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ABSTRACT

Over the past decade, microstructured quasi-phase-matching (QPM) materials have

been extensively used in nonlinear frequency conversion devices. QPM offers such

advantages as large nonlinearities, noncritical propagation geometries and does not rely on

natural birefringence of the material. More importantly, a single material can be tailored to

allow interactions between almost any combination of wavelengths within the

transparency range. Moreover, as it is particularly valuable for frequency conversion of

ultrashort optical pulses, QPM allows tailoring of the amplitude and the phase response of

the device. 

In this dissertation we explore the new directions which have become possible due to

realization that longitudinally nonuniform QPM gratings can bring much more to

nonlinear frequency conversion than just tailoring a particular nonlinear material to

phasematch a particular nonlinear interaction. We demonstrate several QPM devices

which are not just improvements over the existing techniques but rather are conceptually

novel devices.

In particular, we demonstrate QPM devices which combine second harmonic

generation (SHG) with general shaping of light pulses on the femtosecond time scale. As a

particular example of this QPM-SHG pulse shaping technique, we generate dual-

wavelength synchronous second harmonic pulses from a single pump pulse. Careful

accounting of the dispersion of the nonlinear material allowed design of a QPM-SHG

pulse compressor for use with extremely short (< 10 fs) pulses. Using such device we

generate sub-6-fs pulses at 400 nm which, to the best of our knowledge, are the shortest

pulses ever generated in the blue spectral region. We also demonstrate QPM pulse shaping

devices which use the difference frequency generation, hence enabling shaped pulses to be

obtained at any wavelength that can be phasematched by QPM. 
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CHAPTER 1. INTRODUCTION

"We’re all going on an Exploration with
Christopher Robin!"

"What is it when we’re on it?"
"A sort of boat, I think," said Pooh.
"Oh! that sort."
"Yes. And we’re going to discover a Pole or

something. Or was it a Mole? Anyhow we’re going
to discover it."

A. A. Milne Winnie-the-Pooh

1.1. Frequency conversion of ultrashort optical pulses

Ultrashort-pulse lasers are very useful light sources for diverse applications. A couple of

aspects of such lasers are particularly desirable. First, the short temporal length of the

pulses naturally renders itself useful in spectroscopic studies of fast processes and, more

recently, in the rapidly expanding field of optical telecommunications. Second, the peak

powers of ultrashort pulses are large even for modest average powers, which make them

attractive in applications like precision-machining, multi-photon microscopy, and

opthamological surgery, where it is critical not to deposit a substantial amount of heat onto

the illuminated object while simultaneously applying large optical fields. 

Ultrashort-pulse lasers share the same common feature with the rest of the laser

family: there are probably thousands of materials in which lasing can be achieved at

wavelengths almost continuously covering a broad range from the ultraviolet to the

infrared. However, practical considerations like efficiency, output power, size, cost, power

consumption, simplicity, robustness, as well as some other requirements specific to

particular applications, dramatically reduce the number of useful laser materials. The

specific material requirement for ultrafast lasers is a large gain bandwidth to support

generation of ultrashort pulses. This requirement further limits the choice of laser

materials to just a handful and hence limits the wavelength ranges where ultrashort pulses
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can be obtained by direct laser action. To name the major players, Ti:Sapphire lasers

generate in the red and near-infrared range, Nd and Yb lasers at around 1 µm, and Er:fiber

at around 1.55 µm. We note that historically dye lasers operating in the red spectral region

had been almost the only source of ultrashort pulses in the 1970’s and the 1980’s,

however, due to the above mentioned practical considerations, such lasers became almost

obsolete in recent years and were replaced by the solid-state lasers.

To alleviate the limited wavelength coverage of available lasers, nonlinear optical

frequency conversion is widely employed to extend the useful wavelength range of laser

sources. The idea is to use a "well-behaved" laser and convert its output to wavelengths

where direct generation is difficult or even impossible, ideally preserving the "well-

behavedness" of the input and often even picking up some extra useful features like

broader wavelength tunability of the frequency-converted output. The power of such

approaches was recognized early in the development of quantum electronics; over past

several decades numerous devices has been demonstrated employing second-order

nonlinear interactions: second-harmonic generation (SHG), sum-frequency generation

(SFG), and parametric processes: difference-frequency generation (DFG), optical

parametric oscillators (OPO), amplifiers (OPA) and generators (OPG). In this dissertation

we will consider only processes due to the second-order nonlinear susceptibility and

neglect third- and higher-order processes, which are generally at least an order of

magnitude weaker in materials with a nonzero second-order nonlinearity.

For nonlinear frequency conversion to be efficient, besides the requirement for the

material to have a substantial second-order nonlinearity, it is necessary that the phase

velocities of the interacting waves be matched to enable a unidirectional energy flow from

the input fields to the generated fields.1 For example, in the case of an SHG process, this

phase-matching condition requires that refractive indices at the first harmonic (FH) and

the second harmonic (SH) be equal to each other, . Because of the dispersion of

the nonlinear medium, i.e. the dependence of the refractive index on the wavelength of the

n1 n2=
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optical field, , or, equivalently, the dependence of the k vector on the optical

frequency, , this condition is generally not satisfied for collinearly-polarized FH

and SH fields. A solution to this phase-matching issue was realized early in the history of

nonlinear optics2, 3 and by now it has become a conventional practice to rely on natural

birefringence to attain phase velocity matching between orthogonally polarized fields. 

Compared to nonlinear frequency conversion of narrow-bandwidth cw sources, the

use of ultrashort pulses, which have extended optical spectra, raises additional concerns

about dispersion of the medium, beyond those of achieving phase-matching. Such

dispersive effects play a crucial role and thus have to be taken into account in the design of

the frequency converter. 

The envelope of an optical pulse propagates through a dispersive medium with group

velocity, u, defined as . In general material dispersion causes pulses at

different wavelengths to propagate with different group velocities, leading to temporal

walk-off. This group velocity mismatch (GVM) between the interacting pulses puts a

restriction on the length of the nonlinear crystal that can be used to generate pulses

without substantial broadening compared to the input pulses. This characteristic length is

called a walk-off length, . For the case of SHG  is defined as ,

where  is the pulse length of the transform-limited FH pulse and  is

the GVM parameter, where  and  are the FH and the SH group velocities,

respectively. By now the use of devices with length about one walk-off length for ultrafast

frequency conversion has become a standard practice.

Intrapulse group velocity dispersion (GVD), a second-order effect compared to GVM,

is characterized by the GVD coefficient  of the material, which is defined as

. When a short pulse propagates through a medium over a length for which

GVD is non-negligible, the medium adds some linear chirp to the pulse resulting in a

change of the shape and amplitude of the pulse.4, 5 The characteristic length over which the

GVD effects become important is . The GVD is generally not significant in

n n λ( )=

k k ω( )=

u kd ωd⁄( ) 1–=

Lgv Lgv Lgv τ0 δν⁄=

τ0 δν 1 u1⁄ 1 u2⁄–=

u1 u2

β

β d2k ω2d⁄=

Lβ τ0
2 β⁄=
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single pass devices shorter than one walk-off length and hence can be neglected when this

condition is satisfied. Higher-order dispersion beyond GVD leads to even further

distortion of the pulse and causes asymmetry in the pulse profile.4, 5 For a given length of

the nonlinear medium, GVD and higher-order dispersion become increasingly important

for shorter pulses and/or toward shorter wavelengths, in the case of normal dispersion. 

We note that frequency conversion of nanosecond pulses with common nonlinear

materials generally does not raise concerns about walk-off due to GVM as well as the

higher-order dispersion. Hence conversion of such pulses can be treated essentially as a

cw case. Picosecond and femtosecond pulses, however, generally are short enough and

possess broad enough spectra that the dispersive effects must be taken into consideration.

Since there are no exact definitions of what is a long pulse and what is an ultrashort pulse,

in this dissertation we will use term "ultrashort pulse" to refer to picosecond and shorter

pulses.

1.2. Quasi-phase-matching

As mentioned in Section 1.1 phase-matching is required for efficient nonlinear frequency

conversion.1 Conventional use of a material’s natural birefringence does enable the

required phase velocity matching. However, because birefringence is an intrinsic material

property there is a limit on the wavelength range and combination of polarizations for

which a particular nonlinear material can be used. Beyond the ability to phasematch a

particular interaction and having a substantial nonlinearity, a useful nonlinear material

must satisfy a set of practical requirements, like adequate damage threshold, transparency

range, residual absorption, cost, etc. Since no single or even a small set of materials can

satisfy all these considerations for all desirable interactions, many different nonlinear

materials had to be used to cover a wide variety of desirable interactions, often leading to

a lengthy and costly process of new materials development. 
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An alternative method for achieving phase-matching is to use the quasi-phase-

matching1, 6 (QPM) technique, which does not rely on the natural material birefringence.

With QPM frequency conversion, the phase mismatch between the nonlinear polarization

(generated by the input fields) and the generated field is reset periodically by using a

spatial modulation of the nonlinear coefficient. The required period of such modulation,

, must be chosen to be twice the distance, called the coherence length, over which the

interacting waves acquire a π relative phase shift. In terms of the k vectors of the

interacting waves, the k vector of the periodic grating, , must be equal to the

k-vector mismatch of the interacting waves. Hence if such modulation can be

implemented and its period can be engineered, a single substrate material can be used for

different interactions with the appropriate choice of modulation period.

Thus, while for birefringent phase-matching the material requirement is the existence

of an appropriate material that can phase-match the particular interaction, in the case of

QPM the requirement is the existence of an appropriate technology to achieve periodic

modulation of the nonlinear coefficient. Once the fabrication technology is established,

QPM offers a number of well-known advantages: it allows for interactions between any

combination of wavelengths within the transparency range of a material, allows use of

non-birefringent materials, and eliminates constraints on polarization, thereby enabling

the use of the large nonlinear coefficients available for interactions between parallel

electric fields. Over the past decade bulk QPM gratings have been demonstrated in a

number of materials, such as lithium niobate,7 lithium tantalate,8 KTP,9, 10 RTA,11

potassium niobate,12 and GaAs.13 Such QPM devices have enabled generation of an

increasing range of wavelengths with improved efficiencies and with lower power pump

lasers. It would not be an exaggeration to say that QPM revolutionized the field of

nonlinear frequency conversion, as can be judged by the number of publications on this

subject appearing in the literature, over 1000 in the past ten years.

Λ0

K 2π Λ0⁄=
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1.3. Nonuniform QPM gratings

Because QPM fabrication technology is based on lithographic patterning, it opens up new

horizons which go well beyond simply compensating for phase velocity mismatch. QPM

provides extra degrees of freedom in engineering nonlinear interactions, not available with

conventional birefringent phase-matching, and has enabled a wide range of novel

frequency conversion devices. One of the first manifestations this engineerability, unique

to QPM, was a realization that it is possible to fabricate gratings of different periods

transversely offset with respect to each other on the same wafer. This arrangement

preserves the noncritical interaction geometry and allows wavelength tuning of the device

by a simple transverse translation of the multigrating crystal, which was first demonstrated

by Myers et al.14 and by now has become a standard practice. This multigrating

arrangement allows discrete wavelength tuning; if continuous tuning is desirable, a fan-

out structure can be used.15, 16 The utility of transverse patterning of QPM gratings goes

beyond providing tunability of the device, e.g., transversely engineered gratings have been

proposed for switching of quadratic solitons.17

While uniform periodic longitudinal modulation of the nonlinearity is typically used

for QPM, nonuniform modulation can also be desirable for tailoring the frequency

response of a nonlinear device, as has been theoretically proposed and/or experimentally

demonstrated with a number of new devices over the past several years. The common

theme in these devices is that they provide functionality which simply cannot be achieved

with conventional birefringent phase-matching. 

Inherent in QPM is a continuous interplay between the phases of the interacting waves

within one grating period. Hence the phases can be controlled by local positioning of the

grating periods. Such engineering of the phases of the interacting waves was shown to be

useful for increasing SHG efficiency in double-pass18 and intracavity19 configurations.

Also, this ability to control the phases of the interacting cw waves in an appropriately
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designed QPM grating was shown to be useful for cascading applications20-22 and adiabatic

shaping of quadratic solitons.23, 24 

Appropriately chosen longitudinal modulation of the grating has been shown to

provide broadened tuning response of the grating,25-28 or even to generate tuning curves

with multiple peaks.29-32 A particular technologically important example of devices with

multiple-peaked tuning curves was a multiple-frequency converter for

telecommunications applications.33 In these publications authors were mainly concerned

with cw interactions and hence focused on engineering the amplitude of the tuning curve.

The phase response of such nonuniform QPM gratings was typically ignored. 

Such ability to engineer the tuning response of the QPM grating, in particular the

phase response for different frequencies, is crucial for ultrafast applications where

interacting waves have extended spectra. Such engineering of the phase response was first

considered in Ref. 34, where the authors proposed compression of ultrashort pulses during

SHG in linearly chirped QPM gratings, relying on the combination of spatial localization

of conversion and GVM between the FH and the SH pulses. The theory behind QPM-SHG

pulse compression in the case of negligible dispersion beyond GVM was summarized in

Refs. 35 and 36. Following the first experimental demonstration of pulse compression

with QPM gratings,37 such QPM-SHG compression has been used in a number of

systems.38-41 

1.4. Outline of the dissertation

This dissertation explores the new horizons that the engineerability of the QPM gratings

provides for nonlinear frequency conversion of ultrashort pulses. We provide

experimental demonstrations as well as theoretical formalism for a number of novel

ultrafast QPM devices which share a common theme of combining frequency conversion

with extra functionality due to the engineerability of QPM gratings, that would not be

possible to implement using conventional birefringent phase-matching.
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In Chapter 2 we describe the use of transversely patterned QPM gratings for control of

nonlinear frequency conversion transversely over the profile of a pump beam. Such

gratings alleviate the problem of conversion nonuniformity across the beam which leads

to back-conversion limitations in highly efficient SHG as well as to gain-induced

diffraction in OPA. As a demonstration of such control of nonlinear frequency conversion,

we generate flat-top SH beams from a Gaussian FH beam. This proof-of-the-concept SHG

experiment demonstrates the ability to pattern the nonlinear drive and was done with a cw

pump; the implications of such transverse engineering of conversion should be more

pronounced in the pulsed case.

In Chapter 3 we present a comprehensive theory of SHG with longitudinally

nonuniform QPM gratings in the presence of arbitrary dispersion under the assumptions of

plane waves and undepleted pump. A transfer-function formalism for describing ultrafast

QPM-SHG, valid for the case of negligible dispersion beyond GVM, was derived

originally in Ref. 34, and served as a basis for the analysis of QPM-SHG pulse

compression. We note that this transfer function description allows straightforward

derivation of the grating function necessary to produce a desired SH pulse from a given

FH pulse, and hence serves as a basis for fairly arbitrary pulse shaping, noting that pulse

compression can be considered as a particular case of pulse shaping. We analyze this

QPM-SHG pulse shaping technique in detail and derive its essential features. For the case

of arbitrary material dispersion, the transfer function description of the QPM-SHG process

is not valid, but there is an integral expression for the SH pulse generated in an arbitrarily-

modulated QPM grating.35 In the rest of Chapter 3, based on results of Ref. 35, we develop

a procedure for the design a QPM grating which will perform a desired pulse shaping

transformation, i.e. generate a desired SH pulse from a given FH pulse. A particular case,

QPM-SHG pulse compression, is considered in detail; we derive the necessary grating

function and test the results with numerical simulations. 
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In Chapter 4 we experimentally demonstrate the generality of the QPM-SHG pulse

shaping technique based on the transfer function description of the process in the case of

negligible dispersion beyond GVM. Using femtosecond FH pulses obtained from an

Er:fiber system, we generate fairly complex waveforms at the SH. 

In Chapter 5 we demonstrate generation of dual-wavelength pulses by QPM-SHG

nonlinear filtering. These QPM devices can be viewed as a particular case of the general

QPM-SHG shaping technique demonstrated in Chapter 4. 

While the experimental demonstrations described in Chapter 4 and Chapter 5 (as well

as in Chapter 7, see later) are performed with pulses longer than ~ 200 fs, in Chapter 6 we

explore the utility of QPM gratings for frequency doubling of much shorter pulses,

< 10 fs. We demonstrate generation of sub-6-fs blue pulses by QPM-SHG pulse

compression of pulses obtained by stretching of the output from an 8.6-fs Ti:Sapphire

oscillator. The QPM grating was designed according to the prescriptions of Chapter 3 to

properly account for GVD and higher-order dispersion. To the best of our knowledge the

demonstrated sub-6-fs pulses are the shortest pulses ever generated in the blue spectral

region.

In Chapter 7 we describe QPM-DFG pulse shaping which allows generation of shaped

pulses at any wavelength which can be phasematched by QPM. The theoretical

description of the DFG process with a cw pump shows that there is a transfer function

relation between input signal and generated idler, valid for arbitrary material dispersion.

Similar to the QPM-SHG case, this QPM-DFG transfer function result serves as a basis

for pulse shaping. Experimentally we demonstrate generation of shaped idler pulses at the

same wavelength as the seed signal pulses.

In Chapter 8 we summarize the above results and outline some potential future work

that can be done in extension of the results presented in this dissertation. In Appendix A

we describe the split-step numerical pulse propagation algorithm and provide the listings

of the code that was used in numerical simulations of Chapter 3.
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CHAPTER 2. LATERAL PATTERNING OF NONLINEAR 

FREQUENCY CONVERSION WITH TRANSVERSELY 

VARYING QPM GRATINGS

"It just shows what can be done by taking a little
trouble," said Eeyore. "Do you see, Pooh? Do you
see, Piglet? Brains first and then Hard Work. Look at
it! That’s the way to build a house," said Eeyore
proudly.

A. A. Milne The House at Pooh Corner

2.1. Introduction

The conversion in a nonlinear frequency mixing process depends on the product of the

pump field amplitude and the interaction length, leading to inherently nonuniform

efficiency across the transverse profile of a Gaussian pump beam. This nonuniformity

leads to several well-known problems such as back-conversion limitations on the dynamic

range in second harmonic generation (SHG),1 and gain-induced diffraction in optical

parametric amplification.2, 3 These effects limit conversion efficiency and can spoil the

beam quality. To overcome the nonuniformity of nonlinear conversion in bulk devices one

can use quadrature mixing,4 but this method is complex to implement and leads to

transversely varying polarization in the generated beam. In this Chapter we describe an

alternative method, based on the use of a laterally nonuniform quasi-phase-matching

(QPM) grating to control the profile of the conversion transverse to the beam axis. As a

demonstration of the proposed method we generated second harmonic (SH) beams with

flat intensity profiles in one transverse dimension.

2.2. Patterning of the nonlinear drive

Since the amplitude of a wave generated in a quasi-phase-matched mixing process



G. Imeshev, "Tailoring of ultrafast frequency conversion with QPM gratings"

16

depends on the length of the QPM grating, QPM with a transversely varying grating

length can be used to engineer a desirable (such as uniform) conversion profile. In a region

where there is no QPM grating, the mixing efficiency is negligible. Thus, a QPM grating

containing a region of unmodulated material whose length decreases with distance from

the beam axis results in the effective interaction length being shorter in the center and

longer in the wings of the beam, resulting in more uniform conversion across the beam

(Fig. 2.1).  

To discuss this process in more detail, we consider cw SHG as a prototypical example.

If the SHG process is phase-matched, the conversion efficiency, η, is1, 5

, (2.2.1)

where  and  are the FH and the SH intensities, respectively. The nonlinear drive, ,

is defined as

, (2.2.2)

where L is the interaction length, and C is the material constant defined by

Figure 2.1. Schematic comparison of uniform and nonuniform conversion for the
SHG process.

η
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, (2.2.3)

where d is the nonlinear coefficient,  and  are the refractive indices at the FH and the

SH wavelengths, respectively, c is the speed of light and  is the FH wavelength. In the

low conversion efficiency limit (  << 1), Eq. (2.2.1) reduces to 

, (2.2.4)

so the drive can be recognized as the efficiency in the low conversion limit. Note,

however, that at high drives the efficiency is a nonlinear function of . 

An important quantity for bulk cw SHG is the power conversion efficiency, ,

defined as the ratio of the output power in the SH beam to the power input in the FH beam.

Because the intensity of the pump beam is radially varying, the efficiency η is not uniform

across the beam, so  can be calculated by averaging the conversion η over the radial

distribution of the beams. This nonuniformity does not have serious implications in the

low conversion limit, but as the conversion increases, the center of the beam is driven

deeply into the saturated regime before the wings reach significant conversion. For

example, for a Gaussian pump beam, to obtain a relatively modest  = 75%, the

conversion efficiency at the center of the beam must be η = 96%, and the drive  = 5.1.

At such high values of the nonlinear drive the acceptance bandwidth dramatically

narrows,1 leading to very tight tolerances on phase-matching wavelength, temperature,

and angular divergence. This effect is even more pronounced for pulsed SHG. The

relevant efficiency is then the energy conversion efficiency, , defined as the ratio of the

energy in the SH output pulse to the energy input in the pump pulse. If the intensity profile

is Gaussian in both time and space and the pulses are long enough that the dispersion can

be neglected, we find by integrating the conversion over space and time that to achieve 

= 75%, the necessary peak conversion is 99% and the drive needed is 9.0.6

However, for cw SHG with a flat-top pump beam for which the intensity (and hence

the drive) is radially constant across the beam, a lower drive can be used to obtain the

same ηP, as compared to cw SHG with a Gaussian beam. For such a flattened drive,

C2 8π2d2 n1
2n2cε0λ1

2⁄=

n1 n2
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η0

η η0=
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 is obtained at  = 1.7. While it is often impractical to obtain and

propagate flat-top pump beams, the drive can be made uniform across the central portion

of a Gaussian pump beam by use of a radially varying QPM grating. According to Eq.

(2.2.4), the drive is the small-signal conversion efficiency. To demonstrate engineering of

the drive, we designed a QPM grating such that the SH beam generated by a Gaussian

pump beam would be a "truncated" Gaussian (in one dimension), with a flat intensity

profile over some range  (Fig. 2.1). Note that in this representative experiment

we do not flatten the drive, but rather generate a flat-top SH beam, an even more extreme

radial modification of the drive. The necessary condition on the drive is obtained by

combining Eqs. (2.2.1) and (2.2.2):

 for , (2.2.5)

where  is a function independent of x and  is the Gaussian pump beam

profile:

, (2.2.6)

where  is the 1/e electric-field radius of the Gaussian beam. For a given pump beam

profile, the drive is controlled by the interaction length, , Eq. (2.2.2), so that for

a Gaussian pump beam the functional form of  must be chosen as

, (2.2.7)

where  is the physical length of the crystal. It should be noted here that the appropriate

form of  depends on the radius of the pump beam and the fraction of the beam over

which the SH beam is to be flattened, so that a particular grating design is appropriate only

for a given pump beam. However, the absolute pump power affects the overall conversion

but not the transverse dependence of the drive, so that a particular design can be used over

an arbitrary range of input powers. Due to the lithographically defined nature of the QPM

ηP η 75%= = η0
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structure, a grating with almost any desirable shape of the unmodulated region can be

fabricated, such as the one satisfying Eq. (2.2.7). Clearly, this approach is valid for non-

Gaussian pump beams as well, as long as their spatial profile is sufficiently smooth and

focusing is loose enough that diffraction is not significant over the length of the interaction

region.

