/2)

Type of thermal noise
Residual 1.0 × 10−20 1.6 × 10−20 1.7 × 10−20

Thermoelastic 2.2 × 10−21 1.5 × 10−20 1.7 × 10−20

Total 1.0 × 10−20 2.2 × 10−20 2.4 × 10−20

Table 4. Shown are the contributions to the total coating thermal noise from the residual coating
loss and thermoelastic dissipation for a single sapphire test mass. Note that the individual noise
values are added in quadrature to give the total. All values are given at 100 Hz. The Advanced
LIGO thermal noise target for sapphire is 5 × 10−21 m Hz−1/2 and the beam radius in all cases is
6 cm [18].

SiO2/Ta2O5 Al2O3/Ta2O5 SiO2/Al2O3

Type of coating (m Hz−1/2) (m Hz−1/2) (m Hz−1/2)

Type of thermal noise
Residual 5.0 × 10−21 5.7 × 10−21 6.2 × 10−21

Thermoelastic 9.2 × 10−22 2.5 × 10−22 2.0 × 10−21

Total 5.1 × 10−21 5.7 × 10−21 6.5 × 10−21

in Young’s modulus or Poisson’s ratio of Ta2O5 of 10% results in a change of typically the
same size or smaller in the thermoelastic noise. A change of the same amount in the thermal
conductivity of Ta2O5 results in a negligible change in the thermoelastic noise.

Consider first the case of a silica substrate. For each coating, the thermal noise associated
with the coating alone is higher than the target thermal noise specification for Advanced
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Table 5. Parameters of coatings studied using ultrasound techniques, along with the values for
Young’s moduli of the coatings found experimentally. Coatings 4a and 4b are two samples with
the same composition of coating. Coatings marked ∗ were measured for reference and do not relate
to the remainder of the analysis.

Coating Layers (each λ/4 Thickness Mean E Standard Mean E
Number @1.064 µm) (µm) Materials (experimental) (GPa) deviation (GPa) (literaturea) (GPa)

1 15 SiO2 4.72 Ta2O5/SiO2 91 7.0 90
15 Ta2O5 (λ/4, λ/4)

4a 23 Al2O3 6.85 Ta2O5/Al2O3 176 1.1 218
24 Ta2O5 (λ/4, λ/4)

4b 23 Al2O3 6.85 Ta2O5/Al2O3 167 1.3 218
24 Ta2O5 (λ/4, λ/4)

5 15 Al2O3 4.38 Ta2O5/Al2O3 156 20 218
15 Ta2O5 (λ/4, λ/4)

7∗ 1.53 SiO2 72 10
8∗ 1.91 SiO2 74 2.0

a Mean E derived from literature [6, 7, 9].

LIGO at 100 Hz. It can be seen that of the coatings studied the lowest thermal noise level is
associated with using a SiO2/Ta2O5 coating. It is also of interest to note that the thermal noise
is dominated by the residual dissipation of the coating as opposed to thermoelastic dissipation.
It may be recalled that the residual loss of a SiO2/Ta2O5 coating is primarily due to the Ta2O5

in the coating; thus reducing the residual dissipation of the Ta2O5 should result in a decrease
in coating thermal noise.

For a sapphire substrate, again each coating results in a thermal noise level greater than
the thermal noise target for advanced LIGO at 100 Hz and the lowest noise level is associated
with using a SiO2/Ta2O5 coating. However, this time if the residual dissipation in Ta2O5

could be significantly reduced the lowest level of coating noise may well come from using an
Al2O3/Ta2O5 coating.

6. Measurement of coating Young’s modulus

As mentioned earlier, the interpretation of our coating loss measurements depends on the
values chosen for the mechanical parameters of both substrates and coatings. A particularly
important parameter is Young’s modulus. In the case of Ta2O5 we have used for the value of
Young’s modulus in thin film form the value given in [19] of 140 GPa, which in turn uses an
interpretation of measurements in [9]. However independent measurements [16, 20] suggest
values of 119 GPa and 100 GPa, respectively.

In an attempt to resolve this discrepancy, Young’s moduli of a number of coatings were
measured using ultrasonic reflection from the coating surfaces. To be more precise a 440 MHz
pulse of ultrasound from a transducer is reflected first from a coated and then an uncoated
silica surface, the samples and transducer being immersed in water for acoustic matching
purposes. The reflected signal is detected by the transducer for analysis. The technique relies
on comparing the strength of the reflected signals from the two surfaces. Given the density and
Poisson’s ratio of the coating materials and the density and acoustic velocity of water and silica
it is then possible to calculate the average modulus of the coating. The technique is described
in detail in the appendix. The measured Young’s modulus values for the multi-layer coatings
are shown in table 5. Each measurement was repeated five times. The values obtained for the
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Table 6. Values of Young’s modulus derived from experiment. *Silica was assumed to have the
same Young’s modulus as in bulk form and was used to extract the other values.

E (literature) E (experimental)
Material (GPa) (GPa)

Silica* 72 72
Tantala 140 144 ± 42
Alumina (MLD) 400 206 ± 72
Alumina (WP) 400 168 ± 62

calibration silicon dioxide layers agree well with the published values, see coatings 7∗ and 8∗

in table 5. For the ion-beam-sputtered coating measurements, the measured Young’s modulus
values lie between the published values of the individual materials.

Extraction of Young’s modulus values for the individual coating materials can be carried
out to yield values as shown in table 6.

These values indicate firstly that Young’s modulus of tantala agrees well with that used
earlier. The moduli of the Al2O3 from the two different vendors, however, show marked
differences from the bulk value used above. In particular, note the difference between the
values for the two vendors.

7. Conclusions

The thermal noise calculations presented here suggest that a SiO2/Ta2O5 coating is currently
the best choice for a fused silica or sapphire test mass. Our results and analyses are all
consistent with this residual dissipation being mostly due to the Ta2O5 in the coatings.