2.3. Experimental demonstration of flat-top SH beams

Following the above design algorithm, Eq. (2.2.7), we fabricated two patterned QPM

gratings to generate flat-top SH beams truncated at  and , with

 = 100 µm. The devices had length  = 1 cm with unpatterned sections located

symmetrically at both ends of the chips. The QPM period of 19 µm was chosen to achieve

phasematching at 20 °C when pumped at the wavelength of 1.54 µm. The patterned

periodically-poled lithium niobate (PPLN) devices (Fig. 2.2) were fabricated in a 0.5-mm-

thick lithium niobate wafer using the electric-field poling technique.7

Figure 2.3 shows the experimental set up. The pump source was a cw Er:fiber laser

which produced 5 mW output power at 1.54 µm. The output Gaussian beam was focused

Figure 2.2. A photograph of a portion of a 19-µm-period PPLN chip showing the
pattern for generating the flat-top SH beam from a 100-µm-radius Gaussian pump
beam.

a  0.50w0±=  0.75w± 0

w0 L0

50 µm
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to a spot size  = 100 µm at the sample. The near field of the output SH beam was

imaged onto a CCD camera. Figure 2.4 shows intensity slices through the SH beams

generated in the different gratings: (a) uniform, (b) and (c) truncated at  and at

, respectively. These intensities were obtained from a single line of pixels along

the x-axis (as in Fig. 2.1) at the CCD camera, with no averaging over the y-direction. The

dashed lines indicate theoretical predictions for the flat portions of the truncated beams.

Figure 2.3. Experimental set up for generation of flat-top SH beam.

Figure 2.4. Intensity slices through SH beams generated in three different
gratings: (a) uniform, (b) and (c) truncated at  and at ,
respectively. Dashed lines indicate theoretical predictions for the flat portions of
the truncated beams.
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The SH intensities along the y-axis retain their Gaussian shape (not shown). It can be seen

that the SH beam is flattened in one dimension, with the expected conversion efficiency.

This demonstration is a proof-of-the-concept experiment performed at low conversion

efficiency with a cw pump. It would be interesting to explore experimentally the effects of

the drive patterning in the high efficiency regime with nanosecond or even shorter pulses,

and using a grating designed to produce uniform conversion efficiency, rather than

uniform intensity, across the beam profile.

2.4. Conversion patterning in two transverse dimensions

The devices discussed so far in this Chapter allow conversion patterning only in one

transverse dimension. To achieve radial engineering of nonlinear conversion in two

transverse dimensions one can utilize a diffusion bonded stack of PPLN chips8 with

different unpoled patterns, as suitable for high power pulsed OPOs with large apertures.

The proposed structure is shown in Fig. 2.5 (a). Another alternative is to perform the SHG

Figure 2.5. Proposed methods for radial conversion patterning in two transverse
dimensions. (a) device composed of a diffusion-bonded stack of individually
patterned crystals (only the lower part is shown for clarity). (b) two-step
conversion with crossed devices.
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conversion in two steps by using two crossed devices with the necessary rotation of

polarization of both beams between the chips, as shown in Fig. 2.5 (b). The same approach

can be used if it is desirable to pattern the parametric gain when the pump beam is to be

obtained by SHG of a laser source. The first crystal is then used to generate a pump beam

patterned in one dimension, whereas the second crystal patterns the nonlinearity and hence

the gain in the second dimension.

2.5. Preservation of the tuning behavior

For longitudinally uniform QPM gratings the nonlinear interaction length determines the

tuning behavior of the frequency conversion device. Thus for the devices discussed in this

Chapter, which achieve the conversion patterning through engineering of the nonlinear

interaction length, the tuning behavior is a function of the transverse coordinate. If it is

desirable to preserve the tuning behavior over the beam profile, such as with QPM

gratings for which the local QPM period changes longitudinally (see the rest of this

dissertation, Chapters 3-7), an alternative approach to controlling the conversion across

the pump beam is to use a QPM grating with transversely varying duty cycle, Fig. 2.6. The

duty cycle G determines the amplitude of the mth Fourier component of the grating, d,

according to9

, (2.5.1)

where  is the material’s intrinsic nonlinear coefficient and m is the QPM order. So

patterning the duty cycle patterns the drive, as seen with Eqs. (2.2.2) and (2.2.3), altering

the amplitude but preserving the shape of the tuning curve, see Chapter 3, Section 3.3. 

2.6. Summary of Chapter 2

In conclusion, in this Chapter we described control of the nonlinear conversion across a

beam profile using patterned QPM gratings. As a demonstration of the proposed method

d
2

πm
-------deff πmG( )sin=

deff
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we generated SH beams with flat intensity profiles in one transverse dimension.

Successfully fabricated PPLN crystals had lithographically defined patterned QPM

gratings with transversely varying nonlinear interaction length. We also proposed two

ways of patterning the conversion in two transverse dimensions as well as structures with

duty cycle patterning for preservation of the tuning behavior. 

Figure 2.6. Sketch of a QPM grating with transversely varying duty cycle which
preserves the tuning behavior.
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CHAPTER 3. THEORY OF QPM-SHG PULSE SHAPING 

AND COMPRESSION IN THE PRESENCE OF ARBITRARY 

DISPERSION

"Supposing we hit him by mistake?" said Piglet
anxiously.

"Or supposing you missed him by mistake," said
Eeyore. "Think of all the possibilities, Piglet, before
you settle down to enjoy yourselves."

A. A. Milne The House at Pooh Corner

3.1. Introduction

For frequency conversion of ultrashort pulses, which have extended optical spectra, the

linear dispersive properties of the nonlinear optical material play a crucial role. There has

been substantial work on the theory of second harmonic generation (SHG) of ultrashort

pulses. In general material dispersion causes pulses at different wavelengths to propagate

through the medium with different group velocities, leading to temporal walk-off. This

group velocity mismatch (GVM) between the interacting pulses puts a restriction on the

length of the nonlinear crystal that can be used to generate pulses without substantial

broadening compared to the pump pulses. This characteristic length is called a walk-off

length. These GVM effects in SHG of ultrashort pulses had been identified and quantified

early in the history of nonlinear optics1-3 and by now it has become conventional wisdom

to use one-walk-off-length long devices. Akhmanov and co-workers wrote several reviews

of the work in the field.4-6 More recent work by Weiner7 and by Sidick and co-workers8-12

introduced the filter function approach for the description of ultrafast SHG.

Intrapulse group velocity dispersion (GVD), causes a propagating pulse to accumulate

some linear chirp, proportional to the length travelled, resulting in a change of the shape

and amplitude of the pulse.6, 13 GVD is a second-order effect compared to GVM, and
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generally is not significant in single pass devices shorter than one walk-off length and

hence can be neglected when this condition is satisfied. Consequently the GVD effects

received much less attention in the frequency conversion literature. We note Refs. 9 and

12 where effects of GVD during SHG in uniform crystals were considered, in particular,

the dispersive shaping of the pulses caused by GVD. Higher-order dispersion beyond

GVD leads to even further distortion of the pulse and causes asymmetry in the pulse

profile.6, 13 For a given length of the nonlinear medium GVD and higher-order dispersion

become increasingly important for shorter pulses and/or toward shorter wavelengths, in

the case of normal dispersion. 

The use of quasi-phase-matching14, 15 (QPM) for frequency conversion allows the

benefits of using noncritical propagation geometries and large nonlinear coefficients.

More importantly for ultrafast applications, the ability to fabricate longitudinally

nonuniform QPM gratings provides extra degrees of freedom in engineering the amplitude

and phase responses of the frequency converter, a function not available with conventional

birefringent phasematching.

QPM interactions with longitudinally nonuniform gratings have been studied both

theoretically and experimentally.16-30 However, most treatments to date have considered

the case of tunable cw SHG, rather than ultrashort-pulse SHG, consequently, the phase

response of nonuniform QPM gratings, that is critical to ultrashort-pulse interactions, was

typically ignored. 

A rather detailed theoretical treatment of the SHG process with longitudinally

nonuniform QPM gratings in the undepleted pump approximation had already been

presented in Mark Arbore’s dissertation.31 In that work an expression for the output second

harmonic (SH) field was derived in an integral form, valid for arbitrary material dispersion

and arbitrarily-modulated QPM grating. Neglecting GVD and higher-order dispersion at

the first harmonic (FH) resulted in a simpler expression for the SH field which had the

form of a transfer function in the frequency domain. Even though this transfer function
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formalism is restricted to cases where dispersion beyond GVM is negligible, it allowed

derivation of the essential features of QPM-SHG pulse compression with linearly-chirped

gratings, which relies on the GVM and the spatial localization of conversion in the QPM

grating.31-33 These devices require that the length of the QPM grating be at least several

walk-off lengths long, and hence GVD and higher-order dispersion can have a noticeable

effect which must be taken into account. 

The theoretical treatment presented in this Chapter is based on results obtained in Ref.

31. The transfer function result valid for negligible dispersion beyond GVM is realized as

a basis for a fairly general QPM-SHG pulse shaping and used to derive the essential

features of this shaping technique. The output SH pulse generated in an arbitrary QPM

grating from an arbitrary FH pulse in the case of arbitrary dispersion can be calculated

using results of Ref. 31, however, for QPM-SHG pulse shaping and compression, a

solution of the inverse problem, determining the grating function necessary to generate a

desired SH pulse from a known FH pulse is required. The major body of this Chapter

addresses this issue; we obtain a prescription of how the dispersive effects beyond GVM

can be accounted for in the design of the QPM grating. 

The Chapter is organized as follows. In Section 3.2 we give an intuitive time-domain

description of the process, and indicate how these time-domain considerations can be used

to design a chirped grating compressor when GVD and higher-order dispersion are non-

negligible. In Section 3.3 we introduce the mathematical formalism for description of

longitudinally nonuniform QPM gratings by representing the modulated nonlinear

coefficient as a sum of its spatial Fourier components with slowly-varying amplitudes. In

Section 3.4 we introduce the frequency domain envelopes which are used in this Chapter

to describe the interacting optical field. In Section 3.5 we derive a general expression for

the SH field generated in a nonuniform QPM grating, valid for arbitrary dispersion, as

originally obtained in Ref. 31. In Section 3.6 we use the transfer function result valid for

negligible dispersion beyond GVM to obtain a straightforward explicit prescription for the
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design of the grating function required for a particular QPM-SHG shaping function. In

Section 3.7 we consider in detail the performance of a linearly-chirped grating as a

compressor in the case of non-negligible GVD at the SH. Note that the key results of this

Section had already been derived in Ref. 31, here we just present a more detailed

treatment and correct a few typographical errors present in Ref. 31. In Section 3.8 we

consider the effects of GVD on the cw SHG tuning curves with uniform QPM gratings. In

Section 3.9, by assuming that in a strongly-chirped grating conversion of each spectral

component occurs over a distance small compared to the grating length, we develop a

procedure for choosing the necessary grating function for arbitrary pulse shaping in the

presence of arbitrary dispersion. Section 3.10 presents the analytical treatment of the

selection of the appropriate grating function for compression. While the treatment in this

section is limited to linearly chirped Gaussian pulses and no dispersion beyond GVD, it

does not require the assumption of localized conversion used in Section 3.9. In Section

3.11 we present the results of numerical modeling of pulse compression with several

different pulse shapes: Gaussian, hyperbolic secant, and sinc-like (as characteristic for

pulses with top-hat spectra). We predict that if the dispersion is accounted for according to

design rules developed in Sections 3.9 and 3.10, generation of transform-limited sub-10-fs

pulses at 400 nm is possible by doubling of stretched pulses at 800 nm with pulse length of

10 fs before stretching. Section 3.12 presents the comparison of the dispersion data for

several common QPM ferroelectrics. Finally, we summarize the results of this Chapter in

Section 3.13. 

3.2. Time-domain picture of pulse shaping and compression with 

nonuniform QPM gratings in the presence of GVD

Pulse compression with longitudinally nonuniform QPM gratings, a particular case of

more general pulse shaping, can be most intuitively understood in the time domain. It

relies on the combination of two phenomena: the dispersion of the group velocity, a
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material property, and spatial localization of the SHG process, determined by the local k

vector of the QPM grating, which can be engineered. To first order, dispersion causes FH

and SH pulses to propagate with different group velocities,  and , respectively,

leading to the GVM. If the second-order (GVD) and higher-order dispersion are

negligible, all frequency components within the spectrum of a particular pulse will

propagate with the same group velocity. More importantly, all frequency components of

the nonlinear polarization wave, which drives the conversion and is proportional to the

square of the FH pulse temporal profile, propagate with the same group velocity  as the

components of the FH pulse itself. A particular frequency component of the nonlinear

polarization generates a SH component at the same frequency at some location  in the

crystal where the grating local k vector is equal to the k-vector mismatch evaluated for this

frequency (i.e. meets the quasi-phase-matching condition). It takes a certain time (the

group delay time), determined by  and the initial chirp of the FH pulse, for this

component to arrive at position . After the SH field is generated, it travels toward the

exit of the crystal with group velocity . The grating design procedure for pulse

compression is then to require that the conversion locations for different spectral

components be selected such that these SH frequency components arrive at the output of

the grating at the same time, thus requiring a linearly chirped grating if it is to generate a

compressed SH pulse. 

If the second-order dispersion (GVD) and the higher-order dispersion are non-

negligible, different spectral components within each pulse will propagate with different

group velocities. Moreover, the propagation law for the frequency components of the

nonlinear polarization is different from that of the FH pulse, resulting in a more

complicated accounting of the group delay for different components. The time-domain

"cartoon" approach described above for the negligible-GVD case still allows derivation of

the grating chirp required for compression in the presence of GVD, and produces a result

which is almost the same as that of the more accurate frequency-domain analysis,

u1 u2

u1

z0

u1

z0

u2 u1≠
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presented in Sections 3.9 and 3.10. The grating chirp required for compression in the

presence of GVD is not linear with distance. 

This simplified time-domain description assumes that the conversion process for each

frequency component is localized at a point. Even though this assumption is not

rigorously correct, the advantage of the approximate approach is that it is applicable to

more general cases than can be handled with the exact method of Section 3.10. This

localization of conversion assumption is put into more mathematically rigorous terms

using the stationary phase method described in Section 3.9.

We also note that to achieve a uniform conversion for all components when GVD is

present, the grating amplitude should be modulated along z, otherwise different

components will be converted with different efficiencies. This is a result of two effects.

First, the GVD results not only in the position-dependent spreading of frequency

components, but also in a change of the amplitude of the nonlinear polarization along the

propagation direction, which must be compensated for by the amplitude of the QPM

grating. The second effect causing the efficiency nonuniformity for different components

can be understood by realizing that the conversion is not happening at a point where the

phase-matching condition is satisfied exactly, but rather occurs over a finite range of

grating k vectors. As the rate at which the grating k vector changes with distance is not

constant for non-linearly chirped gratings, the distance over which a particular frequency

component is phase-matched also varies, leading to different efficiencies for different

frequency components.

3.3. Longitudinally nonuniform QPM gratings

In this Section we provide the necessary mathematical formalism for the description of

QPM gratings, based on decomposition of the grating function into different spatial

Fourier components. QPM gratings generally use sign reversal of the nonlinear coefficient

along the crystal length in a periodic or aperiodic fashion, i.e. mathematically  is ad z( )
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square wave whose amplitude is the intrinsic nonlinear coefficient of the material, ,

see Fig. 3.1. Assuming that period and duty cycle modulations are slow compared to the

QPM period,  can be decomposed into the spatial Fourier components  with

slowly-varying amplitudes and phases:

, (3.3.1)

where we explicitly factored out the linear component, , of the total phase of each

Fourier component of the grating, . The carrier k vector of the

grating is , where  is the nominal period for QPM. The local k vector

of the grating is then

, (3.3.2)

and is related to the local QPM period  as . Since  is

engineerable, the position-dependent k vector of an appropriate Fourier component of the

grating is engineerable too.

In Eq. (3.3.1)  is the amplitude of the mth Fourier component of the grating,

which is related to the local grating duty cycle , where  is the

length a local reversed domain, see Fig. 3.1, as15

, (3.3.3)

and hence can also be engineered by controlling the local duty cycle of the square grating.

If , i.e. the material is unmodulated, then , indicating that there is

no modulated component of the QPM grating. The maximum value of  is

, which is achieved at  for an odd-order or at  for an

even-order QPM process.

For the analysis presented in this paper we assume that different Fourier components

of the QPM grating do not overlap in k-space and that spectra of the interacting pulses are

narrow enough such that they interact only with one QPM order. Consequently the

deff
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∞
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modulated nonlinear coefficient  will be represented by only one relevant Fourier

component; from now on we will omit its QPM order subscript m. We note however, that

utilization of different QPM orders of the same grating can be advantageous for phase-

matching several nonlinear processes simultaneously.29, 34-39

3.4. Frequency-domain envelopes

Throughout this dissertation we use the "hat" notation for Fourier transforms: if  is a

function of time, then  is its temporal Fourier transform, where ω represents optical

radian frequencies. The transform pair is defined as

 and (3.4.1)

. (3.4.2)

Note that the definitions used here are different from those used in Ref. 31. 

Figure 3.1. Sketch of a QPM grating whose period and duty cycle change with
coordinate. Shown are the physical grating, the corresponding distribution of
nonlinear coefficient (square wave), and the first (m = 1) spatial Fourier
component.

d z( )

F t( )

F̂ ω( )

F t( ) F̂ ω( ) iωt( )exp ωd
∞–

+∞

∫≡

F̂ ω( ) 1
2π
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Optical signals most generally described by a time- and position-dependent electric

field, , are usually represented by an envelope function, which under the

assumptions of the slowly-varying envelope approximation allows simplification of the

wave equations for the full electric field. The typical envelope definition used in the

nonlinear optics literature (see, for example Ref. 13) for pulsed optical fields is defined in

the time domain, with the optical carrier frequency  and k vector  explicitly

factored out. This time-domain envelope, , is related to the electric field  by

. (3.4.3)

The Fourier transforms of the electric field, , and the time-domain envelope,

, are then related to each other as

, (3.4.4)

where  is the frequency detuning.

Though intuitive, this time-domain envelope leads to an unnecessarily complex

analysis in the important case of SHG in materials with non-negligible GVD and higher-

order dispersion. Rather, we define a frequency-domain spatial envelope, , such

that the Fourier transform of the electric field can be written in the form

. (3.4.5)

This definition leads to a mathematically and physically transparent analysis because it

explicitly describes the effect of material dispersion on each frequency component of the

interacting waves. For example, this frequency-domain envelope does not change with

distance for a pulse propagating freely through a dispersive medium, see Eq. (3.5.7).

Comparing Eqs. (3.4.4) and (3.4.5) we obtain the relation between the two envelopes:

. (3.4.6)

We note that at , as well as for , the frequency-domain envelope and the

Fourier transform of the time-domain envelope are equal to each other, i.e.

, (3.4.7)
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Â z Ω,( )
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. (3.4.8)

We note that a similar envelope definition was used by Weiner, Ref. 7. The envelope

definition used here, Eq. (3.4.5), reduces to that of Ref. 7 in the limit of negligible GVD

and higher-order dispersion.

3.5. General description of the SHG process in the frequency domain

In this Section we derive a general expression for the SH field generated in a

longitudinally nonuniform QPM grating assuming undepleted pump and plane-wave

interactions. The results presented in this Section were originally derived in Mark

Arbore’s dissertation31 and summarized later in Ref. 33. It should be noted that compared

to the treatment presented in Ref. 31, here we use slightly different definitions for the

Fourier transforms and frequency-domain envelopes (see Section 3.4). Hence for

consistency and completeness here we start the analysis from the coupled wave equations

and rederive the general expression for the output SH field, which will be the starting

point for further analysis. Consequently, the results presented in this Section should not be

considered as an original contribution of this dissertation.

Coupled wave equations

We begin the analysis with the coupled wave equations expressed in the frequency

domain. We consider the SHG process in a QPM grating of length L with longitudinally

modulated nonlinear coefficient . Assuming an undepleted pump and a plane wave

interaction, the coupled wave equations governing the propagation of the Fourier

transforms of the FH field  and the SH field  can be obtained from

Maxwell’s equations as33

, (3.5.1)

Â z 0,( ) B̂ z 0,( )=

d z( )

Ê1 z ω,( ) Ê2 z ω,( )

z2

2

∂
∂
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, (3.5.2)

where the k vector in the medium is . Here and in the reminder of

this Chapter we use the subscript 1 to denote the FH and the subscript 2 to denote the SH.

In the medium, whose nonlinear coefficient is negligibly dispersive, the nonlinear

polarization spectrum, , which drives the SH conversion, can be written in

terms of the FH electric field in the form40

, (3.5.3)

where  is the material nonlinear coefficient allowed to vary with position to describe

the QPM grating.

Substituting the frequency-domain envelope definition into the set of coupled wave

equations (Eqs. (3.5.1) - (3.5.3)) and assuming the validity of the slowly-varying envelope

approximation, i.e. , we obtain:

, (3.5.4)

, (3.5.5)

where  is the detuning from the carrier frequency of the SH pulse. In Eq.

(3.5.5) the nonlinear polarization  is obtained using Eqs. (3.4.5) and (3.5.3) as

.

(3.5.6)

Equations (3.5.4) - (3.5.6) are a set of ordinary differential equations governing

propagation of each frequency component of both the FH and the SH envelopes.

Derivation of the output SH field

Equation (3.5.4) describes free propagation of the FH wave through the dispersive
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medium; its solution is 

, (3.5.7)

where  is the envelope at the input ( ) of the grating. The FH

frequency-domain envelope is independent of z, even though the pulse does experience

dispersive broadening, as can be obtained from Eq. (3.5.7) using Eq. (3.4.5) as:

, (3.5.8)

which is a result well-known from the literature.6, 13

Substituting the solution for the FH envelope, Eq. (3.5.7) into the expression for

, Eq. (3.5.6), and integrating Eq. (3.5.5) with this result for  we

obtain the output envelope of the SH pulse, , as

. (3.5.9)

The  factor in Eq. (3.5.9) is proportional to the spatial Fourier transform

of , with  serving as the transform variable:

, (3.5.10)

where ,  is the FH wavelength, and  is the refractive index at the SH

frequency. The limits of integration in Eq. (3.5.10) are extended from  to 

by defining  outside of the grating. The k-vector mismatch  is defined

as 

. (3.5.11)

Performing the Taylor expansion of Eq. (3.5.11), we obtain  as a sum of -

independent and -dependent terms,

, (3.5.12)

with

, (3.5.13)

, (3.5.14)
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where  is the carrier k-vector mismatch,  is the GVM

parameter with the group velocities , and  is the

GVD mismatch parameter with the GVD parameters . The

remainder terms  and  are on the order of  and , and in

principle can be written out for arbitrarily-high dispersion order. Note that in the ultrafast

literature it is common to use  for the GVD coefficient of the dispersive material at a

particular wavelength. Here, however, for notational simplicity we use  for the GVD

coefficient with subscript referring to either the FH or the SH.

Equations (3.5.9) - (3.5.11) are fairly general results, valid for arbitrary pulse shapes,

pulse durations and dispersion, as long as the undepleted pump and slowly-varying

amplitude approximations are valid assumptions. Equation (3.5.9) is an explicit

expression for finding the output SH envelope  given the input FH envelope,

, the dispersion properties of the medium, represented by , and the

spatially-modulated nonlinear coefficient . However, from a practical standpoint,

since the QPM grating function is engineerable, it is desirable to know what grating

should be chosen to generate a particular SH pulse given the available FH pulse, and if

implementation of such a design is feasible. In its present form Eq. (3.5.9) does not

provide a ready way to obtain such a design.