If this residual dissipation can be reduced to a level where thermoelastic dissipation
becomes the dominant loss mechanism, then from table 4 it can be seen that an Al2O3/Ta2O5

coating would be the best choice for a sapphire substrate.
Experiments aimed at reducing the dissipation of Ta2O5 are ongoing, and preliminary

results suggest that this may be achieved by adding a small percentage of TiO2 to the Ta2O5

[21, 22].
Our experiments have highlighted the importance of directly measuring the mechanical

properties of the individual coating materials. To reduce the uncertainty in these parameters it
is desirable to carry out further measurements on these materials in the form of single coating
layers.
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Appendix. Measuring Young’s modulus of LIGO coatings with ultrasound

Ultrasound is one of many different techniques used to measure Young’s modulus of thin
films. With ultrasound, properties of thin films such as density, Poisson’s ratio and Young’s
modulus are determined by measuring acoustic reflections from a sample’s surface [23]. In the
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procedure described here, an unfocused planar transducer is used to generate the ultrasound.
The amplitude of acoustic pulses reflected from a coated and uncoated silica disc are used
to determine the reflection coefficient of the coated silica. From the reflection coefficient,
Young’s modulus of the coating can be determined. This procedure was used to measure
Young’s modulus of four different coatings. For verification, the same procedure was used to
measure Young’s modulus of thin layers of low temperature silicon dioxide (LTO) deposited
on silicon for which a number of published values exist.

The ultrasound transducer is made from a thin film of ZnO deposited on a 500 µm
thick (crystalline) quartz substrate. The centre frequency of the transducer is 440 MHz. An
avalanche breakdown bipolar transistor provides an 80 V excitation pulse to the transducer
[24]. The generated acoustic pulse propagates through the transducer’s quartz substrate,
through water that acts as a coupling medium, and then reflects off the sample. The reflected
pulse returns to the transducer, which converts it to an electrical signal that is recorded with a
Tektronix TDS3000B 500 MHz oscilloscope. The samples are discs of silica approximately
2 cm in diameter and 0.5 cm thick where one side is covered with the coating. Reflections are
measured for both the coated and uncoated sides of the sample. The reflection measurement
from the uncoated side is used to calibrate the measurement set-up since the material properties
of silica are well known.

The specific measurement procedure is as follows. The sample is placed on a tilt stage
so it can be aligned parallel to the transducer. Several drops of deionized water are placed
on the sample so that ultrasound is efficiently transmitted from the transducer to the sample.
The transducer is moved to within 100 µm of the sample and the tilt stage is adjusted for a
reflected pulse of maximum amplitude. This positioning is important since the position of the
transducer relative to the sample must be the same for the coated and uncoated measurement.
Once the transducer is positioned, the reflected pulse is recorded and the process is repeated
for the other side of the sample. The ratio of the Fourier transforms of the received waveforms
from the coated and uncoated sides is also the ratio of their reflection coefficients. A plot of
this ratio for sample 4a along with a best-fit curve based on calculations is shown in figure 6.

The transducer has a limited bandwidth. Thus, the signal-to-noise ratio decreases moving
away from the centre frequency. The lower frequency limit for fitting is chosen so that the
error bars from repeated experiments remain acceptable. In this case, the upper frequency
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Figure 7. Measurement sensitivity for sample 4a material at 440 MHz.

Table 7. Material constants used in calculations.

Density Poisson’s Longitudinal acoustic
Material (kg m−3) ratio velocity (m s−1)

Fused silica 2201 – 5931
Silicon 2329 – 8430
Water 1000 – 1509
Ta2O5 6800 0.23 –
SiO2 2200 0.17 –
Al2O3 3970 0.23 –

limit was set by the oscilloscope’s bandwidth. By varying the value for Young’s modulus, a
curve of the theoretical ratio of reflection coefficients is fitted to the measured curve. Young’s
modulus for the best-fit curve is the measured value for Young’s modulus.

The theoretical reflection coefficient as a function of frequency for a given Young’s
modulus is calculated based on the following equations [25, 26]. The reflection coefficient is
related to the equivalent acoustic impedance of the sample and water.

� =
∣∣∣∣Zeqv,sample − Zwater

Zeqv,sample + Zwater

∣∣∣∣ . (A.1)

For the uncoated side, the acoustic impedance of the sample is equal to the acoustic
impedance of silica. Thus, the reflection coefficient for the uncoated side can be calculated
from material constants, table 7, and is equal to 0.79. For the coated side, the equivalent
acoustic impedance is calculated from the following equation:

Zeqv,sample = Zlayer
Zfused silica + Zlayer tanh((α + jβ)d)

Zlayer + Zfused silica tanh((α + jβ)d)
(A.2)

β is the wave number, 2πf

ν
, and d is the thickness of the coating. Attenuation, α, in the

coating can be safely ignored. The acoustic impedance is equal to the velocity, ν, multiplied
by density, ρ.

Z = νρ. (A.3)
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In all of the equations here, velocity is the longitudinal velocity and impedance is the
longitudinal impedance. Finally, Young’s modulus is related to the acoustic impedance and
Poisson’s ratio as follows.

E =
(

1 − 2σ 2

1 − σ

)
Z2

ρ
. (A.4)

The sensitivity of the reflection coefficient to changes in Young’s modulus depends on
the thickness of the coating relative to a wavelength. This dependence is shown in figure 7 for
sample 4a at 440 MHz. The coating thicknesses of sample 5 and the 1.53 µm SiO2 are rather
thin for 440 MHz ultrasound. This explains the higher measurement error for these samples.
Higher frequency ultrasound or thicker coatings could be used to reduce the error for these
measurements.
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