3.6. QPM-SHG transfer function and pulse shaping

As was originally shown in Ref. 31, if GVD and higher-order dispersion terms are

negligible, the integral expression for the output SH envelope, Eq. (3.5.9), reduces to a

simpler transfer-function result. Specifically, under these assumption about dispersion

 becomes independent of , as is apparent from Eqs. (3.5.12) - (3.5.14),

and hence can be factored out from under the integral in Eq. (3.5.9). We introduce new

notation for this special case , or, explicitly:
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. (3.6.1)

We obtain from Eq. (3.5.9):

, (3.6.2)

where  is a self-convolution of :

. (3.6.3)

Mathematically, the transfer-function result of Eq. (3.6.2) arises because ,

as defined by Eqs. (3.5.12) - (3.5.14), and hence , are independent of . We note

that the -dependent part of , i.e.  defined by Eq. (3.5.14),

contains only the FH dispersion parameters; all the SH dispersion is accounted for in Eq.

(3.5.13). Hence, keeping the GVD and higher-order dispersion terms at the SH (Eq.

(3.5.13)) but neglecting those at the FH still produces a transfer-function result. For this

case we introduce notation for the transfer function,  or, explicitly,

, (3.6.4)

and the transfer-function relation is now

. (3.6.5)

The transfer function , as defined by Eq. (3.6.4), is a generalization of  for

the case of non-negligible GVD at the SH. 

Equations (3.6.2) and (3.6.4) are the key results of Ref. 31; they relate the spectra of

the FH and the SH through the transfer function relations.  is a generalized version

of a transfer function derived previously for uniform QPM gratings.11, 12 These transfer

functions,  and , depend on the dispersive properties of the medium and on

the modulated nonlinear coefficient but not on any of the input or output pulse parameters,

and hence can be viewed as filters in the frequency domain. The advantage of such

transfer function relations compared to the more general Eq. (3.5.9) is that they provide a

simple way to design the QPM grating necessary for generation of a desired SH pulse

D̂0 Ω( ) iγ d z( ) i ∆k0 δνΩ+( )z–[ ]exp zd
∞–

+∞

∫–=
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from a given FH pulse, i.e. they establish the grounds for fairly general pulse shaping by

SHG with QPM gratings, as well as for a technologically important particular case of

pulse shaping, pulse compression, considered in detail in Refs. 31 and 32.

Indeed, let us consider the case of negligible GVD at both the SH and the FH and

hence an SHG process described by the transfer function . Given the temporal

shape of the FH pulse, , and the desired shape of the SH pulse, , corresponding

frequency-domain envelopes,  and , respectively, are obtained by the

Fourier transform. The transfer function , necessary to generate the desired 

from given  is then calculated from Eq. (3.6.2) as

. (3.6.6)

The required spatial distribution of the nonlinear coefficient, , necessary for the

particular shaping function is then calculated from , obtained with Eq. (3.6.6), by

the inverse Fourier transform of Eq. (3.6.1): 

. (3.6.7)

Since the nonlinear coefficient distribution is engineerable, see Section 3.3, the

distribution  necessary for a particular shaping function and formally calculated with

Eq. (3.6.7) can be realized in practice by controlling the local period and local duty cycle

distribution of the QPM grating. The QPM-SHG shaper design procedure described above

is schematically shown in Fig. 3.2. 

We note that  is limited from above by the nonlinear susceptibility of the medium.

Therefore, the amplitude of  in Eq. (3.6.7), and hence the amplitude of the

desired , cannot be arbitrarily high for a given  and is in fact limited by the

requirement that . We also note that the transfer function relation, Eq.

(3.6.1), does not set a limit on the bandwidth of the generated SH. However, since a QPM

grating acts like a passive filter on , not an amplifier, the bandwidth of the SH pulse
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cannot exceed the bandwidth available from the self-convolution of the FH, at least not

without significant efficiency reduction. Therefore the shortest temporal feature of the

shaped SH that can be obtained, , is inversely related to the bandwidth, , available

from , i.e. , with the proportionality constant being on the order of

unity and its exact value depending on the shape of the pulses. The maximum possible

temporal window T (or the best spectral resolution ) of the QPM-SHG shaper

is determined by the length L of the device, i.e. .

Figure 3.2. Schematic of the QPM-SHG shaper design procedure. FT denotes
Fourier transform and IFT denotes inverse Fourier transform.
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We note that the time-domain picture of pulse shaping, outlined in Section 3.2, can be

derived from the frequency-domain equations presented in this Section. In the time

domain, QPM-SHG pulse shaping relies on the combination of the group velocity walk-

off effect and the spatial localization of the SHG process. Equation (3.6.1) states that for

every frequency Ω,  is obtained by summing contributions from different sections

of the QPM grating. Each contribution is offset by a phase which is linear in Ω. In the time

domain this phase corresponds to a delay, whose value is determined by the longitudinal

coordinate z and the GVM parameter .

If the GVD at the FH cannot be neglected, the simple transfer function relation does

not hold and one has to use Eq. (3.5.9). In Section 3.9 we develop a procedure for the

design of the QPM grating function, valid for arbitrary dispersion and pulse shapes, but

have to assume a strongly-chirped grating for this derivation. In Section 3.10 we find that

for a restricted class of Gaussian FH pulses with possible linear chirp and no dispersion

beyond GVD at the FH, Eq. (3.5.9) can be integrated in a closed form to obtain a relation

similar to the transfer function relations of Eqs. (3.6.2) and (3.6.5), though with a filter

function dependent on the parameters of the input pulse.

3.7. Linearly-chirped grating as a pulse compressor in the presence of 

GVD at the SH

Let us consider a transform-limited FH Gaussian pulse with 1/e intensity half-width 

and amplitude ; its time-domain envelope is then

. (3.7.1)

The frequency-domain envelope for such a pulse is then obtained using Eq. (3.4.7) as

. (3.7.2)

If this pulse is stretched in a linear delay line with GVD of , it becomes linearly
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chirped, i.e. acquires a quadratic-in-Ω phase, as can be obtained from Eq. (3.7.2) using Eq.

(3.5.8):

. (3.7.3)

The time domain envelope of the chirped pulse is obtained by the inverse Fourier

transform of Eq. (3.7.3) as:

. (3.7.4)

The results of Eqs. (3.7.3) and (3.7.4) are well-known from the literature.6, 13

In Refs. 32 and 33 it was shown that when GVD and higher-order dispersion at both

the FH and the SH are negligible, the SH pulse generated in a linearly chirped grating has

an additional linear chirp, relative to the input FH. More precisely, we considered a grating

whose nonlinear coefficient distribution is given by

, (3.7.5)

where  is the grating chirp. The k vector for this grating is obtained with Eq.(3.3.2) as

, (3.7.6)

which has a linear dependence on z.

The transfer function for this grating over the pulse bandwidth was obtained with Eq.

(3.6.1) as 

, (3.7.7)

as long as the grating length is selected to be long enough that the bandwidth of 

exceeds that of the pulse.  has a phase that is quadratic in Ω and hence imposes an

additional linear chirp of  on the SH, regardless of the shape of the input FH. 

The necessary condition on the grating length such that the transfer function is

accurately represented by Eq. (3.7.7) is obtained by noting that for finite L, the amplitude
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of the transfer function has a characteristic top-hat profile, whose bandwidth  is

obtained from the condition that the k vectors at the input and output of the grating are

appropriate for phase-matching (in the cw sense) of the  frequency components,

i.e. . The phase of the transfer function over the

range  is still accurately represented by Eq. (3.7.7). If the grating length is

selected such that  then the SH pulse broadening due to the spectral

truncation of the frequency components outside of the  range will be less

than 10% (Ref. 33). Hence we obtain the condition for the necessary grating length as: 

. (3.7.8)

 If the input FH is a linearly-chirped Gaussian pulse of the form of Eq. (3.7.3), and the

grating chirp is selected as

, (3.7.9)

then from Eqs. (3.6.2), (3.6.3) and (3.7.7) we find that the generated SH will have flat

phase, i.e. will be transform-limited.32, 33

Since the GVD coefficient at the SH is typically several times larger than that at the

FH (see Section 3.12), it is instructive to see how well a linearly-chirped grating will

perform as a compressor when a small amount of GVD at the SH is present, but GVD at

the FH is still negligible. The derivation of the proper grating function for compression in

the more complicated case when GVD at both SH and FH is present is given in Sections

3.9 and 3.10, where we find that when significant GVD at either SH or FH, or both, is

present, the required grating has a more complicated, other than linear, chirp.

The transfer function for the linearly-chirped grating of the form of Eq. (3.7.5) in the

presence of GVD at the SH is obtained using Eqs. (3.5.13) and (3.6.4) as

. (3.7.10)

As is apparent from Eq. (3.7.10), the transfer function  for a linearly-chirped
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grating in the presence of GVD at the SH has not only quadratic but also cubic and quartic

phase terms. For a Gaussian linearly-chirped FH pulse of the form of Eq. (3.7.3) we obtain

the Fourier transform of the output SH time-domain envelope by substituting Eq. (3.7.10)

into Eq. (3.6.5) and using the relation between the envelopes, Eq. (3.4.6), as 

.

(3.7.11)

As is seen from Eq. (3.7.11), when , regardless of the choice of grating chirp ,

the SH pulse generated in a linearly chirped grating will always have some

uncompensated phase, i.e. will not be transform-limited. The quadratic-in-Ω phase factor

in Eq. (3.7.11) can be set to zero by selecting the grating chirp as

. (3.7.12)

The remaining - and -phase terms will lead to uncompensated SH pulse

broadening. Equation (3.7.12) can be inverted to obtain the FH chirp needed to generate

an SH with zero quadratic phase in a grating with given :

, (3.7.13)

or, if the grating length is selected according to Eq. (3.7.8),

. (3.7.14)

So inclusion of GVD at the SH leads to a shift of the optimum FH chirp for compression

in a grating with given  as well as some broadening of the SH (compared to the non-

GVD case) due to the - and -phase terms. Elimination of these terms requires a

non-linearly chirped QPM grating, as discussed in Sections 3.9 and 3.10.

We numerically calculated the temporal profile of the SH pulse by the inverse Fourier

transform of Eq. (3.7.11), and evaluated its 1/e intensity full-width . Figure 3.3 shows

the dependence of the normalized SH pulse length  as a function of normalized FH
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chirp  for several values of normalized GVD coefficient at the SH, . A

normalized grating chirp  is assumed. With increasing  the

optimum FH chirp shifts from its value for  = 0, as predicted by Eq. (3.7.14), and the

minimum SH pulse length increases as the contribution of the - and -phase terms in

Eq. (3.7.11) grows with . We also note that there is a sizable range of the FH chirp,

, over which the SH pulse length is relatively constant. When  is slightly detuned

from its optimum value given by Eq. (3.7.14), the SH envelope has nonzero quadratic

phase which, however, does not contribute to significant pulse broadening until it is larger

than the contribution of the - and -phase terms. This range is estimated as 

, (3.7.15)

which is in agreement with the results of Fig. 3.3. We also note that "jumps" in the SH

pulse length which are apparent for larger values of  are due to the fact that the -

phase term in Eq. (3.7.11) leads to the "ripples" in the pulse shape6, 13 and consequently

Figure 3.3. The normalized SH pulse length  as a function of normalized FH
chirp  for several values of normalized GVD coefficient at the SH,

. A linearly-chirped grating with length given by Eq. (3.7.8) and a
normalized chirp  is assumed.
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causes the stepwise increase in the pulse length, which is evaluated at the constant level of

1/e. 

To quantify the amount of pulse broadening due to the - and -phase terms in Eq.

(3.7.11) we calculated the SH pulse length assuming that the FH chirp is selected

according to Eq. (3.7.14) to compensate for the quadratic phase. We are interested in the

regime when the broadening caused by  is relatively small. In this regime the non-

quadratic phase is dominated by the cubic term in Eq. (3.7.11) and we neglect the

contribution of the -phase term. We calculated the normalized SH 1/e intensity full-

width , as shown in Fig. 3.4 where  is plotted as a function of

. We see that the SH pulse length exceeds that of the FH when

such normalized  exceeds ~ 1.

Figure 3.4. The effect of uncompensated cubic phase on the length of the SH
pulse generated in a linearly-chirped grating in the presence of GVD at the SH.
The normalized SH pulse length  obtained from Eq. (3.7.11) when the FH
chirp is selected according to Eq. (3.7.14) is plotted as a function of
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3.8. Uniform gratings and cw tuning curves

Let us first consider the effects of GVD on the cw SHG process with a uniform QPM

grating. The input FH field is a monochromatic wave with frequency , where

is the detuning from the nominal (in the sense of the envelope carrier) FH optical

frequency, . Thus,

. (3.8.1)

The frequency-domain envelope is obtained using Eq. (3.4.5) as 

. (3.8.2)

The modulated nonlinear coefficient for the constant-duty-cycle uniform QPM grating

of length L and period  (and hence with grating k vector ) is represented

as

, (3.8.3)

where  for  and  otherwise. Substituting Eqs. (3.8.2)

and (3.8.3) into Eqs. (3.5.9) - (3.5.11) we obtain:

, (3.8.4)

where, neglecting a phase factor linear in Ω,

, (3.8.5)

and the k-vector mismatch is

, (3.8.6)

or, performing the Taylor expansion up to the GVD terms in Eq. (3.8.6):

. (3.8.7)

The result of Eq. (3.8.5) is a familiar cw SHG sinc tuning curve, whose width in the

frequency space  is defined implicitly by  and hence scales
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dimensionless parameter . For small α the behavior is

dominated by the GVM term, the basic shape is the familiar sinc2 behavior, and the GVD

term causes some broadening and asymmetry of the tuning curve. The width of the tuning

curve  (defined as the full width at half maximum of the square of  given by Eq.

(3.8.5)) is obtained, to second order in α, as 

. (3.8.8)

Figure 3.5 (a) shows the tuning curves  as functions of normalized frequency 

for several values of α. In principle, when the grating k vector is selected as 

(quasi-phase-matching condition) the tuning curve as given by Eqs. (3.8.5) and (3.8.7)

always has two peaks, one is at  and the second is at . For

small α, however, the second peak is very far from the first and typically its formally-

calculated spectral position is not at a frequency for which the Taylor expansion, Eq.

(3.8.7), is valid.

When α increases, the second peak approaches the first one until they ultimately

merge. The cross-over between these two regimes occurs at . For large α the

shape of the tuning curve is dominated by the GVD term, and its width is generally much

broader than that in the small α regime, leading to what is well-known from the literature

as wavelength-noncritical phasematching.41, 42 To first order in 1/α,  in this regime is

obtained as

. (3.8.9)

Figure 3.5 (b) shows the tuning curves  as functions of normalized frequency

 for several values of 1/α.
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3.9. Engineering of the grating function for arbitrary pulse phases in the 

presence of arbitrary dispersion

As was pointed out in Section 3.6, the advantage of the transfer-function relations of Eqs.

(3.6.2) and (3.6.5) is that they trivially allow design of the grating function  necessary

Figure 3.5. The normalized cw tuning curves, , for a uniform grating in the
presence of GVD for small (a) and large (b) values of .
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to perform the desired pulse shaping transformation for arbitrary pulse shapes. However,

if the GVD at the FH becomes significant, one has to use Eq. (3.5.9), which does not

provide a ready way for such a design of . In this Section, by assuming that the

conversion is localized at a point and using an intuitive frequency-domain analysis, we

develop a procedure for the design of the grating k vector necessary to compensate for

arbitrary FH phase to generate a SH pulse with a desired phase distribution, valid for

arbitrary material dispersion. Strictly speaking, the conversion is never localized at a point

but always spread over a range of grating k vectors, which effect can accurately be

handled in strongly-chirped gratings by the method of stationary phase, which provides

mathematical justification for the heuristic approach. The results obtained in this Section

agree with the exact calculations for a particular case of Gaussian pulses and no dispersion

beyond GVD presented in Section 3.10, as well as with numerical modeling presented in

Section 3.11.

We first consider the evolution of the phase of a general FH pulse when it propagates

through the QPM grating. Since the conversion is driven by the nonlinear polarization,

which is proportional to the square of the FH in the time domain (or the FH self-

convolution in the frequency domain), we derive a propagation law for the phase of the

nonlinear polarization, which in general is different from that of the FH. A particular

frequency component of the nonlinear polarization accumulates a certain phase shift in

travelling from the input of the grating to a location where the conversion of this

component is phase-matched, and then, after the conversion, the generated SH component

travels toward the output of the grating accumulating a certain phase shift as governed by

the SH phase propagation law, see Fig. 3.6. By specifying the desired phase of the SH

pulse as a function of frequency at the output, we obtain the locations in the grating where

different components have to be converted, and subsequently derive the necessary grating

phase distribution.

d z( )
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Consider a FH pulse with spectrum  input to the QPM grating. This

pulse propagates through the dispersive medium according to Eq. (3.5.8) as:

. (3.9.1)

Hence in the frequency domain the dispersive propagation over distance z results in the

position-dependent phase distribution of different frequency components, :

, (3.9.2)

where the FH phase at the input to the grating is , 

denotes the phase of a complex quantity x, and  contains GVD and higher-order

terms in the Taylor expansion of : 

. (3.9.3)

The SH conversion is driven by the nonlinear polarization whose spectrum is

proportional to the product of the nonlinear coefficient and a self-convolution of the FH

pulse spectrum, see Eq. (3.5.3), and hence can be written using Eqs. (3.9.1) and (3.9.2) as

, (3.9.4)

where  is

Figure 3.6. Schematic of the calculation procedure used in this Section.
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, (3.9.5)

where . We notice that in the absence of GVD and higher-order material

dispersion ,  is just the z-invariant self-convolution of the input FH field so the

nonlinear polarization propagates with the same group velocity as the FH itself and hence

the propagation laws for the phases of  and  are the same, as was the case described

in Section 3.6. However, when GVD is present the rates at which  and  disperse are

in general different. Moreover, as is apparent from Eq. (3.9.5), for  the phase

propagation law depends on the shape of the input FH pulse, which thus must be known to

obtain a simple algebraic form similar to Eq. (3.9.2). This distinction between  and

 is what makes the problem complicated in this case.

Let us consider a particular frequency component  of the nonlinear polarization and

assume that it converts to the SH at a location  in the QPM grating. By travelling from

 to  this component accumulates a particular phase shift  which is

obtained from Eqs. (3.9.4) and (3.9.5) as

, (3.9.6)

where  is the phase of  at the location , see Eq. (3.3.1). After conversion

at  this frequency component propagates as a SH component, hence accumulating

a certain phase, which is obtained, similarly to Eq. (3.9.2), as

.

(3.9.7)

The total phase that this  component has at the output of the grating, , is the sum

of  and , and is obtained using Eqs. (3.9.6) and (3.9.7) as
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.

 (3.9.8)

The grating has to be designed such that this total phase  is equal to the desired

phase of the SH, , which is to be generated at the output of the grating, i.e. we find

 such that . We specify the location  where the 

component must be converted by requiring that the conversion location be selected such

that the group delay, which can be obtained by differentiating  with respect to ,

must equal to the desired group delay, , for all , i.e.

. Using Eq. (3.9.8) we obtain:

.

(3.9.9)

Solving Eq. (3.9.9) gives the functional dependence  which specifies which

component  must be converted at the location . Substituting  into Eq. (3.9.8)

and setting  allows elimination of  and yields the necessary

grating phase .

The intuitive frequency-domain grating design procedure described above can be put

into more mathematically rigorous form by using the method of stationary phase for

asymptotic evaluation of integrals with rapidly oscillating integrands.43, 44 The general

result for the output SH field, valid for arbitrary dispersion and pulse shapes, Eqs. (3.5.9) -

(3.5.11), can be rewritten as

,

(3.9.10)

where  is defined by Eq. (3.9.5) and  is defined by Eq. (3.9.3). The leading

Φtotal z0 Ω0,( )

Φ z0( ) ∆k0z0– k2L– δν z0Ω0–
L
u2
-----Ω0– p̂ z0 Ω0,( )[ ]∠ k2

˜ Ω0( ) L z0–( )–+=

Φtotal

Φ2 Ω0( )

Φ z0( ) Φ2 Ω0( ) Φtotal Ω0( )= z0 Ω0

Φtotal Ω0

Φ2∂ Ω0∂⁄ Ω0

Φ2∂ Ω0∂⁄ Φtotal∂ Ω0∂⁄– 0=

Ω0∂
∂ Φ2 Ω0( ) δν z0

L
u2
-----

Ω0∂
∂

p̂ z0 Ω0,( )[ ]∠– L z0–( )
Ω0∂
∂

k2
˜ Ω0( )+ + + 0=

Ω0 Ω0 z0( )=

Ω0 z0 Ω0 z0( )

Φtotal Ω0( ) Φ2 Ω0( )= Ω0

Φ Φ z0( )=
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behavior of the integral in Eq. (3.9.10) is obtained with the method of stationary phase by

realizing that the main contribution to the integral comes from the region around the point

 where the phase variation of the integrand is slowest, i.e. where

. Applying the standard stationary

phase result43, 44 yields

,

(3.9.11)

where  is the same as defined by Eq. (3.9.8). We note that the conversion

efficiency of different frequency components is affected by the spreading of the FH due to

GVD and higher-order dispersion, as represented by the  factor in Eq. (3.9.11), as

well as by the length over which that component is phasematched, as given by the second

derivative of the necessary phase of the grating. 

Since the expression for the total phase in Eq. (3.9.11) is the same as that of the

heuristic "point conversion" picture, Eq. (3.9.8), we can also view this result as a first

order justification for that picture, and would of course find the same result for the

required grating phase  as is given in Eq. (3.9.9). The rigorous estimation of the

accuracy of the stationary phase approximation of integral in Eq. (3.9.10) with its leading

behavior, Eq. (3.9.11), is complicated and requires delicate estimation of integrals. In

principle higher-order terms in the asymptotic expansion can be estimated with the

method of steepest descent.43, 44 The physically intuitive condition for applicability of the

stationary phase method is that the distance over which the conversion is phase-matched,

as determined by the inverse of the factor  in Eq. (3.9.11), must be much

smaller than the grating length designed to accommodate conversion of all frequency

components, or, in other words, the required grating must be strongly-chirped,

 for all . Rather than explore the analytical validity conditions in

z0

Φ′ z0( ) p̂ z0 Ω,( )[ ]∠( )′ ∆k0 δνΩ– k̃2 Ω( )+–+ 0=
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detail, we compare the performance of designs chosen according to Eq. (3.9.9) with

numerical simulations in Section 3.11.

As a particular example of the application of this grating design procedure we consider

generation of a linearly chirped SH pulse from a Gaussian linearly chirped FH pulse of the

form of Eq. (3.7.3) when dispersion terms beyond GVD can be neglected, i.e. when

. In this case Eq. (3.9.5) can be integrated analytically in closed form

resulting in

. (3.9.12)

The phase that  accumulates by propagating as a SH component is obtained from Eq.

(3.9.7) as

. (3.9.13)

The desired phase of the SH pulse at the output is

, (3.9.14)

which has a chirp of  and is delayed by  relative to the FH pulse. We note that the

grating length L and the delay , treated here as parameters, have to be selected

properly in the manner described in Section 3.10.

Substituting Eqs. (3.9.12) and (3.9.13) into Eq. (3.9.8) and differentiating in Eq.

(3.9.9) we obtain an implicit relation for the location  where frequency component 

should be converted:

, (3.9.15)

where

. (3.9.16)

The grating phase is then obtained from Eq. (3.9.8) with Eq. (3.9.15) as
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, (3.9.17)

where we neglected a constant phase term and introduced the z-dependent chirp of the FH

pulse defined as

. (3.9.18)

The result of the stationary phase method, Eq. (3.9.11), also predicts amplitudes of the

different spectral components of the generated SH pulse. Using Eq. (3.9.11) with the result

of Eq. (3.9.17) and analytically evaluating , Eq. (3.9.5), for the case of Gaussian

pulses and negligible dispersion beyond GVD, we obtain the necessary modulation of the

grating amplitude for uniform conversion of different components:

, (3.9.19)

where the z-dependent pulse length of the FH is

. (3.9.20)

The results obtained for the required grating phase, Eq. (3.9.17), and grating amplitude

modulation, Eq. (3.9.19), are exactly the same as the ones obtained from the rigorous

analysis presented in the next section for the particular case of Gaussian pulses and

negligible dispersion beyond GVD, see Eqs. (3.10.12) and (3.10.13).

3.10. Chirped grating compressor in the presence of GVD at both the SH 

and the FH

In this section we consider a restricted class of linearly-chirped Gaussian FH pulses and

neglect dispersion beyond GVD at the FH, i.e.  in Eq. (3.5.14). We find

that in this case the integral expression for the output SH envelope, Eq. (3.5.9), can be

integrated in a closed form to obtain a relation similar to the transfer-function relations of

Eqs. (3.6.2) and (3.6.5). Furthermore, neglecting the dispersion terms higher than GVD at

the SH, i.e.  in Eq. (3.5.13), we derive an analytical expression for 
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necessary for generation of a linearly chirped SH pulse. The result for the grating phase is

the same as that of the previous section, Eq. (3.9.17), however in the derivation of this

section we do not make any mathematical approximations.

Derivation of the necessary grating function

Assuming an input linearly chirped Gaussian FH pulse with a frequency-domain envelope

as given by Eq. (3.7.3) and substituting it into Eqs. (3.5.9) - (3.5.14), we obtain

.

(3.10.1)

Substituting the definition for , Eq. (3.5.13), into Eq. (3.10.1) and carrying out the

inner integration over  (which is just a Fresnel integral) we obtain:

, (3.10.2)

where we defined

, (3.10.3)

, (3.10.4)

 was defined in Eq. (3.5.13) and  is a self-convolution (Eq. (3.6.3)) of the

Gaussian FH pulse envelope, Eq. (3.7.3):

. (3.10.5)

The integral in Eq. (3.10.2) is proportional to the Fourier transform of  with the

transform variable µ. Equation (3.10.2) does not have the form of a transfer function

relation, since  depends on the parameters of the input FH pulse, viz. its initial chirp

and pulse length. Comparing the transfer-function relation, Eq. (3.6.5), to Eq. (3.10.2), we
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note that the latter is valid for a restricted class of FH pulses, i.e. linearly chirped

Gaussians, not arbitrary FH pulses, but the dispersion at the FH is included up to the GVD

in Eq. (3.10.2), whereas Eq. (3.6.5) was obtained neglecting GVD and higher-order

dispersion at the FH. We also recall that both Eqs. (3.10.2) and (3.6.5) are valid for

arbitrary dispersion at the SH.

The grating function  required to generate a desired SH pulse from a given

Gaussian FH pulse is obtained from Eq. (3.10.2) using the inverse Fourier transform as

, (3.10.6)

where Ω is considered to be a function of µ as can be obtained by inversion of Eq.

(3.10.3). We stress again that in Eq. (3.10.6) the FH is a linearly chirped Gaussian pulse,

not an arbitrary pulse; however we did not make any assumptions about the shape or chirp

of the SH pulse which can be arbitrary. Hence, Eq. (3.10.6) gives an explicit prescription

for the design of a QPM grating for the generation of a shaped SH pulse from a Gaussian

FH pulse.

The integral in Eq. (3.10.6) can be evaluated analytically for a technologically

important particular case of pulse shaping, generation of a Gaussian linearly chirped (or

transform-limited, as a special case when chirp is equal to zero) SH pulse, when

dispersion beyond GVD at not only the FH but also the SH can be neglected, i.e.

 in Eq. (3.5.13). 

The Fourier transform of the time-domain envelope of an output Gaussian SH pulse

with width of , chirp  and amplitude  is given by

. (3.10.7)

The linear-in-Ω factor in Eq. (3.10.7) represents that the desired SH pulse is delayed from

the FH pulse at the output of the grating by , as can be verified by comparing the

Fourier transform of the output time-domain envelope for the Gaussian FH pulse:
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, (3.10.8)

where we used the relation between envelopes, Eq. (3.4.6) and the fact that the FH

frequency-domain envelope, as given by Eq. (3.7.3), is independent of z, Eq. (3.5.7). The

frequency-domain envelope for the SH pulse is obtained from Eq. (3.10.7) using Eq.

(3.4.6) as:

. (3.10.9)

The desired value of the delay  will be specified later.

Since the QPM grating acts like a filter in the frequency domain, not an amplifier, it

cannot provide significant bandwidth enhancement without substantial attenuation of the

central spectral components. To avoid such attenuation, we choose the spectral width of

the SH to be the same as that of ; from Eqs. (3.10.5) and (3.10.9) we obtain:

. (3.10.10)

We also note that the amplitude of the SH pulse, , cannot be arbitrarily high and is

limited from above by the available nonlinearity. The maximum possible value for 

will be obtained later, see Eq. (3.10.21).

Substituting Eqs. (3.10.5), (3.10.9) and (3.10.10) into Eq. (3.10.6) and integrating it

we obtain the desired grating function as:

, (3.10.11)

where the z-dependent phase of the grating, , is

, (3.10.12)

and the z-dependent grating amplitude is

 , (3.10.13)

where the z-dependent length of the FH pulse, , was defined by Eq. (3.9.20), and

 was defined by Eq. (3.9.16).
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The z-dependent k vector of the grating is the derivative of the grating phase 

given by Eq. (3.10.12):

.

(3.10.14)

This analysis and the resulting expressions are valid for the case when the GVD is

considered to be a correction to the GVM; more precisely, it works when 

and . Otherwise, the GVD-induced pulse spreading is comparable or

greater than pulse walk-off. It turns out that for common QPM ferroelectrics the

conditions  and  are satisfied for pulses longer than ~5 fs

at wavelengths shorter than the group velocity degeneracy points,  < 2 µm, see Section

3.12.

Appropriate selection of grating length L and delay ∆T

We note that we have not yet specified the time delay  between the FH and the SH

pulses at the output of the grating, as well as the grating length L, which have to be

selected properly to avoid bandwidth truncation, i.e. the grating bandwidth  has to be

equal to . In a manner similar to the selection of the appropriate length of a linearly

chirped grating in the negligible-GVD case, described in Section 3.7, we require that 

and L which enter as parameters in Eq. (3.10.14), be chosen such that the grating k vectors

at the input, , and the output to the grating, , phasematch (in the cw sense)

frequencies . Explicitly, the conditions are obtained using Eq. (3.8.7) as:

, (3.10.15)

. (3.10.16)

From Eq. (3.10.14)  when  and  when

. Hence in Eqs. (3.10.15) and (3.10.16) the upper sign is chosen when
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 and the lower sign otherwise.

We obtain the required delay  as a function of crystal length L and pulse

parameters by substituting Eq. (3.10.14) into the set of Eqs. (3.10.15) and (3.10.16) and

eliminating :

. (3.10.17)

In the derivation of this expression for  we neglected the first term in the expression

for , Eq. (3.10.14), since its contribution is small and its inclusion produces much

more complicated expression for . The required length of the grating L is then obtained

from Eq. (3.10.15) by eliminating  and using Eq. (3.10.17) for , as

, (3.10.18)

where the plus sign in the denominator is chosen when  and the minus sign

otherwise. Figure 3.7 shows the required grating length given by Eq. (3.10.18) normalized

to the grating length for the case  as a function of . The

two branches correspond to different signs in denominator of Eq. (3.10.18). 

Figure 3.8 (a) shows the normalized grating k vector necessary to generate a

compressed SH pulse ( ) from a Gaussian FH pulse with the normalized chirp

 for several values of the normalized GVD coefficients  and

. When the GVD is negligible at both the SH and the FH, i.e. ,

then from Eq. (3.10.17) the delay is  and from Eq. (3.10.18) the grating

length is , in agreement with Eqs. (3.7.8) and (3.7.9). The grating k

vector as obtained from Eq. (3.10.14) is linear with z, 

 in agreement with previously-derived results, Eqs. (3.7.5) -

(3.7.9). As apparent from Fig. 3.8 (a), with increasing  and   deviates from the

linear behavior and acquires significant curvature.
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In the expression for the modulated amplitude of the grating, Eq. (3.10.13), the

amplitude of the generated SH wave, , is not an independent parameter because 

is limited from above by the available nonlinearity, , see Section 3.3.

Under the condition  the grating amplitude, as given by Eq. (3.10.13), is a

monotonic function over the grating length and hence it achieves its maximum value of

 at either  or . Equation (3.10.13) can then be rewritten as

, (3.10.19)

where the scaling constant M is

. (3.10.20)

The amplitude of the generated SH pulse, , is then obtained as

 . (3.10.21)

Figure 3.7. The required length of a chirped grating, as given by Eq. (3.10.18),
normalized to the grating length for the case , as a function of

. The two branches correspond to the two signs in the
denominator of Eq. (3.10.18).
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Figure 3.8. (a) Normalized grating k vector, , as obtained
with Eq. (3.10.14), and (b) normalized grating amplitude, , as obtained with
Eq. (3.10.13). Both are plotted as functions of normalized position in the grating,

, for several representative pairs of the normalized GVD coefficients,
( , ): (0,0), solid curve; (0.02, 0.10), dashed curve; (0.05, 0.15),
dotted curve; (0.10, 0.25), dash-dotted curve. 
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Figure 3.8 (b) shows  normalized to  for the same set of the

normalized GVD coefficients  and  as in Fig. 3.8 (a). We note that

 increases as the curvature of  increases, in agreement with the result of the

stationary phase analysis of Section 3.9, Eq. (3.9.11). Since the conversion of a particular

frequency component occurs over a finite range of grating k vectors, and  is not

constant for non-linearly chirped gratings, the distance over which a particular frequency

component is phase-matched also varies, leading to different efficiencies for different

frequency components, which must be compensated by the modulation of the grating

amplitude. The spreading of the FH pulse due to the GVD, and hence the reduction of the

peak power is another effect which requires compensation by the grating amplitude, both

of which are accounted for in Eq. (3.10.19).

Equations (3.10.11), (3.10.12), (3.10.17) - (3.10.20) completely specify the grating

function which is necessary to generate a Gaussian SH pulse with a desired linear chirp

from a Gaussian FH pulse with a given chirp, valid for up to the GVD dispersion terms at

both the FH and the SH.

3.11. Numerical modeling

From the theoretical treatment presented in Sections 3.9 and 3.10 it follows that in the

presence of GVD and/or higher-order dispersion the amplitude of a grating required for

pulse compression should be modulated to achieve a uniform conversion across the pulse

spectrum. From the practical standpoint, it might be difficult to control the local duty cycle

precisely enough to exactly reproduce the desired amplitude modulation, as given by Eq.

(3.10.19) for the case of Gaussian pulses. We expect that if a grating with no amplitude

modulation is used, it would cause the shape of the SH spectrum to deviate from the

assumed Gaussian form but should not introduce significant uncompensated phase on the

SH pulse. Though intuitively reasonable, this assertion must be tested numerically.

Another intuitive consideration is that even though the derivation of Section 3.10 assumed

d z( ) 2 πm⁄( )deff

β1 τ0δν( )⁄ β2 τ0δν( )⁄

d z( ) K z( )

dK z( ) dz⁄
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Gaussian pulses to obtain the necessary grating function for compression in the presence

of GVD, the distribution of the k vector which is primarily responsible for phase

compensation of the chirped FH pulse should also work for other pulse shapes, as long as

the pulse spectrum is smooth. This insensitivity of the phase to the pulse shape has been

noted before in the literature,10 and also appears from the stationary phase analysis results,

Eqs. (3.9.11) and (3.9.8). The actual pulse shape enters the grating phase derivation

procedure through the phase of , defined by the integral expression of Eq. (3.9.5);

for smooth pulse shapes  is relatively insensitive to the actual pulse shape.

To address these issues as well as to test the results of Section 3.9 in the presence of

dispersion terms higher than GVD we simulate numerically the propagation of the

coupled FH and SH waves based on the time-domain versions of Eqs. (3.5.4) and (3.5.5).

We used the symmetrical split-step method,12, 13 with the fast Fourier transform routines

implemented using the FFTW library.45, 46 Appendix A describes the algorithm in more

detail and lists the source code for the propagator used in these simulations.

Pulse quality measures

To ascertain the quality of the generated SH pulses we use several measures. First, the

pulses are characterized by their temporal full width at half-maximum (FWHM) of the

intensity, as is conventional in the experimental literature. So far in this Chapter we used

the 1/e intensity temporal half-width, which is more convenient mathematically for

Gaussian pulses. To distinguish the two pulse length measures we continue using notation

 for the latter and introduce notation  for the former. For a Gaussian pulse they are

related to each other according to .

The second pulse quality check we perform is comparison of the generated SH pulse

to the “ideal” pulse, which would have been generated if the grating had not introduced

spectral truncation and had exactly corrected the FH phase. We take the square of the input

stretched FH pulse, calculate its Fourier transform, flatten the spectral phase and use the

inverse Fourier transform to obtain the ideal SH pulse profile, :

p̂ z Ω,( )

p̂ z Ω,( )∠

τ ∆τ

∆τ 2 2ln τ 1.66τ≈=

B2
ideal L t,( )
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, (3.11.1)

where FT and IFT denote the Fourier transform and the inverse Fourier transform,

respectively. 

The third parameter we calculate for the generated SH pulse is the pulse length, ,

of a transform-limited pulse, , which has the same spectral profile as the

generated SH pulse, but with a flat spectral phase:

. (3.11.2)

Comparison of  and  serves as a measure of how well the grating compensates

the FH phase, independent of the amount of the spectral truncation it introduces.

Model system

 As a model, in these simulations we consider generation of a compressed SH pulse

( ) by doubling a FH pulse from a Ti:Sapphire oscillator at a wavelength of 800 nm

with pulse length of  = 10 fs (  = 6 fs) which is subsequently stretched to have chirp

, Fig. 3.9. The QPM grating is assumed to be fabricated on a lithium tantalate

substrate, which has a lower nonlinearity, compared to a more common ferroelectric for

QPM, lithium niobate, but has a deeper UV absorption edge, so that the two-photon

absorption of the SH is of less concern. Also, it appears that the short QPM periods of

~ 3.5 µm required for doubling of 800 nm are easier to pole in lithium tantalate. The

dispersion parameters are calculated from the Sellmeier data of Ref. 47 as  =

- 1.99 µm-1,  = - 1.49 ps/mm,  = 305 fs2/mm and  = 1142 fs2/mm, and the

Figure 3.9. Sketch of the model system for simulations. 
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normalized GVD coefficients are  = - 34×10-3 and  = - 127×10-3.

We note that if one were to use a uniform QPM grating on the lithium tantalate substrate to

double such short pulses, a grating length of 8 µm should be chosen to avoid significant

pulse broadening. Using such short length poses problems of handling the crystal, and

using confocal focusing to achieve high efficiency, requiring focusing into spot size of 0.7

µm, is not practical. These issues do not emerge for longer crystals used with chirped

pulses.

Modeling results with dispersion beyond GVD set to zero

We numerically test the results of Section 3.10 when GVD at both the SH and the FH

is non-negligible. To separate the GVD effects from the higher-order dispersion effects we

first set to zero the material’s dispersion coefficients beyond GVD in the numerical

propagation of the coupled fields. The effects of higher-order dispersion on the required

grating function and the generated SH pulse are considered at the end of this section. The

required grating length is obtained with Eq. (3.10.18) as L = 0.213 mm. Figure 3.10 (a),

dashed curve, shows the grating period , as obtained with Eq. (3.10.14).

The required modulation of the grating amplitude  is obtained with Eq. (3.10.19)

and shown in Fig. 3.10 (b), dashed curve.

For the Gaussian linearly-chirped FH pulse,  as defined by Eq. (3.7.4), the

generated SH pulse profile, , is shown in Fig. 3.11 (dashed curve). The pulse

length  = 7.7 fs, which is 9% broader than the ideal SH pulse, , as

calculated with Eq. (3.11.1) and shown in Fig. 3.11, solid curve, which has a pulse width

of  = 7.1 fs. This broadening results from the spectral truncation due to

the finite grating length used. However, this spectral truncation does not introduce

significant uncompensated phase, as can be judged from Fig. 3.11 (b); the calculation

shows that  is only 1.4% broader than .

The required grating amplitude modulation is 67%, Fig. 3.10 (b), dashed curve. If

instead a grating with flat amplitude is used, Fig. 3.10 (b), solid curve, the resulting

β1 τ0δν( )⁄ β2 τ0δν( )⁄

Λ z( ) 2π K z( )⁄=

d z( )

B1 t( )

B2 L t,( )

∆τ2 B2
ideal L t,( )

∆τ2 ∆τ0 2⁄=

∆τ2 ∆τ TL
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Figure 3.10. (a) The distribution of the grating period  for compression in
lithium tantalate. Dashed curve represents the design according to prescription of
Section 3.10 to account for GVD at both the SH and the FH. Dash-dotted curve
represents a linearly chirped grating designed according to Section 3.7, Eqs.
(3.7.6) and (3.7.12), to account for GVD at the SH. Dotted curve represents a
linearly chirped grating designed without accounting for the GVD effects, Eqs.
(3.7.6) and (3.7.9). (b) The distribution of the grating amplitude for a grating
designed to account for GVD at both the SH and the FH, Eq. (3.10.13), dashed
curve. Also shown is the unmodulated amplitude of the grating, solid curve.
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Figure 3.11. The intensities (a) and phases (b) of the SH pulses obtained from a
Gaussian FH pulse using different gratings: designed to account for GVD at both
the SH and the FH, according to prescription of Section 3.10, dashed curve;
designed to account for GVD at the SH, Eqs. (3.7.6) and (3.7.12), dash-dotted
curve; designed without accounting for the GVD effects, Eqs. (3.7.6) and (3.7.9),
dotted curve. Also shown is the ideal SH pulse that would have been generated if
the grating has not introduced spectral truncation and exactly corrected the FH
phase, solid curve. Note that results presented in Figs. 3.11 - 3.13 are obtained
from the numerical simulations with dispersion terms beyond GVD set to zero.
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temporal profile of the compressed SH pulse is essentially indistinguishable in shape from

the one obtained with the modulated grating amplitude, but has 2.7 times more energy.

When the grating with unmodulated amplitude is used, different spectral components

convert with different efficiencies roughly linear with frequency, to first order causing a

slight shift of the whole SH pulse in time, but not changing the shape of the compressed

pulse. If it is desirable to generate a chirped SH pulse, the nonuniformity of the conversion

for different spectral components in a grating with unmodulated amplitude would have a

more profound effect on the temporal shape of the SH pulse.

Note that this insensitivity of the pulse quality to the amplitude modulation of the

grating also means relatively high tolerance to QPM-grating fabrication errors. The

positions of the inverted domains are determined by the lithography mask and hence can

be considered error-free. Poling defects affect only the local duty cycle of the grating,

hence affect only the amplitude, but not the phase of the Fourier component of the QPM

grating.15 Consequently these errors do not lead to substantial pulse-quality reduction. Of

course, if several adjacent domains are completely missing, this could significantly affect

the spectral content of the generated pulse.

It is instructive to see how much the GVD effects affect the generated SH pulse if the

grating used is designed without accounting for GVD. In this case the grating is linearly-

chirped, its k vector given by Eq. (3.7.6) with the grating chirp calculated according to Eq.

(3.7.9) as  = 6.17×103 mm-2, as shown in Fig. 3.10 (a), dotted curve. As can be seen,

the grating function does not differ much from the grating with GVD correction, however

the SH pulse generated (as shown in Fig. 3.11, dotted curve) is almost twice broader, 

= 13.7 fs. The phase of the pulse has substantial curvature, resulting in  being 1.79

times broader than . If the grating chirp is selected according to Eq. (3.7.12) to

compensate for the quadratic contribution to the phase, caused by the GVD at the SH (as

shown in Fig. 3.10 (a), dash-dotted curve) the generated SH pulse (Fig. 3.11, dash-dotted

curve) is less broad,  = 10.4 fs, but still it has ripples on the leading edge and

Dg

∆τ2

∆τ2

∆τ TL

∆τ2
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substantial phase variation across the pulse profile, resulting in  being 1.20 times

broader than .

Since we saw for the Gaussian pulses that the grating amplitude modulation does not

have a significant effect on the phase of the generated pulse, it also seems intuitively

reasonable that the grating designed for linearly chirped Gaussian pulses should work well

for other pulse shapes, as long as the phase of the stretched pulse is also predominantly

quadratic. We test this assertion by propagating FH pulses with a hyperbolic secant

temporal profile and with a super-Gaussian spectral profile through a grating with flat

amplitude distribution and with the k-vector distribution as designed for a Gaussian FH

pulse, according to Eq. (3.10.14) (Fig. 3.10 (a), solid curve) and compare the results with

pulses generated in gratings designed according to the prescription of Section 3.9 for the

particular pulse shape.

For a hyperbolic secant FH pulse the temporal profile before stretching is

, (3.11.3)

where  is selected such that its FWHM is equal to

that of a Gaussian pulse with 1/e intensity half-width of . The SH pulse generated in a

grating designed for a Gaussian pulse is shown in Fig. 3.12, dashed curve. Its length is

 = 9.0 fs, which has 6% broadening due to truncation, compared to the ideal pulse

profile, Fig. 3.12, solid curve. The phase is essentially flat over the time range where the

pulse has substantial intensity, resulting in 1.4% broadening compared to the transform

limit. Calculation of the grating k vector according to the prescription of Section 3.9 for

the hyperbolic secant pulse gives a result almost indistinguishable from that obtained for a

Gaussian pulse, consequently the SH pulses generated with these two gratings are of the

same quality.

For the input FH pulse with super-Gaussian spectral profile we assume the form

, (3.11.4)

∆τ2

∆τ TL
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where we chose m = 5 and  with the numerical factor selected such that the

temporal intensity profile of the pulse with spectrum given by Eq. (3.11.4) has the same

FWHM as a Gaussian pulse with 1/e intensity half-width of . The SH pulse generated in

a grating designed for a Gaussian is shown in Fig. 3.13, dashed curve. The pulse length is

 = 6.0 fs, 8% broader than the length of the ideal pulse, Fig. 3.13, solid curve. We note

that the pulse has a sinc2-like profile which is consistent with the pulse spectrum being

essentially a top-hat function. Also we note that for such a pulse the temporal phase is flat

over a single lobe and experiences jumps of π between adjacent lobes. Comparison of

 to  shows that  is only 1.1% broader than . As was the case

for the hyperbolic secant pulse, we also calculated the grating k vector for the pulse with a

super-Gaussian spectral profile following the prescription of Section 3.9. The result is still

very close to the k vector designed for a Gaussian pulse, however, it shows a slightly

larger difference, compared to the hyperbolic secant. The SH pulse generated with the

grating designed for this particular pulse shape was slightly shorter,  = 5.9 fs, and

Figure 3.12. The SH pulse obtained from a hyperbolic-secant FH pulse in a
grating with unmodulated amplitude and the k vector designed for a Gaussian
pulse accounting for the GVD effects, dashed curve. The ideal SH pulse is also
shown, solid curve. 
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slightly closer to the transform-limit, being 0.7% broader than .

Modeling results with higher-order dispersion included

 So far the simulation results presented earlier in this section assumed negligible

material dispersion beyond GVD. The utility of the approach developed in Section 3.9 can

be seen especially well when this higher-order material dispersion is included in the pulse

propagation simulations. We consider a Gaussian FH pulse and compare the SH pulses

generated in a grating designed to account for the dispersion terms up to GVD, Section

3.10, and a grating designed according to Section 3.9 to account for the dispersion terms

beyond GVD. In both cases the grating amplitude is assumed not to be modulated. As can

be seen from Fig. 3.14 dispersion beyond GVD has a noticeable effect. If this higher-order

dispersion is not accounted for, the SH pulse (Fig. 3.14, dash-dotted curve) has pulse

length of  = 8.8 fs, which is 1.25 times broader than the length of the ideal pulse (solid

curve) and the pulse is 15% broader than the transform limit. If the dispersion beyond

Figure 3.13. The SH pulse obtained from a FH pulse with super-Gaussian
spectrum in a grating with unmodulated amplitude and the k vector designed for a
Gaussian pulse accounting for the GVD effects, dashed curve. The ideal SH pulse
is also shown, solid curve.
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GVD is accounted for in the design of the grating, the SH pulse (Fig. 3.14, dashed curve)

has substantially better quality, its pulse length of  = 7.7 fs is 10% broader than ideal

and only 1.3% broader than the transform limit. The simulation results for a hyperbolic

secant pulse and a pulse with a super-Gaussian spectrum show similar behavior. We again

find that the required grating k vector is relatively insensitive to the particular pulse shape

it is designed for.

As can be seen from this numerical modeling the developed theory correctly predicts

the grating k vector distribution necessary to account for GVD and higher-order material

dispersion. The SH pulse quality appears to be essentially independent of the pulse shape,

at least for the three representative pulse shapes with smooth single-peaked spectra, in

agreement with previous observations.10 The generated SH pulses are consistently 7 - 10%

broader than the ideal pulses, the effect caused by spectral truncation due to the finite

Figure 3.14. The SH pulses generated from a Gaussian FH pulse when the
material dispersion beyond GVD is included in the simulations. Dashed curve
represents the SH pulse obtained when the QPM grating is designed according to
the prescription of Section 3.9 to completely account for the material dispersion.
Dash-dotted curve represents the SH pulse generated in a grating designed to
account for dispersion only up to the GVD terms, Section 3.10. In both cases
grating amplitude is unmodulated. Also shown is the ideal SH pulse, solid curve.
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grating length used. More importantly, the phase is compensated properly, giving pulses

which are only ~1% broader than the transform limit. We also note that whether the

grating amplitude is modulated or kept flat does not have much effect on the quality of the

generated compressed SH pulse; in contrast the efficiency is several times better for

gratings with no amplitude modulation. We note however that if it is desirable to generate

a chirped SH pulse, the grating amplitude modulation is necessary to avoid significant

amplitude modulation of the SH pulse.

3.12. Comparison of QPM ferroelectrics

In this section we provide for reference the dispersion data using the published Sellmeier

equations for several representative QPM ferroelectrics: lithium niobate,48 lithium

tantalate47 and KTP,49 solid, dashed, and dotted curves, respectively, in Figs. 3.15 - 3.18.

Figure 3.15 shows the QPM period as a function of the FH wavelength. Figure 3.16 shows

the GVM coefficients  as functions of the FH wavelength. It is interesting to note that

 for these materials are rather close to each other. Figure 3.17 shows both the GVD

Figure 3.15. QPM period as a function of FH wavelength in lithium niobate (solid
curve), lithium tantalate (dashed curve) and KTP (dotted curve).
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coefficient  as a function of the FH wavelength, and the GVD coefficient  as a

function of the FH wavelength that generates the respective SH. 

Figure 3.16. GVM coefficient  as a function of FH wavelength in lithium
niobate (solid curve), lithium tantalate (dashed curve) and KTP (dotted curve).

Figure 3.17. The FH GVD coefficient  as a function of the FH wavelength and
the SH GVD coefficient  as a function of the FH wavelength that generates
respective SH in lithium niobate (solid curve), lithium tantalate (dashed curve)
and KTP (dotted curve).
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The important parameters that enter the analytical treatment presented are the

normalized GVD coefficients ; as pointed out in Section 3.10 the analysis is valid

when . Figure 3.18 shows  as functions of the FH wavelength. We

note that except for the vicinity of the wavelengths at which  goes to zero (at around

2.7 µm), the condition  is satisfied for pulses longer than ≈ 5 fs in the range

 < 2 µm and for pulses longer than ≈ 10 fs in the range  > 3.2 µm.

3.13. Summary of Chapter 3

In this Chapter we presented a theory of ultrafast SHG with longitudinally nonuniform

gratings in the presence of GVD and higher-order dispersion. The developed approach

gives an explicit prescription for engineering the QPM grating necessary for a particular

shaping function, valid for arbitrary material dispersion. The numerical simulations of

propagation of the coupled FH and SH waves confirm the validity of the presented theory

and predict that when the dispersion is correctly accounted for, generation of sub-10-fs

transform-limited pulses is possible by doubling 10 fs pulses at a wavelength of 800 nm in

Figure 3.18. Ratio  as a function of FH wavelength in lithium niobate
(solid curve), lithium tantalate (dashed curve) and KTP (dotted curve).
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a QPM grating fabricated on a lithium tantalate substrate.

Although the numerical simulations predict that generation of compressed sub-10-fs

SH pulses at 400 nm of very good quality is possible, the theory does not account for other

nonlinear effects that can spoil the pulse quality. In particular, the two-photon absorption

(TPA) of the SH is of concern because the SH photon energy exceeds half the bandgap of

lithium tantalate and the peak intensity of ultrashort pulses is high. A possible way of

alleviating the TPA is to reduce the SH peak intensity in the grating by generation of

negatively-chirped stretched pulses followed by external compression by simply passing

the pulses through an appropriate length of a UV-transparent material. A theory which

incorporates TPA in the description of the SHG process would be useful for the device

performance optimization in the non-negligible TPA regime, as would more complete data

for the spectral dependence of the TPA coefficients.
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CHAPTER 4. DEMONSTRATION OF QPM-SHG PULSE 

SHAPING

"I ought to say," explained Pooh as they walked
down to the shore of the island, "that it isn’t just an
ordinary sort of boat. Sometimes it’s a Boat, and
sometimes it’s more of an Accident. It all depends."

"Depends on what?"
"On whether I’m on the top of it or underneath

it."

A. A. Milne Winnie-the-Pooh

4.1. Introduction

Manipulation of the temporal shape of ultrashort optical pulses is important for many

applications such as communications, remote sensing, signal processing and spectroscopy.

Shaping of optical pulses on the time scale of a few tens of femtoseconds is not possible

by electronic means. But, over the past decade, by working in the Fourier domain,

powerful optical methods had been developed for tailoring the shape of ultrashort pulses

on the femtosecond time scale. These now-conventional Fourier synthesis pulse shaping

techniques use filtering of optical frequency components spatially dispersed with a grating

apparatus.1, 2 This Fourier synthetic method provides versatility and allows dynamic

reconfiguration of the shaper. A disadvantage of this technique, however, is the intrinsic

bulkiness due to the use of diffraction gratings and the need for critical alignment of the

apparatus. We note that this technology is already used in several commercially available

systems.

In this Chapter we demonstrate an alternative approach to femtosecond pulse shaping,

which uses second-harmonic generation (SHG) with Fourier synthetic quasi-phase-

matching (QPM) gratings. This technique combines pulse shaping and SHG and is based

on the lithographically defined nature of the QPM grating which allows engineering of its
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amplitude and phase response. QPM-SHG pulse shaping is based on a combination of the

group velocity mismatch (GVM) between the first harmonic (FH) and the second

harmonic (SH) pulses (an intrinsic material property) and the spatial localization of

conversion (an engineerable property of a QPM grating) as discussed in detail in Chapter

3, Section 3.6. These monolithic and compact QPM-SHG pulse shaping devices allow

generation of fairly arbitrary SH waveforms and require no critical alignment. 

In this Chapter we describe experimental demonstration of such QPM-SHG shaping

devices, pumped at the wavelength of 1.56 µm and producing a variety of shaped

waveforms at the wavelength of 780 nm. We note that a particular case of pulse shaping,

pulse compression by QPM-SHG with linearly chirped gratings, has been demonstrated3-5

as well as used in a number of system experiments.6-9 

4.2. Experimental demonstration of QPM-SHG pulse shaping

To demonstrate the generality of the QPM-SHG pulse shaping we used three different

devices that henceforth are labeled (a), (b), and (c), Fig. 4.1. Device (a) was simply a

uniform grating, Fig. 4.1 (a), whose length L was much longer than the group velocity

walk-off length, . Hence the SH waveform produced should be a long top-hat pulse,

when pumped by a compressed FH pulse. Device (b), Fig. 4.1 (b), had several uniform

grating segments of length  alternating with segments of unmodulated material of

length . If these lengths are chosen such that , each segment should

generate a short SH pulse and these pulses will not overlap temporally at the output.

Device (c) has several chirped grating segments of length  with no gap of unmodulated

material between them, Fig. 4.1 (c). If the chirp of the FH pulse is chosen to match the

chirp of the grating segment, each segment will generate a compressed SH pulse,3, 10 and

hence the SH waveform from this device will consist of a train of compressed pulses.

The devices described above were fabricated on a single chip of length L = 25 mm

from a 0.5-mm-thick lithium niobate wafer using the electric-field poling technique.11 All

Lgv

Ls

Lu Ls Lgv Lu< <

Ls
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QPM gratings were designed for first-order QPM to achieve phasematching at 98˚C when

pumped at the FH wavelength of 1560 nm. Devices (a) and (b) had the QPM period of 

= 19 µm; each segment of device (c) had its QPM period varying linearly from 18.6 to

19.4 µm. Device (b) consisted of 13 uniform grating segments of length  = 0.5 mm of

length  = 1.5 mm of unmodulated material between them. Device (c) consisted of 5

identical chirped grating segments of length  = 5 mm.

 The experimental set up used to demonstrate QPM-SHG pulse shaping is shown in

Fig. 4.2. The output pulses from an amplified mode-locked Er:fiber laser were self-phase

modulated to produce 2.5-nJ pulses with 22-nm-wide spectra at 1560 nm. These pulses

were compressible in a diffraction-grating compressor to  = 250 fs FWHM, with the

resulting time-bandwidth product being 1.6 times above the transform limit. The pump

beam was loosely focused through the sample to a spot with 1/e electric field radius of

85 µm. 

Figure 4.1. Schematics of the QPM-SHG pulse shaping devices used in the
experiment: (a) long uniform grating for generation of a transform-limited
picosecond SH pulse, (b) uniform grating segments separated by unmodulated
material for generation of a train of femtosecond transform-limited pulses; both
devices (a) and (b) pumped by a transform-limited femtosecond FH pulse; (c)
chirped grating segments for generation of a train of transform-limited
femtosecond SH pulses from a chirped FH pulse.
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Under the conditions of this experiment the dispersive properties of lithium niobate

are calculated from the Sellmeier fit to the refractive index of Ref. 12 as: the GVM

coefficient  = 0.30 ps/mm, the GVD coefficients at the FH and the SH  = 100 fs2/

mm and  = 400 fs2/mm, respectively. Hence the group velocity walk-off length is  =

 = 0.8 mm, and the GVD lengths are  = 670 mm and  = 360 mm. The

length of the devices, L = 25 mm, is much shorter than both  and , which justifies

the use of the transfer-function relation, Eq. (3.6.2), obtained assuming negligible material

dispersion beyond GVM. Hence GVD and higher-order dispersion were neglected in the

design of the QPM-SHG pulse shapers used in this experiment.

The shaped SH pulses were characterized by autocorrelation and spectral

measurements. The autocorrelation of the SH pulse obtained with device (a) has a

triangular profile, Fig. 4.3 (a), which implies that the pulse has a square-like shape. The

FWHM of the trace is 7.4 ps, in agreement with the expected pulse length of  =

7.5 ps. 

The SH autocorrelation trace for device (b), Fig. 4.3 (b), consists of 25 pulses with

interpulse separation of 0.59 ps, and has a triangular envelope. Thus, the underlying SH

waveform has 13 uniformly-spaced pulses of equal amplitude with a repetition rate of

1.69 THz. This agrees with the expected spacing between peaks of adjacent pulses

 = 0.60 ps. The individual pulses in the train are of 210-fs-long, as estimated

using a numerically calculated deconvolution factor of 0.77. 

The SH autocorrelation trace for device (c), Fig. 4.3 (c), indicates the train of 5 pulses

with the repetition rate of 0.67 THz and separation between peaks of 1.49 ps, in agreement

Figure 4.2. QPM-SHG pulse shaping experiment set up.
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with the expected separation of  = 1.50 ps. Individual pulses in the train are 190-fs-

long as obtained using the same deconvolution factor as in device (b). 

The spectra of the shaped SH pulses are shown in Fig. 4.4 (a) - (c). For comparison,

we also include the spectrum obtained with a single short uniform grating segment of

length 0.5 mm as in device (b), Fig. 4.4 (d). The acceptance bandwidth of this device is

broader than the bandwidth of the pump pulse, so that the SH spectrum is proportional to

the Fourier transform of the square of the FH pulse. Thus, trace (d) indicates the maximum

bandwidth available for the SH, whereas the shaped pulses (a) - (c) reveal spectral filtering

associated with pulse shaping. 

The SH spectrum obtained with device (a) shows a single narrow peak, consistent with

the long SH pulse obtained. Spectra obtained with devices (b) and (c) consist of several

narrow peaks separated by 3.4 and 1.43 nm, respectively. From the temporal separation

Figure 4.3. Measured autocorrelation traces of shaped SH pulses, traces (a) - (c)
corresponding to devices (a) - (c) of Fig. 4.1. Note that for clarity the traces are
offset vertically with respect to each other.
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between pulses (0.59 ps for device (b) and 1.50 ps for device (c)), we find that the spectral

spacing should be 3.4 nm and 1.36 nm, respectively, in reasonable agreement with directly

measured values. It should be noted here that the relative phases of the generated SH

pulses are defined by the relative phases of the grating segments. Devices (b) and (c) were

designed such that the adjacent grating segments are offset by exactly 2.000 mm and

5.000 mm, respectively, which are not the integral multiples of the grating period,  =

19 µm. Therefore, the SH pulses in the trains have different phases, and so the spectra

(traces (b) and (c) in Fig. 4.4) consist of narrow peaks whose amplitudes do not follow the

envelope outlined by trace (d). Our calculations show that the pulse trains with relative

pulse phases as obtained from the exact positions of the grating segments give spectral

amplitudes consistent with traces (b) and (c). To generate SH pulses with specified relative

Figure 4.4. Measured spectra of shaped SH pulses, (a)-(c) corresponding to (a)-(c)
of Fig. 4.3. Spectrum (d) was obtained with a single uniform grating segment,
whose acceptance bandwidth is broader than the bandwidth of the pump pulse.
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phases, such as identical phases, an appropriate grating design with fine positioning of the

segments within  must be used. This is no more difficult to implement lithographically

than the patterns demonstrated here. In Chapter 7, where we describe QPM-DFG pulse

shaping, this exact positioning of the segments is used to generate pulse trains with

identical or alternating phases.

The efficiency scaling for QPM shapers is a complicated function of focusing, spectra

and particular shaping function as discussed in Ref. 10. The observed efficiency scaling

among the devices demonstrated agrees with the scaling laws that can be obtained from

Ref. 10. 

4.3. Summary of Chapter 4

In conclusion, in this Chapter we described an experimental demonstration of a

femtosecond pulse shaping technique which relies on the engineerability of the phase and

amplitude response of QPM gratings. This technique combines SHG with pulse shaping in

a single monolithic and compact device which does not require critical alignment. This

QPM-SHG pulse shaping method could be applied to a variety of more complex pulse

shaping functions, as have been demonstrated with conventional shaping techniques.1, 2

Extension of this technique to a shorter wavelength range accessible with Ti:Sapphire

lasers would require shorter QPM periods (≈2.5 µm) and raise concerns about two-photon

absorption in lithium niobate. Lithium tantalate has a deeper UV absorption edge which

suggests that it might be a better candidate for a Ti:Sapphire-pumped pulse shaper. This

consideration led to the use of lithium tantalate in QPM-SHG pulse compressor described

in Chapter 6.

Λ0
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CHAPTER 5. GENERATION OF DUAL-WAVELENGTH 

PULSES BY QPM-SHG NONLINEAR FILTERING

"Could you fly up to the letter-box with Piglet on
your back?" he asked.

"No," said Piglet quickly. "He couldn’t."
Owl explained about the Necessary Dorsal

Muscles. He had explained this to Pooh and
Christopher Robin once before, and had been
waiting ever since for a chance to do it again,
because it is a thing which you can easily explain
twice before anybody knows what you are talking
about.

A. A. Milne The House at Pooh Corner

5.1. Introduction

Synchronized short pulses generated at two different wavelengths are required in different

applications such as pump-probe experiments, coherent control, and generation of short

pulses in the mid-infrared by difference frequency generation. Over the past several years

a number of Ti:Sapphire oscillators producing dual-wavelength pulses have been

demonstrated, with special emphasis put on eliminating timing jitter between the pulses,

which resulted in relatively complex dual-cavity designs.1-6 Another approach to the

generation of dual-wavelength pulses that had been demonstrated is to use linear

frequency filtering of a single pulse.7, 8

In Chapter 4 we demonstrated the utility of longitudinally nonuniform quasi-phase-

matching (QPM) gratings for fairly arbitrary pulse shaping by second-harmonic

generation (SHG). This technique combines pulse shaping with SHG in compact and

monolithic devices and relies on the engineerability of the QPM gratings. A QPM grating

acts like a filter on the frequency components of the square of the first-harmonic (FH)

pulse, with this QPM-SHG filter function being proportional to the Fourier transform of

the spatial distribution of the nonlinear coefficient. 
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In this Chapter we use this QPM-SHG pulse shaping technique to demonstrate an

alternative approach to the generation of synchronized pulses at different wavelengths and

explore the nonlinear nature of the QPM-SHG filter. Using structures with a phase-

reversal sequence superimposed upon a uniform grating we produce two synchronous

coherent picosecond pulses by QPM-SHG spectral filtering of a single femtosecond FH

pulse. The wavelengths of the second-harmonic (SH) pulses and their temporal lengths are

determined by the grating design, subject to limitation by the bandwidth available from

the FH pulse. Because of the nonlinear nature of such a QPM-SHG filter, the energy

efficiency of such devices is not limited by the passband of the filter and in fact the SH

spectral intensity at a given wavelength can be larger than the FH spectral intensity over

the same bandwidth.

We note that QPM devices with nonlinear coefficient distribution such as described in

this Chapter, were already used for multiple-channel wavelength conversion for

applications in wavelength-division-multiplexed telecommunications.9

5.2. Theoretical background

Under the assumptions of plane-wave interaction, undepleted pump, slowly-varying

envelopes and negligible group-velocity and higher-order material dispersion, the SHG

process in a QPM grating is described with a transfer-function relation in the frequency

domain, see Eq. (3.6.2) in Chapter 3:

, (5.2.1)

where  is the frequency detuning from the spectral center of the SH pulse,  is

the frequency-domain envelope of the output SH, and  is the self-convolution of

the frequency-domain envelope of the input FH:

, (5.2.2)

hence  is proportional to the spectrum of the nonlinear drive. In Eq. (5.2.1) 
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is the QPM-SHG transfer function, which is proportional to the Fourier transform of the

nonlinear coefficient distribution , see Eq. (3.6.1): 

, (5.2.3)

where ,  is the FH wavelength, and  is the refractive index at the SH

frequency. In Eq. (5.2.3)  is the carrier k-vector mismatch, where  and

 are the FH and the SH carrier k vectors, respectively;  is the group

velocity mismatch parameter, where  are the FH ( ) and the

SH ( ) group velocities.

We first consider a constant-duty-cycle uniform QPM grating of length L and period

 (and hence with the grating k vector for first-order QPM ). Ultrashort-

pulse SHG with uniform QPM gratings has been analyzed before in the literature,10-12 here

we reproduce those results for reference. The modulated nonlinear coefficient for such

uniform grating is represented as

, (5.2.4)

where  for  and  otherwise, and  is related to the

intrinsic nonlinear coefficient of the material, , as  for first-order

QPM. The QPM-SHG transfer function  for this grating is calculated with Eq.

(5.2.3) as:

, (5.2.5)

where we omitted a constant phase factor and assumed that the grating k vector is selected

to satisfy the QPM condition, . The result of Eq. (5.2.5) gives a familiar sinc2

tuning curve when  is evaluated. The tuning curve is centered at  and has

a full-width at half maximum (FWHM) of , which, for a fixed 

(material parameter), is determined by the grating length. If the width of  is much

smaller than the bandwidth of the nonlinear drive , , the spectrum of the
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generated SH essentially replicates  and hence in time domain the SH is a long

(compared to the FH) top-hat pulse of length  (see Fig. 5.1 (a)), as is well-known

from the literature.13

We now consider a QPM grating in which a periodic phase reversal sequence of period

 is superimposed on the nonlinear coefficient distribution of the uniform grating (as

given by Eq. (5.2.4)), see Fig. 5.1 (b). This modulation  is represented by the Fourier

series as

, (5.2.6)

where  is the k vector of the modulation. The QPM-SHG transfer function

is then calculated with Eq. (5.2.3) as:

, (5.2.7)

where . As can be seen from Eq. (5.2.7) the effect of modulation  on

the transfer function is splitting of the single spectral peak, as is well-known from the

Fourier analysis:  has a series of peaks at frequencies , whose

amplitudes scale as . For further analysis we will neglect the contribution of higher-

order terms (with ) to Eq. (5.2.7) since the two terms that correspond to 

Figure 5.1. Schematics of the QPM-SHG nonlinear filtering devices.
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contain ≈ 81% of the total spectral power of ; contribution of the higher-order

terms to the SH spectrum is further diminished if  is comparable to the bandwidth of

the nonlinear drive, and can be further reduced with apodized grating designs. Retaining

in Eq. (5.2.7) terms only with  results in

. (5.2.8)

We assume that the spectral variations of the nonlinear drive over the bandwidths of

 are small, which for pulses with smooth spectra leads to the condition that

the width of the individual peaks of the transfer function, , is much smaller than the

drive bandwidth, . If the splitting between the peaks, , is on the order of , this

condition is equivalent to . Under this assumption the output SH pulse envelope

is obtained with Eqs. (5.2.1) and (5.2.8) as

. (5.2.9)

The result of Eq. (5.2.9) can be interpreted as the spectrum of two coherent long

(compared to the FH pulse) SH pulses of lengths  with different center frequencies.

We note that filtering of the frequency components with such a QPM grating can be

viewed as a simple rejection of the nonlinear drive frequencies outside of the desired

narrow spectral bands. However, the important distinction between a linear bandpass filter

and the nonlinear QPM-SHG filtering action is the efficiency of the filtering process. By

the nature of a linear bandpass filter the energy in the filtered pulse scales with the pass

band of the filter and hence almost all the pulse energy will be rejected by a narrow-band

filter. In contrast, for the QPM-SHG filter the efficiency is nearly independent of the

filtering bandwidth or, for that matter, on the particular frequency profile of the filter, as

we discuss in more detail below. Such a QPM-SHG filter can produce spectral intensities

that are comparable or even higher than the spectral intensities of the FH pulse. The reason
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FH pulse but also from pairs of components  and  for all  within the

bandwidth of the FH pulse, see Eq. (5.2.2).

This insensitivity of the QPM-SHG filter efficiency to the filter bandwidth (which is

inversely proportional to the grating length L) comes from the fact that the area under the

tuning curve  is proportional to L, but does not depend on the details of the

nonlinear coefficient distribution, as long as the grating does not contain unmodulated (no

QPM grating) sections.12 In the case of confocal focusing, for a fixed FH pulse energy the

peak intensity of the FH pulse is inversely proportional to L. Together, these scalings make

energy efficiency independent of L and hence independent of the filter bandwidth. 

To put these scaling considerations into more quantitative terms, we calculate the

energy efficiencies for the QPM-SHG devices considered in this paper following the

procedure described in Ref. 12. We use the result of Eq. (5.2.9) and integrate the SH

spectral intensity over all frequencies, assuming confocal focusing and a Gaussian FH

pulse with 1/e intensity half-width . The efficiency is then obtained as

, (5.2.10)

where  is the efficiency for the uniform grating whose transfer function is given by Eq.

(5.2.5):

. (5.2.11)

where  is the FH pulse energy. The numerical prefactor in Eq. (5.2.10) is less then

unity because we neglected contribution of the higher-order terms by going from Eq.

(5.2.7) to Eq. (5.2.8). For SHG of a FH at wavelength of 1.56 µm in a QPM grating

fabricated in a lithium niobate substrate, , Ref. 12.

5.3. Experimental demonstration of dual-wavelength pulses

To demonstrate generation of dual-wavelength pulses we fabricated three devices with
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different modulation periods (henceforth labeled as (a), (b), and (c)) all of length L =

40 mm on a single chip by electric-field poling of a 0.5-mm-thick lithium niobate wafer.14

To achieve phasematching when pumped at 1556 nm, the QPM period  was selected to

be 18.7 µm and the chip was held at 150 °C. 

The experiment was set up as follows, Fig. 5.2. The pump source was an amplified

Er:fiber laser producing pulses at the wavelength of 1556 nm with energy of 2.4 nJ, pulse

length of 570 fs and bandwidth of 8 nm. The output of the laser was loosely focused

through the sample into a spot size of 120 µm. The generated SH pulses were

characterized by temporal autocorrelation and spectral measurements.

Device (a) was a uniform grating with no phase-reversal modulation. The

autocorrelation trace of the SH pulse is shown in Fig. 5.3 (a); it has a triangular shape

which implies that the temporal profile of the pulse has a top-hat shape. The FWHM of the

trace (and the pulse) is 12.1 ps, in agreement with the expected pulse length of  =

12.4 ps. The spectrum of the SH pulse (Fig. 5.4 (a)) has a single peak with width of

0.18 nm. Slight apparent peak broadening compared to the expected value of 0.14 nm is

due to the finite instrumental resolution (0.05 nm) of the spectrum analyzer used.

Devices (b) and (c) had modulation periods of  = 0.5L = 20 mm ( ) and

 = 0.2L = 8 mm ( ), respectively. The spectra, see Fig. 5.4 (b) and (c),

consist of two peaks with separation of 0.62 nm for device (b) and 1.66 nm for device (c),

in agreement with expected values. In the time domain the coherent superposition of two

pulses with slightly different carrier frequencies results in modulation of temporal

Figure 5.2. Experimental set up for generation of dual-wavelength pulses by
QPM-SHG nonlinear filtering.
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intensity at the beat frequency, as sketched in Fig. 5.1 (b). Since the acceptance bandwidth

of the autocorrelator was large enough to accommodate detection of both pulses, the

measured autocorrelations, see Fig. 5.3 (b) and (c), exhibit beating oscillations with

modulation depths smaller than 100%, as expected for a top-hat waveform with periodic

dips whose widths are smaller than the separation between them.

The measured SH pulse energies of 180 pJ, 170 pJ, and 150 pJ for devices (a), (b), and

(c), respectively, exhibit the expected efficiency scaling, Eqs. (5.2.10) and (5.2.11). The

peak spectral intensities are estimated as 760 pJ/nm, 290 pJ/nm and 280 pJ/nm for devices

(a), (b), and (c), respectively, which are greater than the FH pulse peak spectral intensity

of 270 pJ/nm. 

5.4. Summary of Chapter 5

In conclusion, in this Chapter we demonstrated a new technique for generation of dual-

Figure 5.3. Measured SH autocorrelation traces obtained with devices (a), (b), and
(c). Note that for clarity the traces are offset vertically with respect to each other.
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wavelength synchronized pulses utilizing QPM-SHG spectral filtering. In the proof-of-

the-concept experiment we generated two picosecond SH pulses at different wavelengths

from a single femtosecond FH pulse. The demonstrated wavelength separation between

pulses is limited by the bandwidth available from the FH pulse, but not the technique

itself. The nonlinear nature of the QPM-SHG filter allowed us to obtain spectral intensities

at the SH higher than those at the FH. These devices are monolithic, compact and require

no critical alignment. 

Further directions could include continuous tuning of the wavelength difference of the

two output pulses obtained with a fan-like grating15, 16 and using waveguides for high

efficiency at low pulse energies.17 To obtain a larger wavelength separation between the

SH pulses one can use a broader bandwidth pump source. Presently laboratory state-of-

the-art Ti:Sapphire lasers are demonstrated to produce sub-6-fs pulses18-22 and there are

also commercially available sub-20-fs Ti:Sapphire lasers.23 There had been a substantial

Figure 5.4. Measured SH spectra obtained with devices (a), (b), and (c).
Note that for clarity the traces are offset vertically with respect to each
other.
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effort to make these pulses as close to transform limit as possible, however, if used as a

pump for QPM-SHG spectral filtering, the FH pulses from such ultrashort Ti:Sapphire

lasers need not necessarily be compressed close to the transform limit, as long as the

spectral phase variations over the passbands of the QPM-SHG filter are small. Another

possible broad bandwidth source is a super-continuum which can be generated by

coupling a short pulse into recently developed microstructured optical fiber.24 The output

continuum pulses are strongly chirped and exhibit a complicated phase structure,25 hence

spectral phase variations can be substantial over passbands of the QPM-SHG filter.

Consequently, if filtering devices such as are described in this Chapter are used, the

resulting SH dual-wavelength pulses may not be transform-limited. If it is necessary to

obtain transform-limited SH pulses, the continuum FH pulses can be precompressed

before the QPM-SHG device to remove the major part of the chirp. A more elegant

solution would be designing the grating to perform a two-band filtering along with pulse

compression over the two spectral bands, noting that the compression ratio can be

designed to be different for these two bands.
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CHAPTER 6. GENERATION OF SUB-6-FS BLUE PULSES 

BY QPM-SHG PULSE COMPRESSION

"Tigger’s getting so Bouncy nowadays that it’s
time we taught him a lesson. Don’t you think so,
Piglet?"

Piglet said that Tigger was very Bouncy, and that
if they could think of a way of unbouncing him it
would be a Very Good Idea.

A. A. Milne The House at Pooh Corner

6.1. Introduction

Over the past decade there had been a significant progress in the generation of ultrashort

pulses in the visible and near-infrared spectral range. Pulses shorter than 6 fs have been

obtained directly form Ti:Sapphire oscillators.1-5 Handling of such ultrashort pulses is

challenging and requires careful accounting and compensation of dispersion: broad band

reflectors are almost the only choice of optics in the beam path since transmission through

a few millimeter of dielectric materials or few tens of centimeters of air cause pulses to

broaden substantially. Frequency doubling of such ultrashort pulses poses additional

problems. In particular, the group velocity mismatch (GVM) between the first harmonic

(FH) and the second harmonic (SH) pulses limits the length of the nonlinear crystal to

typically less than ~50 µm. This crystal length limitation poses practical problems of

polishing and handling of such thin crystals. Recently the generation of approximately 8 fs

blue pulses by doubling of 10 fs pulses at 780 nm from a Ti:Sapphire oscillator has been

reported.6 In that experiment a BBO crystal of 100 µm length was used, which was longer

than the walk-off length of 55 µm; the FH had to be focused tighter than confocal to

reduce the effective interaction length to somewhat alleviate the SH pulse broadening due

to GVM. It appears that the practicality of this approach is already at its limit for 10 fs

pulses: scaling pulse length down to 6 fs would reduce the walk-off length by a factor of
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2.8, and hence would require crystal length of 20 µm. In this Chapter we describe an

alternative approach to frequency doubling sub-10-fs pulses which relies on the

engineerability of quasi-phase-matching (QPM) gratings and does not suffer from the

crystal length and focusing limitations. We demonstrate scalability to shorter pulse lengths

by generating sub-6-fs blue pulses.

 Common ferroelectrics used for QPM are generally more dispersive than materials

like the borates. For example, if one were to use a uniform grating on a lithium tantalate

substrate, the walk-off length for 10 fs pulses is only 8 µm, see Chapter 3, Section 3.11.

However, physical length of the crystal can be made longer, with the uniform QPM

grating occupying only part of the crystal. In this arrangement the FH pulse would first

pass through the unpoled region of the crystal and frequency convert in the grating part

toward the end of the crystal. The FH GVD length in lithium tantalate for 10 fs pulses is

330 µm, so if the crystal with length on the order of this number is to be used and a

compressed SH pulse is desirable, the FH pulse should be made slightly negatively

chirped before entering the crystal. Hence the use of this approach the polishing and

handling, but not focusing, constraints can be alleviated somewhat.

A more flexible approach to doubling of sub-10-fs pulses is to use QPM-SHG pulse

compression. In the case of negligible material dispersion beyond GVM this technique

relies on a combination of GVM and spatial localization of conversion of different

spectral components of the FH pulse in a linearly chirped grating, see Chapter 3 and Refs.

7 and 8. If the chirp of the grating is chosen to match the chirp of the stretched FH, the

generated SH pulse is compressed, as had been demonstrated for 100-fs-long pulses.9 In

this arrangement the grating length must be longer than the walk-off length by roughly the

stretching ratio of the FH pulse, which is advantageous for doubling of sub-10-fs pulses

because beam focusing and crystal polishing and handling become much less problematic

compared to a walk-off-length long device. However, for such short pulses GVD and

higher-order dispersion of the nonlinear medium become important and a simple linearly
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chirped QPM grating would not compensate for dispersion correctly. The QPM grating

design procedures for proper accounting of the dispersion has been developed in Chapter

3. In this Chapter we demonstrate generation of sub-6-fs blue pulses using appropriately

designed QPM-SHG pulse compressor. To the best of our knowledge these are the shortest

pulses ever generated in the blue spectral region.

6.2. Sub-6-fs blue pulses by QPM-SHG pulse compression

The first-order chirped-period poled lithium tantalate (CPPLT) device was fabricated in a

300-µm-thick congruent lithium tantalate substrate by electric-field poling.10 Lithium

tantalate was chosen instead of a more common ferroelectric for QPM, lithium niobate,

because it has a deeper UV absorption edge, which makes a two-photon absorption of the

SH of less concern. The temporal walk-off length for 8.6-fs pulses at 810 nm is only

~ 6 µm; for the ~20x stretched FH pulse used here, a chirped grating length of L = 310 µm

was used to achieve pulse compression. The GVD coefficients of lithium tantalate are

305 fs2/mm at the FH and 1140 fs2/mm at the SH11 and hence GVD effects are substantial

in the material length used. The CPPLT device was designed according to prescription of

Chapter 3 to account for GVD and higher-order dispersion of the nonlinear material. The

grating was designed to have enough bandwidth to support frequency doubling of FH

pulses with length of 6.3 fs before stretching. In this experiment slightly longer FH pulses

(8.6 fs) were used, so the bandwidth of the grating was expected to be adequate. The

grating chirp was changing nonlinearly with propagation coordinate, covering QPM

periods from 6.5 µm to 1.8 µm, see Fig. 6.1. For this CPPLT device the expected

conversion efficiency was ~ 2 %/nJ assuming confocal focusing and ideal poling quality.

Other designs, requiring post-compression of the SH pulses, offer as much as ~ 20 %/nJ

theoretical efficiency, but were not explored in this first demonstration to minimize

experimental complexity.
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The experimental set up for the SH pulse generation and characterization is shown in

Fig. 6.2. The pump source was a Kerr-lens mode-locked Ti:Sapphire oscillator generating

8.6 fs pulses at 810 nm with repetition rate of 88 MHz and average power of 280 mW.4

The output from the oscillator passed though a stretcher composed of two identical

broadband-antireflection coated fused silica prisms (wedge angle of 10°) separated by

1 mm. Transverse translation of the prisms relative to each other allowed variable

insertion of the dispersive material in the beam path and hence provided variable positive

chirp on the FH pulses without beam displacement. The beam was then loosely focused

with a 1.42-mm-thick, 21-mm-focal length BK7 lens though the CPPLT sample into a spot

size of 20 µm. Due to the compounded losses of the mirrors used for beam routing and the

Fresnel reflection of the uncoated lithium tantalate sample, only about 90 mW of the laser

output arrived inside the QPM sample. The FH pulse acquired a total estimated chirp of

~ 180 fs2 before entering the CPPLT sample. The generated SH beam was collimated with

a concave spherical aluminum-coated mirror of 50 mm radius of curvature. The SH output

Figure 6.1. The distribution of the QPM period (solid line) and the grating k
vector (dashed line) for the CPPLT device used in the experiment.
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power was 0.41 mW inside the crystal corresponding to an internal conversion efficiency

of 0.45 %/nJ.

For the characterization of the generated SH pulses, crosscorrelation between the FH

and SH pulse was used. For the FH reference pulse, 8% of the FH power was split off

before the stretcher with a 1-mm-thick fused silica beam splitter oriented at 45° and

passed through a delay line mounted on a piezoshaker. The SH beam and the FH reference

beam were focused together by a concave 30-cm radius of curvature aluminum-coated

mirror into a <10-µm-thick KDP crystal. The generated sum-frequency signal at around

270 nm passed through a Glan-Thompson polarizer and an iris to reject the SH and the FH

light and was then detected by a solar-blind photomultiplier. The position of the

piezoshaker was calibrated with helium-neon laser interference fringes in a separate

Michelson interferometer. 

Before measurement of the crosscorrelation, the chirp of the FH reference pulse was

minimized at the location of the crosscorrelation crystal, which was achieved by replacing

Figure 6.2. Experimental set up for generation and characterization of blue SH
pulses. Note the exclusive use of reflective optics for the reference FH beam and
the generated SH beam. The solar-blind photomultiplier tube (PMT) is used to
detect the sum-frequency (crosscorrelation) signal generated in the KDP crystal.
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the crosscorrelation crystal with a 15-µm-thick ADP crystal and adjusting the dispersion

between the laser and the crosscorrelation setup to maximize the SH signal generated by

the reference FH pulse. Afterwards the dispersion of the prism stretcher before the CPPLT

Figure 6.3. Measured crosscorrelation (solid line) on a linear (a) and logarithmic
(b) scales. In addition to the measured data, the crosscorrelations reconstructed by
the two algorithms described in the text are shown (algorithm 1: dashed line,
algorithm 2: dotted line. 
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sample was adjusted to minimize the crosscorrelation width. The crosscorrelation signal

was recorded in a single sweep of the piezoshaker with an effective 11-bit digitization and

is shown in Fig. 6.3. The full width at half maximum (FWHM) of the trace is 12.7 fs. 

The spectrum of the SH pulses was recorded with a spectrograph equipped with a

600 groove/mm grating and a UV-enhanced CCD camera (Fig. 6.5 (a)). The spectrum

spans a 220-THz bandwidth and gives a transform limit of 4.8 fs. The measured SH

spectral shape deviates from the theoretically expected SH spectrum, determined by the

self-convolution of the FH spectrum, which we tentatively attribute to poling

imperfections in the QPM structure. It is important to note that such poling imperfections

generally do not affect the phase of the generated SH pulse, but only its amplitude (see

Chapter 3), with the latter manifesting itself in the observed lower-than-ideal conversion

efficiency. The origin of the rapidly varying spectral features is not fully understood but is

not necessarily due the QPM nature of the device since a similar behavior has been

observed using birefringent phase-matching.6 We observed no indications of two-photon

absorption or self-phase-modulation in the QPM crystal.

 Amplitude and phase of the SH pulse were retrieved from the crosscorrelation and the

spectral data using two different iterative algorithms. Algorithm 1 used the

crosscorrelation, the SH spectrum and the temporal pulse shape of the FH reference pulse

as the input. The reference pulse was measured by using spectral phase interferometry for

direct electric-field reconstruction12-14 (SPIDER) and was found to have a FWHM duration

of 8.6 fs and a transform limit of 8 fs, see Fig. 6.4. The multidimensional downhill simplex

method15 was used to find the spectral phase of the SH pulse that minimizes the mean

square deviation between the reconstructed and measured crosscorrelation function. For

algorithm 2, only the crosscorrelation trace, the FH spectrum, and the SH spectrum served

as the input data. In this method, the multidimensional optimization was applied to the FH

and the SH spectral phase simultaneously. In both algorithms the spectral phases were

initialized with random phase noise. The two algorithms delivered nearly identical SH
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spectral phases, see Fig. 6.5 (a), which generally did not depend on the starting

parameters. The uncompensated quadratic term of the spectral phase was found to be

approximately - 13 fs2, which should be possible to eliminate by adding ~ 6.5 fs2 extra

positive dispersion to the FH before the CPPLT sample. This extra dispersion was not

Figure 6.4. Temporal intensity (a) and spectrum (b) of the FH pulse, as obtained
with the SPIDER measurement. 
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Figure 6.5. Measured and reconstructed (algorithm 1: dashed line, algorithm 2:
dotted line) SH pulse. (a) The measured SH power spectrum (solid line) is
compared to the theoretically expected spectrum (dash-dotted line). The spectral
phase of the SH pulse has been consistently retrieved using the two algorithms.
(b) Temporal profiles of the retrieved SH pulse. Both algorithms yield nearly
identical shapes.
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compensated because the real-time spectral phase retrieval was not available at the time of

the measurement. The temporal profiles of the retrieved SH pulses were extracted from the

spectral data and are shown in Fig. 6.5 (b) for the two algorithms used. The temporal

FWHMs of the SH pulses are 5.2 fs (algorithm 1) and 5.4 fs (algorithm 2). Occasionally

we observed stagnation of the algorithm at a time-reversed version of the SH pulse. This

case was readily identified as the algorithm stagnated at a higher mean square deviation.

6.3. Summary of Chapter 6

In conclusion, in this Chapter we demonstrated generation of sub-6-fs blue pulses by

QPM-SHG of the stretched output pulses of an 8.6-fs Ti:Sapphire oscillator. To the best of

our knowledge these are the shortest pulses ever generated in the blue spectral region. The

SHG set up is relatively simple and requires no critical alignment. Stretching of the FH

pulse is achieved simply by passing the pulse through appropriate length of dispersive

material. No element providing negative dispersion other than the QPM-SHG sample is

Figure 6.6. The distributions of the QPM period (solid line) and the grating k
vector (dashed line) for a CPPLT device designed to convert a slightly positively-
chirped FH pulse to a negatively-chirped SH pulse.
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needed to obtain short SH pulses. 

The demonstrated approach allows scaling to even shorter blue pulses by using shorter

FH pulses, because there is no constraint on the crystal length. The FH pulses used in this

experiment were relatively strongly chirped before entering the QPM grating. Since the

efficiency of the SHG process scales with the FH peak power, a better efficiency can be

achieved with slightly chirped FH pulses and using a QPM grating designed to generate a

negatively-chirped SH pulse. Figure 6.6 shows a representative distribution of the QPM

period for such a design, calculated according to prescriptions of Chapter 3 assuming an

FH pulse with length of 6.3 fs before stretching. The generated negatively-chirped SH

pulse then can be compressed externally to the nonlinear crystal by passing through an

appropriate length of positive dispersion material like fused silica. Conversion efficiencies

of ~ 20 %/nJ are predicted for such designs.
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CHAPTER 7. QPM-DFG PULSE SHAPING

"Oh, Eeyore, you are wet!" said Piglet, feeling
him.

Eeyore shook himself, and asked somebody to
explain to Piglet what happened when you had been
inside a river for quite a long time.

A. A. Milne The House at Pooh Corner

7.1. Introduction

For many applications it is necessary to modify in a well-defined manner the temporal

shape of ultrashort optical pulses obtained from a laser source.1, 2 The utility of

longitudinally nonuniform Fourier synthetic quasi-phase-matching (QPM) gratings for

pulse shaping by the second-harmonic generation (SHG) process is demonstrated in

Chapter 4. This QPM-SHG pulse shaping technique relies on the engineerability of the

QPM gratings and allows shaping of pulses at half the wavelength of the seed pulses. This

substantial wavelength shift, inherent to SHG, could be disadvantageous for certain

applications, such as for fiberoptic communication systems at 1550 nm. Also, if it is

desirable to obtain shaped pulses at a wavelength other than the second harmonic of the

seed, the SHG process does not provide adequate flexibility. 

In this Chapter we present an alternative approach to pulse shaping which uses

difference frequency generation (DFG) with longitudinally nonuniform QPM gratings.

This QPM-DFG pulse shaping technique raises the wavelength constraint of the QPM-

SHG shaping allowing shaped pulses to be obtained at any wavelength that can be

phasematched by QPM. 

In Section 7.2 we present a theory of DFG with longitudinally nonuniform QPM

gratings. Under the assumptions of plane waves, undepleted pump, unamplified signal,

slowly-varying envelopes, and a cw pump wave we derive a transfer-function relation
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between spectra of the seed signal and the shaped idler, valid for arbitrary material

dispersion and pulse shapes. Similar to the QPM-SHG transfer function, this QPM-DFG

transfer function can be engineered by controlling the duty cycle and the k-vector

distribution of the grating, hence serving as a basis for fairly arbitrary pulse shaping. The

advantage of the QPM-DFG shaping over the QPM-SHG shaping is that by using the

former the idler can be produced at any wavelength that can be phasematched by QPM.

Also, in the QPM-DFG shaping case the shaped pulse spectrum is linear in the seed pulse

spectrum, making accounting of the group velocity dispersion (GVD) and higher-order

dispersion terms straightforward in the design of the shaper, whereas such accounting in

the QPM-SHG case is complicated (see Chapter 3).

As an example of this technique in Section 7.3 we describe an experimental

demonstration of QPM-DFG pulse shaping devices operating in the Type II phase-

matching configuration, which allows shaped idler pulses to be obtained at the same

wavelength, 1560 nm, as the seed signal pulses.

7.2. QPM-DFG pulse shaping theory

General derivation of the output idler field

The theoretical treatment of the QPM-DFG process with longitudinally nonuniform

gratings presented in this Chapter is similar to that used for the analysis of the QPM-SHG

process presented in Chapter 3. We assume plane-wave interactions along the propagation

direction z in a lossless, non-gyrotropic medium of length L. For the description of the

interacting waves we use the frequency-domain envelopes , which were

introduced and discussed in Chapter 3, Section 3.4 (here, and in the reminder of this

Chapter we use the subscript m = i, s, p to denote the idler, signal, and pump,

respectively). We consider the process of idler generation from the input signal and pump

waves in the undepleted pump and unamplified signal approximation. Starting from the

Âm z Ω,( )
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Maxwell’s equations in the frequency domain and assuming the validity of the slowly-

varying envelope approximation, we arrive at the following set of coupled one-

dimensional scalar wave equations for the frequency-domain envelopes:

, (7.2.1)

, (7.2.2)

, (7.2.3)

where  is the detuning from the carrier frequency of the idler pulse,

. In Eq. (7.2.1) the nonlinear polarization  is 

, (7.2.4)

where  is the material nonlinear coefficient, allowed here to vary with position to

describe the modulation due to the presence of the QPM grating, see Chapter 3, Section

3.3.

Equations (7.2.2) and (7.2.3) describe free propagation of the signal and pump waves

through the dispersive medium; their solutions are

, (7.2.5)

, (7.2.6)

where  is the signal envelope and  is

the pump envelope at the input ( ) of the nonlinear crystal.

Substituting the solutions (7.2.5) and (7.2.6) into the expression for , Eq.

(7.2.4), we obtain the output idler envelope by integrating Eq. (7.2.1):

,

(7.2.7)

where ,  is the idler wavelength, and  is the refractive index at the idler
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Âp z Ω,( ) Âp Ω( )=
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frequency and the k-vector mismatch

. (7.2.8)

With Eqs. (7.2.7) and (7.2.8) one can find the output idler envelope  given the input

signal and pump envelopes  and , respectively, the dispersive properties of the

medium, represented by the functional dependence , and the modulated

nonlinear coefficient . We note that Eq. (7.2.7) is valid for materials with arbitrary

dispersion or, equivalently, for interacting pulses with arbitrarily broad spectra.

QPM-DFG transfer function

Now we assume that the pump is a cw monochromatic wave, i.e. its frequency-domain

envelope is a delta function, 

, (7.2.9)

where  is the amplitude of the pump wave. Substituting Eq. (7.2.9) into Eq. (7.2.7) we

obtain:

, (7.2.10)

where  is proportional to the spatial Fourier transform of :

, (7.2.11)

where the k-vector mismatch  serves as the transform variable and is defined as

. (7.2.12)

In Eq. (7.2.11) we extended the limits of integration from  to  realizing

that this cannot affect the solution since  outside of the crystal.

The result of Eq. (7.2.10) can be rewritten in terms of the Fourier transform of the

conventional time-domain envelopes as

. (7.2.13)

It is interesting to note that when  is essentially constant over the bandwidth of the

signal pulse, Eq. (7.2.10) describes the effect of spectral inversion of the spectrum of the
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idler relative to the spectrum of the signal, a function useful for correction of dispersion

and nonlinear effects in fiber communication systems.3, 4

Assuming  we perform a Taylor expansion in Eq. (7.2.12), resulting in

, (7.2.14)

where  is the carrier k-vector mismatch,

 is the signal-idler group velocity mismatch (GVM) parameter where

 are the group velocities, and 

are the GVD ( ), third-order dispersion ( ), etc., coefficients. The

characteristic lengths at which a particular dispersive term becomes important for a

transform-limited pulse of length  is . In the case when GVD and

higher-order dispersion terms can be neglected, i.e. when  for all m (all

interacting waves) and all  (all dispersive terms beyond GVM), Eq. (7.2.11)

becomes

, (7.2.15)

which has the same form as the QPM-SHG transfer function derived neglecting dispersion

beyond GVM.5, 6

We note that the result of Eq. (7.2.10) still holds if instead of a cw monochromatic

pump, which has a delta-function spectrum, a pump wave with sufficiently narrow

spectrum is used. In the time domain it corresponds to a long, compared to the signal,

pulse. More precisely, the pump pulse length  should be longer than the pump-signal

group delay accumulated in the crystal of a given length, , where

 is the pump-signal GVM parameter.

In Eq. (7.2.10), the factor  (as given by Eq. (7.2.11) or by Eq. (7.2.15)) is a

transfer function which relates the spectrum of the idler to the spectrum of the signal.

 depends only on the dispersive properties of the medium and the modulated

nonlinear coefficient distribution, but not on any of the input pulse parameters, and hence
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can be viewed as a filter function acting on the different spectral components of the signal

pulse.

QPM-DFG pulse shaping vs. QPM-SHG pulse shaping

The transfer function result of Eq. (7.2.10) is the basis for fairly general pulse shaping by

QPM-DFG. Indeed, given the temporal shape of the input signal pulse, , and the

desired shape of the idler pulse, , corresponding frequency-domain envelopes

 and  are obtained with the Fourier transform; the necessary transfer

function is then calculated from Eq. (7.2.10) simply as , from

which the desired distribution of the nonlinear coefficient  is obtained from Eq.

(7.2.11) with the inverse Fourier transform, see Fig. 7.1, which schematically represents

this design procedure. Since  can be engineered by controlling the local duty cycle

and the local QPM period distribution of the grating (see Chapter 3, Section 3.3 and Ref.

7) an idler pulse of any desired shape can be obtained from a given signal pulse. For

example, a linearly chirped QPM grating5, 6 can be used to generate compressed idler

pulses from linearly chirped signal pulses.

The QPM-DFG transfer-function relation, Eq. (7.2.10), is very similar to the QPM-

SHG transfer function, see Refs. 5, 6, 8 and Chapter 3. The important difference, however,

is that in the SHG case the spectrum of the shaped second harmonic (SH), , is

linearly related to the spectrum of the square of the first harmonic (FH), , see Eq.

(3.6.2):

, (7.2.16)

where  is the QPM-SHG transfer function. In contrast, the QPM-DFG transfer-

function result, Eq. (7.2.10), has the form of a linear filter in the frequency domain,

relating the spectrum of the shaped idler to the spectrum of the seed signal. This

distinction has a profound effect on how GVD and higher-order dispersion of the

nonlinear medium can be accounted for in the design of the shaper. 
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In deriving the QPM-SHG transfer function relation, Eq. (7.2.16), it had to be assumed

that GVD and higher-order dispersion terms at the FH can be neglected, resulting in the

following expression for the QPM-SHG transfer-function , Chapter 3, Eq. (3.6.1):

, (7.2.17)

where  is the k-vector mismatch for the SHG process. If GVD and higher-order

dispersion at the FH are non-negligible and included in the analysis, the expression for

 has an integral form, see Eq. (3.5.9), more complicated than a transfer-function

result of Eq. (7.2.16). In this case accounting for GVD and higher-order dispersion at the

FH in the design of a QPM-SHG pulse shaper is relatively complicated; the appropriate

Figure 7.1. Schematic of the QPM-DFG shaper design procedure. FT denotes
Fourier transform and IFT denotes inverse Fourier transform.
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non-iterative design procedures were described in Chapter 3. On the contrary, in the QPM-

DFG case with a quasi-cw pump, the simple transfer function relation, Eq. (7.2.10) holds

for arbitrary dispersion at all the interacting wavelengths, as can be seen from Eq. (7.2.12)

or Eq. (7.2.14).

Features of QPM-DFG pulse shaping

In the time domain QPM-DFG pulse shaping, similar to the QPM-SHG pulse shaping,

relies on a combination of two effects: spatial localization of conversion and GVM

between signal and idler pulses. A particular frequency component of the signal mixes

with the pump to generate a corresponding idler frequency component at spatial positions

where the DFG process is phasematched. Because of the GVM this idler frequency

component undergoes a particular time delay relative to the signal pulse, as observed at

the output of the grating. This time delay is determined by the GVM parameter  and

the spatial position at which the idler is generated, the former being a material property,

whereas the latter is defined by the grating design. This time domain picture can be

derived from the definition of the QPM-DFG transfer function, Eq. (7.2.15), which states

that for every frequency Ω,  is obtained by summing contributions from different

sections of the QPM grating, with phase delays determined by the longitudinal coordinate

z and the GVM parameter .

The maximum possible temporal window T (or the best spectral resolution

) of the QPM-DFG shaper is determined by the length L of the device,

. We note that the transfer-function relation, Eq. (7.2.10), predicts the shaped

idler spectrum but in principle does not set the limit on the bandwidth of the generated

idler. However, since the QPM grating acts like a passive filter, not an amplifier, the

bandwidth of the idler pulse cannot exceed the bandwidth of the seed signal, at least not

without paying the price of significant efficiency reduction. Therefore the shortest

temporal feature of the shaped idler that can be obtained, , is inversely related to the

bandwidth, , available from the seed signal pulse, , with the

δν si
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proportionality constant being on the order of unity and its exact value depending on the

shape of the pulses.

The efficiency of a QPM-DFG shaper is a complicated function of focusing, spectra of

the pulses, and the particular shaping function used. For particular specific cases it can be

analyzed in the same manner as was presented in Ref. 6 for the QPM-SHG shaping case.

For example, we calculate the idler pulse energy in the case in which the acceptance

bandwidth of the QPM-DFG shaper, , is much narrower than the bandwidth of the

signal pulse , i.e. . We assume that a Gaussian signal pulse with full

width at half-maximum (FWHM) of  is mixed with a top-hat pump pulse with pulse

length of . We use the result of Eq. (7.2.9) and integrate the idler spectral intensity

over all frequencies; assuming optimum focusing,9 i.e. the pump and the signal have equal

confocal parameters chosen to generate confocally-focused idler, the idler pulse energy is

then obtained as

, (7.2.18)

where  is the grating fill factor, and  is related to the intrinsic material nonlinearity

 as  for first-order QPM. For pump at wavelength of 780 nm, signal

at wavelength of 1.56 µm, both polarized as ordinary waves, and a QPM-DFG shaper on a

lithium niobate substrate operating in the Type II configuration to produce an

extraordinary-polarized shaped idler pulse at the wavelength of 1.56 µm, the idler pulse

energy is obtained with Eq. (7.2.18) as .

 In comparison, the efficiency for the QPM-SHG shaper pumped at 1.56 µm was

obtained in Ref. 6 as . As can be seen the QPM-DFG shaper suffers

considerable efficiency reduction compared to the QPM-SHG shaper. The first reason for

this efficiency reduction is intrinsic to the particular case of QPM-DFG shaper, the factor

. The second is because the QPM-DFG shaper considered in the example

operates in the wavelength-degenerate Type II configuration and hence uses lower
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nonlinearity ( , Ref. 10) compared to the QPM-SHG shaper

( , Ref. 10). For a wavelength non-degenerate case, a Type I DFG

configuration taking advantage of the large  coefficient can be used, resulting in a

higher efficiency, as obtained from Eq. (7.2.18): ,

where we assumed pump wave at 532 nm, short signal pulse at 800 nm and shaped idler at

1.59 µm.

We note that the analysis presented in this paper for a particular QPM-DFG case, i.e.

using a (quasi-) cw pump wave, the signal wave as a seed, and obtaining shaped pulses at

the idler wavelength, can be trivially modified to describe any three-wave mixing process

with one of the waves (seed pulse) mixed with the second wave (cw or quasi-cw wave) to

generate a shaped pulse, provided that the two input fields are undepleted/unamplified. For

example, the theory presented describes a single-pass idler generation process in a

synchronously-pumped optical parametric oscillator (OPO) assuming a low single-pass

gain, short pump pulse and a narrow-band resonated signal pulse (which can be achieved

by inserting a bandpass filter in the OPO cavity). On the other hand, these assumptions are

violated in the case of high-gain optical parametric generation process; the presented

theory cannot be applied in that case. A theory accounting for signal amplification and

temporal walk-offs between all three interacting waves would be required.

7.3. Experimental demonstration of QPM-DFG pulse shaping

Using QPM to achieve phasematching in a Type II configuration was proposed

previously11 and demonstrated recently in periodically-poled KTP.12 The advantage of the

Type II configuration for QPM-DFG pulse shaping is that it allows shaping of idler pulses

at the same wavelength as the seed signal pulses, but with orthogonal polarization. For the

pump at wavelength of 775 nm and the signal at wavelength of 1.55 µm the GVM

coefficient  = 0.26 ps/mm between orthogonally polarized signal and idler is large

enough to achieve the necessary group delay in a device tens of millimeters long. We note

deff d31 4.3 pm/V= =

deff d33 27 pm/V= =

d33

U i 140 %/nJ ∆τ s ∆τ p⁄( ) f U sU p=
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that an alternative approach to separation of signal and idler pulses at the same

wavelength, other than relying on orthogonal polarizations, would be to use a balanced

mixer design of the device.13

Here we describe an experiment with degenerate Type II DFG, pumped by a long top-

hat pulse at 775 nm (Fig. 7.2). The pump laser was an amplified Er-fiber laser producing

90 nJ, 600 fs pulses at 1.55 µm. The output of this source was split into two arms. 

In the first arm we generated the pump pulse for the QPM-DFG shaper by SHG in a

periodically-poled lithium niobate crystal whose length, 25 mm, was longer then the walk-

off length, 2.0 mm, between the first harmonic and the second harmonic (SH). The

resulting SH pulse had a top-hat shape and length of  = 7.4 ps, which was longer then

the group delay of 6.8 ps between this pulse and the seed signal pulse, accumulated in the

shaper chip of L = 20 mm. The grating had a period of 168.75 µm and was held at 118 °C

to achieve 9th QPM order generation. The SH pulses had energy of 6 nJ per pulse. To

generate this long pulse with fairly flat intensity profile in a simple uniform grating, the

efficiency had to be kept below 10%. Consequently, higher QPM order was used to avoid

overdriving the nonlinear process in the long crystal of limited transverse aperture. More

sophisticated designs would make use of a tapered duty-cycle QPM grating to maintain a

flat output pulse at higher efficiencies.

In the second arm, pulses from the amplified Er-fiber laser were self-phase-modulated

in a 50-cm-long fiber with dispersion  = +108 ps2/m. The output pulses of 14 nm

Figure 7.2. QPM-DFG pulse shaping experimental setup. SPM is the self-phase-
modulating fiber and GC is the grating compressor.
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bandwidth were compressed to  = 220 fs in a grating compressor. The resulting signal

pulses had energy of 5 nJ. 

The pump and the signal beams (both polarized as ordinary waves) were recombined

and focused through the QPM-DFG shaper into spot sizes of 43 and 63 µm, respectively.

The shaped idler pulses (extraordinary wave) were separated from the seed signal pulses

with a polarizing beam splitter and then amplified in a zero-dispersion fiber amplifier for

temporal characterization with an autocorrelator.

As examples of QPM-DFG shapers, we fabricated three devices (henceforth labeled as

(a), (b), and (c)) of length 20 mm on a single chip by electric-field poling of a lithium

niobate wafer.11 To achieve phasematching for Type II DFG, the QPM period of the shaper

was selected to be 9.45 µm and the chip was held at 134 °C. The GVD parameters for

signal and idler are calculated using published Sellmeier data for the ordinary wave14 and

the extraordinary wave15 as  and , respectively.

The crystal length at which GVD starts to play a significant role for 220-fs pulses is  =

45 cm, which is substantially longer than the length L = 20 mm of the QPM-DFG shapers

used in the experiment. Hence no compensation for GVD and higher-order dispersion was

necessary in the design of the shapers and the simplified version of the transfer function,

Eq. (7.2.15) is used for the analysis.

Device (a) was simply a uniform grating, Fig. 7.3 (a), whose length of 20 mm was

much longer than the signal-idler walk-off length . The idler

pulse autocorrelation trace, Fig. 7.4 (a), has a triangular profile which implies a top-hat

pulse. The FWHM of the trace (and the pulse) is 5.1 ps, in agreement with the expected

value of  ps. The generated shaped idler pulse had energy of 10 pJ,

corresponding to ~ 20% of the ideal efficiency (see Section 7.2), mainly because the

focusing used in experiment was not optimal.

Device (b), Fig. 7.3 (b), had 6 uniform grating segments of length 0.6 mm, alternating

with 2.9-mm-long segments of unmodulated material, where conversion is negligible.

∆τ s

β2s 112 fs 2  mm⁄= β2i 103 fs 2  mm⁄=

Lβ2

Lgv ∆τ s δν si⁄ 0.85 mm= =

δν si L 5.2=
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Each grating segment generated a short pulse, since its length was shorter than .

Because of the group velocity walk-off effect, these pulses did not overlap at the output.

The idler autocorrelation trace, see Fig. 7.4 (b), consists of 11 pulses separated by  =

0.90 ps and has a triangular envelope. Thus the pulse waveform has 6 pulses of equal

amplitudes. The length of individual pulse is estimated from the trace as ~ 200 fs. The

shaped pulse had energy of 1.2 pJ.

Device (c), Fig. 7.3 (c), was essentially identical to device (b) except that alternate

grating segments were shifted by exactly one coherence length (half the QPM period) to

generate idler pulses with alternating phases. Because the intensity autocorrelation loses

phase information, the autocorrelation trace for this device (not shown) was identical the

that of the device (b). The difference between the pulse trains produced by devices (b) and

(c) is revealed in the pulse spectra. 

Figure 7.5 shows the spectra of the shaped idler pulses. Device (a) produced a single

narrow spectral peak, consistent with a long pulse generated. Device (b) shows a series of

Figure 7.3. Schematics of the QPM-DFG pulse shaping devices used in the
experiment.
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spectral peaks as expected for a train of coherent pulses. The peak separation is

determined by the temporal separation between the pulses, , whereas the

number of peaks is determined by the ratio of a single pulse bandwidth to the peak

separation. The observed wavelength separation of ≈ 9 nm agrees with the expected value

. Device (c) can be viewed as obtained from device (b) by superimposing

a phase reversal sequence with period twice the separation between the grating segments,

see Fig. 7.3. In the frequency domain, this modulation leads to each spectral peak splitting

into two peaks shifted by  with respect to the "original" peak, which is exactly what

we see by comparing spectra (b) and (c). The slight wavelength shift of the spectrum of

device (a) relative to the spectra of devices (b) and (c) is due to the fact that the spectrum

of the long pump pulse was not at exactly half the wavelength of the seed pulse.

Figure 7.4. Measured autocorrelation traces of shaped idler pulses obtained with
devices (a) and (b): long top-hat picosecond pulse, trace (a); train of six pulses of
length approximately 200 fs, trace (b). Note that for clarity the traces are offset
vertically with respect to each other.
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7.4. Summary of Chapter 7

In conclusion, in this Chapter we described a new pulse shaping technique based on DFG

with Fourier synthetic QPM gratings. This method relies on the engineerability of the

QPM gratings and allows shaped pulses to be obtained at any wavelength that can be

phasematched by QPM. Experimentally we demonstrated QPM-DFG shaping devices

operating in a Type II frequency-degenerate configuration that produced shaped idler

pulses at the same wavelength as the seed signal pulses. Clearly, this method can be

extended to any three-wave mixing processes such as mid-infrared DFG or ultraviolet and

visible sum frequency generation. Other shaping functions like pulse compression,

matched filtering, and others, such as have been demonstrated with conventional shaping

techniques,1, 2 are possible.

Figure 7.5. Measured spectra of shaped idler pulses obtained with devices (a), (b),
and (c).
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The theory described in Section 7.2 can be applied to the case of single-pass idler

generation in a sync-pumped OPOs, assuming a low single-pass gain and either pump or

signal being a long pulse. In a more common experimental cases of low-gain sync-

pumped OPOs and high-gain optical parametric generators, all interacting waves are short

pulses. It would be beneficial to extend the presented theory to account for temporal walk-

offs between all three interacting waves as well as to be applicable in the high-gain

regime.
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CHAPTER 8. CONCLUSIONS

But Owl went on and on, using longer and longer
words, until at last he came back to where he started.

A. A. Milne Winnie-the-Pooh

When we asked Pooh what the opposite of an
Introduction was, he said "The what of a what?"
which didn’t help us as much as we had hoped, but
luckily Owl kept his head and told us that the
Opposite of an Introduction, my dear Pooh, was a
Contradiction; and, as he is very good at long words,
I am sure that that’s what it is.

A. A. Milne The House at Pooh Corner

8.1. Summary of research contributions

This dissertation discussed several novel QPM devices for nonlinear frequency

conversion of ultrashort pulses. We explored the new directions which have been enabled

by the engineerability of QPM gratings. The demonstrated results are not just

improvements over the existing techniques but rather are conceptually new devices. They

become possible due to the realization that QPM can bring more to nonlinear frequency

conversion than simply tailoring a particular nonlinear material to phasematch a wide

variety of different nonlinear interactions. 

In Chapter 2 we described patterning of nonlinear frequency conversion using

transversely varying QPM gratings to achieve a control over the pump beam profile. As a

demonstration of this method we generated flat-top beams by SHG of a Gaussian FH

beam using appropriately designed patterned QPM gratings.1

In Chapter 3 we presented a comprehensive theory of SHG with longitudinally

nonuniform QPM gratings in the presence of arbitrary dispersion. An integral expression

for the SH field generated in an arbitrarily-modulated QPM grating in the presence of

arbitrary dispersion assuming plane waves and undepleted pump has been derived
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before.2, 3 In Chapter 3, starting from the results of Refs. 2 and 3, we developed a design

procedure for a QPM grating to generate a desired, predefined SH pulse from a given FH

pulse. A particular technologically important case of QPM-SHG pulse compression was

analyzed in detail and the theoretical predictions were verified by numerical simulations.4

In Chapter 4 we experimentally demonstrated the utility of longitudinally nonuniform

gratings for generation of fairly arbitrary waveforms by QPM-SHG. To demonstrate the

generality of this femtosecond pulse shaping technique we fabricated several functionally

different devices on a single chip and generated shaped SH waveforms: a long picosecond

pulse and a train of femtosecond pulses from a compressed FH pulse as well as a train of

femtosecond SH pulses from a stretched FH pulse. The generated trains of femtosecond

pulses had repetition rates in the terahertz range. The shaped SH pulses at 780 nm were

obtained from 250-fs FH pulses produced by an Er:fiber laser system at 1.56 µm.5

In Chapter 5 we demonstrated generation of dual-wavelength picosecond SH pulses

by QPM-SHG nonlinear filtering of a single femtosecond FH pulse. This approach to the

generation of synchronized pulses can be view as a particular example of a general QPM-

SHG pulse shaping technique demonstrated in Chapter 4. The demonstrated wavelength

separation of 1.66 nm between pulses is not limited by the technique itself but rather by

the bandwidth available from the FH pulse. Due to the high efficiency of the devices and

the nonlinear nature of QPM-SHG filtering we obtained SH spectral intensities higher

than the FH spectral intensities, even for relatively modest FH pulse energies of 2.4 nJ

obtained from an Er:fiber system.6

In Chapter 6 we experimentally explored the utility of QPM gratings for frequency

doubling of much shorter pulses, < 10 fs. We demonstrated generation of sub-6-fs blue

pulses by QPM-SHG compression of pulses obtained by stretching of the output from an

8.6-fs Ti:Sapphire oscillator. We used the theoretical results of Chapter 3 to design the

QPM grating to properly account for GVD and higher-order dispersion. To the best of our

knowledge these are the shortest pulses ever generated in the blue spectral region.7
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In Chapter 7 we described another approach to pulse shaping with QPM gratings

which uses the DFG process. This QPM-DFG pulse shaping technique allows generation

of shaped pulses at any wavelength that can be phasematched by QPM, unlike QPM-SHG

shaping, where shaped pulses are obtained only at half the wavelength of the pump. We

developed the necessary theory behind the method and experimentally demonstrated

QPM-DFG pulse shaping devices operating in the Type II configuration and producing

shaped idler pulses at the same wavelength, 1.56 µm, as the seed signal pulses.8

8.2. Future directions

The devices demonstrated in this dissertation have some discrete "functional tunability",

which is achieved by fabrication of different devices on a single chip, such that transverse

translation of the chip allows selection of devices of different functionality. Due to the

nature of QPM grating fabrication, this device functionality can not be dynamically

reconfigured. To alleviate this issue it would be interesting to explore if a continuous

tunability of functionality can be built into the device such that tunability can be assessed

for example by translation or rotation of the chip.9

Combining QPM with waveguide technology allows to achieve even better

efficiencies compared to bulk QPM devices.10 Ultrafast frequency conversion in

waveguides has already been explored somewhat,11, 12 but still there is a lot of room for

demonstrations of devices combining QPM engineerability with waveguides. Aside from

better efficiencies, waveguides can serve as a good model system: the transverse profiles

of the interacting waves do not change as pulses propagate longitudinally and hence the

temporal and transverse effects are decoupled and can be analyzed separately. This

decoupling is important for studies of high efficiency interactions, such as parametric

pulse narrowing in high-gain optical parametric amplification. Another advantage of using

waveguides is the ability to integrate several frequency conversion stages on a single chip.
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For example, the whole QPM-DFG shaper, described in Chapter 7 can be fabricated on a

single chip.

High efficiency of QPM devices enabled low threshold optical parametric generation

(OPG) in bulk crystals13-18 and waveguides.11 Because the OPG process is seeded by the

vacuum noise, the output pulses are typically several times the transfom limit. In the

future it would be interesting to explore if engineered chirped QPM gratings can produce

transfom-limited OPG pulses.

Another interesting subject to explore is to investigate if QPM can bring in some

signal-processing-like functions to be useful for characterization of ultrashort pulses (see

Ref. 19 and references therein) and potentially simplify the existing setups.

It appears that the utility of QPM gratings for ultrafast frequency conversion is far

from being completely explored.
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APPENDIX A. SPLIT-STEP SHG PROPAGATOR

"What’s twice eleven?" I said to Pooh.
("Twice what?" said Pooh to Me.)
"I think it ought to be twenty-two."
"Just what I think myself," said Pooh.
"It wasn’t an easy sum to do, but that’s what it

is," said Pooh, said he.
"That’s what it is," said Pooh.

A. A. Milne Now We Are Six

A.1. Numerical algorithm

The symmetric split-step algorithm is a well-known method for solving the pulse-

propagation problems in nonlinear dispersive media.1 This method obtains an approximate

solution to the coupled partial differential equations describing pulse propagation by

assuming that in propagating the optical field over small distance , the dispersive and

nonlinear effects can be treated independently. 

More specifically, first the pulse is propagated half-step from position z to 

assuming the dispersion acts alone. Free propagation of an optical pulse through

dispersive medium has a known analytical solution in the frequency domain, see Eqs.

(3.5.4)-(3.5.6). Hence the dispersive half-step is treated by Fourier-transforming the field

into the frequency domain, multiplying by the phase factor  and then

transforming it back to the time domain. 

Then it is assumed that the pulse had propagated through the whole length  without

dispersion, leading to a set of simple ordinary differential equations for the fields which is

integrated with the Runge-Kutta method. 

Finally the frequency-domain treatment is applied again for the second half-step from

 to . The whole procedure is repeated for every step to produce the fields

at the output of the nonlinear dispersive medium.

dz

z dz 2⁄+

ik ω( )dz 2⁄–[ ]exp

dz

z dz 2⁄+ z dz+
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Owning to the use of fast Fourier transforms (FFTs) for treating the dispersion, the

split-step method generally gives an order of magnitude speed improvement compared to

the finite difference methods. A more detailed description of the split-step method can be

found in Ref. 1 and references cited therein.

A.2. Algorithm implementation notes

The symmetric split-step numerical algorithm for the SHG propagator engine is

implemented in C++ and compiled with CodeWarrior2 as a shared .mex library to run

under MATLAB.3 MATLAB is a convenient environment for numerical simulations and

provides a flexible GUI for visualization of the data. However, for very computationally-

intensive modeling, code written in MATLAB may not be sufficiently fast. When dealing

with QPM-SHG compression models which involve strongly-chirped pulses being

compressed, it is necessary to have a large enough range of time points across a stretched

pulse and simultaneously a fine enough sampling in time to have sufficient number of

points across a compressed pulse. Together these requirements translate into a need for a

large number of points in the time domain, typically several thousand in our simulations.

Computing FFTs for such large arrays in MATLAB directly proves to be unacceptably

slow. Writing the computational engine in C++ and then compiling it as an .mex file to be

run under MATLAB allows a substantial speed improvement while retaining the

advantages of MATLAB’s GUI. The Numerical Recipes book4 is an excellent general

reference on numerical methods as well as a good introduction to writing fast code. The

choice of C++ for the propagator engine as compared to a more portable C language is

dictated by the convenience of operator overloading present in C++ which allows

significant improvement in readability and maintainability of the code which heavily uses

complex algebra. A detailed description on how to build .mex files can be found in the

MATLAB Application Program Interface Guide book.3
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 The following sections present listings of the MATLAB and C++ files. The binary

versions of these files as well as other MATLAB helper functions used are available upon

request. 

The MATLAB wrapper function UF_SHG_undepleted.m is a script file which first

calculates parameters necessary for the simulation run: the dispersive properties of the

specified nonlinear (for QPM) and linear media (for stretching and/or compression); input

FH and output SH pulses; grating function to be used. The propagator engine

UF_SHG_propag.mex is then called and the output pulses it returns are then analyzed in

MATLAB. Note that both the wrapper function UF_SHG_undepleted.m and the engine

UF_SHG_propag.mex assume that the carrier k vector of the QPM grating and the carrier

k-vector mismatch of the interacting waves are equal to each other. If it is desirable to

include a non-zero k-vector mismatch, it can be trivially incorporated by modifying

GratingFunction.m and the DispersiveStep(...) routine in UF_SHG_propag.cc.

The source code UF_SHG_propag.cc for the propagator engine has two distinct

routines: the computational function SHG_propagator_engine(...) which implements

the split-step algorithm and the gateway function mexFunction(...) which interfaces the

computational routine with MATLAB. The main loop in the computational routine

alternates between the dispersive and nonlinear steps. The DispersiveStep(...)

function defined in the file UF_SHG_Dispersion.cc, Fourier-transforms both fields,

multiplies by an appropriate phase factor and transforms the fields back into the time

domain. The Fourier transforms are implemented with the FFTW library.5, 6 The dispersion

is included up to the TOD terms; the code can be trivially modified to include higher-order

dispersion terms. Alternatively, an appropriate Sellmeier equation can be coded in C/C++

and used directly without the Taylor decomposition of the k vectors  into the

dispersion terms (group velocity, group velocity dispersion, third-order dispersion, etc.).

The NonlinearStep(...) function defined in the file UF_SHG_RK_undepl.cc is a Runge-

Kutta integrator which assumes undepleted pump and hence acts only on the SH field. If it

k k ω( )=
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is desirable to include pump depletion in the model, modifications have to be made only to

the nonlinear step function, leaving the dispersive step function unchanged.

The code was tested and run under MacOS system 8.1 and higher with MATLAB

version 5.2.1 and CodeWarrior IDE version 2.0. It should be portable to other platforms

with the appropriate choice of compiler, see the MATLAB Application Program Interface

Guide book.3

A.3.  Listing of the MATLAB wrapper file

% Script file UF_SHG_undepleted.m
% wrapper function for the split-step undepleted-pump SHG propagator
% assumes plane waves (no diffraction)
%
% SI system of units
%
% Written by:
% Gena Imeshev
% May 99
%
% MATLAB 5.2.1

%******************************************************************** 
% real system parameters:
la = .8e-6;  % FH pulse center wavelength
T = 150; % QPM crystal temperature in C

stretcher_material = 'FusedSilica';
compressor_material = 'FusedSilica';
QPM_material = 'LiTaO';
type = ’dummy';

% dispersion.m calculates refractive index, group velocity,
% GVD coefficient, TOD coefficient, etc., at a given wavelength and 
% temperature using an appropriate Sellmeier equation (with wave
% type specified when necessary)
[n1, u1, beta1, gamma1] = dispersion(QPM_material, la, T, type);
[n2, u2, beta2, gamma2] = dispersion(QPM_material, la/2, T, type);

dnu = 1/u1 - 1/u2; % GVM parameter in sec/m

[tmp1, tmp2, beta_stretcher, gamma_stretcher] = dispersion(stretcher_material, la);
[tmp1, tmp2, beta_compressor, gamma_compressor] = ...

dispersion(compressor_material, la/2);

Gamma = 2*pi/(la*n2);  % SHG coupling coefficient, can be set to 1, 
% since pump is undepleted and hence the system is
% linear

tau_fwhm = 10e-15;     tau0 = tau_fwhm/(2*sqrt(log(2)));
N_stretch = 10;  % input FH stretching ratio, can be negative  
N_compress = 0;  % desired stretching ratio of the generated SH pulse, can be 
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% negative

% pulse chirps in ps^2:
C1in = N_stretch*tau0^2;
C2out = N_compress*(tau0/sqrt(2))^2;

% The grating length has to be selected appropriately to accommodate 
% conversion of all frequency components. The particular length selection 
% (below) is valid for Gaussian pulses and no dispersion beyond GVD. 
% See Chapter 3 for details.
N = 6;
L = (N/2)*abs(C1in-2*C2out)/tau0 / ...

(abs(dnu) - sign(C1in-2*C2out)*(N/2)*0.5*(beta1+2*beta2)/tau0);

%********************************************************************
% t is measured in units of tau0:
t_max = 300;  t_min = -600;
numt = 4*1024; % power of 2
dt = (t_max-t_min)/(numt-1); t = (t_min:dt:t_max)';

% z is measured in units of L:
dz = .0005; z_min = 0; z_max = 1;
z = z_min:dz:z_max;

%********************************************************************
% normalized (dimensionless) parameters (have _prime in their names):
beta1_prime = beta1*(L/tau0^2); beta2_prime = beta2*(L/tau0^2);
gamma1_prime = gamma1*(L/tau0^3); gamma2_prime = gamma2*(L/tau0^3);

C1in_prime = N_stretch;
C2out_prime = N_compress/2;

dnu_prime = dnu*L/tau0;

%********************************************************************
% initilize input FH pulse
pulse_type = 'gauss';
A10 = LoadPulse(t, pulse_type);

% pre-stretch FH in a piece of stretcher_material:
L_stretcher = abs(C1in/beta_stretcher);
A1_stretched = UF_linear_propag(A10, t, L_stretcher, 0, ...

beta_stretcher/tau0^2, gamma_stretcher/tau0^3);

% GratingFunction.m returns the grating k vector and grating amplitude
% distributions (as functions of normalized distance z)
[grating_k_vector, grating_amplitude] = GratingFunction(z, z_min, z_max, ...

1, C1in_prime, C2out_prime, ...
dnu_prime, beta1_prime, beta2_prime, gamma1_prime, gamma2_prime);

%********************************************************************
% call the propagator function:
[A1_out, A2_out] = UF_SHG_propag(numt, t_max-t_min, (z_max-z_min)/dz + 1, dz, ...

grating_k_vector, grating_amplitude, ...
dnu_prime, beta1_prime, beta2_prime, gamma1_prime, gamma2_prime, ...
Gamma, A1_stretched);

% post-compress SH:
L_compressor = abs(C2out/beta_compressor);
A2_compressed = UF_linear_propag(A2_out, t, L_compressor, 0, ...
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beta_compressor/tau0^2, gamma_compressor/tau0^3);

%********************************************************************
% characteristic lengths:
L_beta1 = tau0^2/beta1; L_beta2 = tau0^2/beta2;
L_gamma1 = tau0^3/gamma1; L_gamma2 = tau0^3/gamma2;

% display parameters:
disp(['Grating:  L=', num2str(L*1e3), 'mm, L_beta1=', ...

num2.str(L_beta1*1e3), 'mm, L_beta2=', num2str(L_beta2*1e3), 'mm' ]);
disp(['L_gamma1=', num2str(L_gamma1*1e3), 'mm, L_gamma2=', ...

num2str(L_gamma2*1e3), 'mm']);
disp(['Stretcher, ', stretcher_material, ': L=', num2str(L_stretcher*1e3), ...

'mm, L_gamma=', num2str(tau0^3/gamma_stretcher*1e3), 'mm' ]);
disp(['Compressor, ', compressor_material, ': L=', num2str(L_compressor*1e3), ...

'mm, L_gamma=', num2str((tau0/sqrt(2))^3/gamma_compressor*1e3), 'mm' ]);

% UF_SHG_undepl_plots.m includes the necessary routines to plot input and
% output pulses, spectra, grating function, etc.
UF_SHG_undepl_plots;

%********************************************************************

A.4.  Listings of propagator engine C++ files

//****************************************************************
/* file UF_SHG_propag.cc

Source file for UF_SHG_propag.mex

MATLAB 5.2.1 version
CodeWarrior Pro (12)

Gena Imeshev 4/27/99
*/

#include "mex.h"
#include <math.h>
#include <stdlib.h>
#include <string.h>

#include "Complex.h"
#include "UF_SHG_dispersion.h"
#include "UF_SHG_RK_undepl.h"

#include "fftw.h"

// identifier i is reserved for the complex unity!!!!

//****************************************************************
// computational routine 
void SHG_propagator_engine(Complex *A1, Complex *A2, 

const double Dt, const int length_t, 
const double dz, const int length_z, 
const double *k_vector, const double *grating_amplitude,
const double nu, const double beta1, const double beta2,
const double gamma1, const double gamma2,
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const double Gamma)
{
/* initilize phase_factor arrays, as needed by every call to DispersiveStep 
function. Memory allocation is done outside of the main loop 
(DispersiveStep(...)) for faster execution.
*/

Complex *phase_factor1 = (Complex *)mxCalloc(length_t, sizeof(Complex));
Complex *phase_factor2 = (Complex *)mxCalloc(length_t, sizeof(Complex));
Complex *phase_factor1_half = (Complex *)mxCalloc(length_t, sizeof(Complex));
Complex *phase_factor2_half = (Complex *)mxCalloc(length_t, sizeof(Complex));
if (!phase_factor1 || !phase_factor2 || !phase_factor1_half ||

 !phase_factor2_half)
mexErrMsgTxt("Can't allocate memory for one of the phase_factor arrays");

InitPhaseFactor(phase_factor1, length_t, Dt, dz, nu, beta1, gamma1);
InitPhaseFactor(phase_factor2, length_t, Dt, dz,  0, beta2, gamma2);
InitPhaseFactor(phase_factor1_half, length_t, Dt, dz/2, nu, beta1, gamma1);
InitPhaseFactor(phase_factor2_half, length_t, Dt, dz/2,  0, beta2, gamma2);

// necessary planning for fftw:
FILE *wisdom_file = fopen("fftw_wisdom", "r");
if ( (wisdom_file == NULL) || 

(FFTW_FAILURE == fftw_import_wisdom_from_file(wisdom_file) ) )
mexPrintf("Can't load wisdom!!\n");

fclose(wisdom_file);

fftw_plan forward_plan = fftw_create_plan(length_t, FFTW_FORWARD,
FFTW_MEASURE | FFTW_USE_WISDOM);

fftw_plan backward_plan = fftw_create_plan(length_t, FFTW_BACKWARD,
FFTW_MEASURE | FFTW_USE_WISDOM);

wisdom_file = fopen("fftw_wisdom", "w");
if (wisdom_file == NULL)

mexPrintf("Can't save wisdom!!\n");
else

fftw_export_wisdom_to_file(wisdom_file);
fclose(wisdom_file);

Complex *fftw_tmp = (Complex *)mxCalloc(length_t, sizeof(Complex));

// main loop:
for (int m = 1; m < length_z; m++) {

// first step, dispersive:
if ( m!= 1) {

DispersiveStep(A1, length_t, phase_factor1, 
forward_plan, backward_plan, fftw_tmp);

DispersiveStep(A2, length_t, phase_factor2,
forward_plan, backward_plan, fftw_tmp);

} else {
DispersiveStep(A1, length_t, phase_factor1_half, 

 forward_plan, backward_plan, fftw_tmp);
DispersiveStep(A2, length_t, phase_factor2_half, 

 forward_plan, backward_plan, fftw_tmp);
}

// second step, nonlinear:
NonlinearStep(A1, A2, length_t, k_vector[m-1],

grating_amplitude[m-1], dz, Gamma);
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}

DispersiveStep(A1, length_t, phase_factor1_half, 
 forward_plan, backward_plan, fftw_tmp);

DispersiveStep(A2, length_t, phase_factor2_half, 
 forward_plan, backward_plan, fftw_tmp);

// deallocate arrays:
fftw_destroy_plan(forward_plan);
fftw_destroy_plan(backward_plan);
mxFree(fftw_tmp);
mxFree(phase_factor1);
mxFree(phase_factor2);
mxFree(phase_factor1_half);
mxFree(phase_factor2_half);

}

//****************************************************************
// interface routine:

// No error checking is done with respect to the type of input arguments!!
void mexFunction( int nlhs, mxArray *plhs[], int nrhs, const mxArray *prhs[])
{

if (nrhs != 13) 
mexErrMsgTxt("There must be 13 input parameters.. Aborting\n");

int i = 0;
int length_t = (int)mxGetScalar(prhs[i]);
i++; double Dt = mxGetScalar(prhs[i]);
i++; int length_z = (int)mxGetScalar(prhs[i]);
i++; double dz = mxGetScalar(prhs[i]);
i++; double grating_k_vector = mxGetPr(prhs[i]);
i++; double grating_amplitude = mxGetPr(prhs[i]);
i++; double nu = mxGetScalar(prhs[i]);
i++; double beta1 = mxGetScalar(prhs[i]);
i++; double beta2 = mxGetScalar(prhs[i]);
i++; double gamma1 = mxGetScalar(prhs[i]);
i++; double gamma2 = mxGetScalar(prhs[i]);
i++; double Gamma = mxGetScalar(prhs[i]);

/* mxArray structure contains separate pointers to real and imaginary
parts of the input FH field. Read them in separately and then combine 
in a single Complex array:

*/
i++;
double *A1_real = mxGetPr(prhs[i]);
double *A1_imag = mxGetPi(prhs[i]);

//  allocate memory for the fields:
Complex *A1 = (Complex *)mxCalloc(length_t, sizeof(Complex));  
Complex *A2 = (Complex *)mxCalloc(length_t, sizeof(Complex));
if ( !A1 || !A2)

mexErrMsgTxt("mexFunction: can't allocate memory for A1 and/or A2"); 

for (int j = 0; j < length_t; j++) {
SetRe(A1[j], A1_real[j]);
if (A1_imag)

SetIm(A1[j], A1_imag[j]);
else
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SetIm(A1[j], 0.0);

A2[j] = 0;
}

// call the computational routine:
SHG_propagator_engine(A1, A2, Dt, length_t, dz, length_z, 

grating_k_vector, grating_amplitude,
nu, beta1, beta2, gamma1, gamma2, Gamma);

// create output matrices:
plhs[0] = mxCreateDoubleMatrix(length_t, 1, mxCOMPLEX); 
plhs[1] = mxCreateDoubleMatrix(length_t, 1, mxCOMPLEX);

//  assign A1 and A2 to plhs[0] and plhs[1]:
double *A1_real = mxGetPr(plhs[0]);
double *A1_imag = mxGetPi(plhs[0]);
double *A2_real = mxGetPr(plhs[1]);
double *A2_imag = mxGetPi(plhs[1]);

for (int j = 0; j < length_t; j++) {
A1_real[j] = Re(A1[j]);
A1_imag[j] = Im(A1[j]);
A2_real[j] = Re(A2[j]);
A2_imag[j] = Im(A2[j]);

}

mxFree(A1);
mxFree(A2);

return;
}

//****************************************************************
/*

File UF_SHG_Dispersion.h

by Gena Imeshev
*/

#ifndef UF_SHG_DISPERSION_H
#define UF_SHG_DISPERSION_H

#include "fftw.h"

void Swap(Complex *arr, const int size);
void InitPhaseFactor(Complex phase_factor[], 

const int length_t, const double Dt, const double distance,
const double nu, const double beta, const double gamma);

void DispersiveStep(Complex A[], const int length_t, const Complex phase_factor[],
fftw_plan forward_plan, fftw_plan backward_plan, Complex *fftw_tmp);

#endif

/* File UF_SHG_Dispersion.cc

by Gena Imeshev   
Ginzton Lab, Stanford

*/
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#include "mex.h"
#include <math.h>
#include <stdlib.h>
#include <string.h>

#include "Complex.h"
#include "UF_SHG_dispersion.h"

#include "fftw.h"

//****************************************************************
void Swap(Complex *arr, const int size)
{

int half = size/2;

Complex *swap_arr = (Complex *)mxCalloc(half, sizeof(Complex));
if ( !swap_arr) mexErrMsgTxt("Swap: can't allocate memory");
for (int j = 0; j < half; j++) 

swap_arr[j] = arr[half+j]; 
for (int j = 0; j < half; j++) 

arr[j+half] = arr[j];
for (int j = 0; j < half; j++) 

arr[j] = swap_arr[j];

mxFree(swap_arr);
return;

}
//****************************************************************
// helper function
void InitPhaseFactor(Complex phase_factor[], 

const int length_t, const double Dt, const double distance,
const double nu, const double beta, const double gamma)

{
/* initilize phase_factor array, as needed by every call to

DispersiveStep function */
const double pi = 3.14159265358979;

int half = length_t/2;
double freq;

// Initial phase_factor array: 
for (int j = 0; j < length_t; j++) {

freq = 2*pi*(-half+j)/Dt;
phase_factor[j] = ExpPhase(-distance*(nu*freq + beta*freq*freq/2 + 

gamma*freq*freq*freq/6));
}

Swap(phase_factor, length_t);
}
//****************************************************************
void DispersiveStep(Complex A[], const int length_t,

const Complex phase_factor[],
fftw_plan forward_plan, fftw_plan backward_plan,
Complex *fftw_tmp)

{

// call fftw from fftw.h:
fftw_one(forward_plan, (fftw_complex *)A, (fftw_complex *)fftw_tmp);
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/* multiply by the phase factor and scale by length_t because 
fftw(ifftw(A)) = length_t: */

for (int j = 0; j < length_t; j++) {
fftw_tmp[j] *= (phase_factor[j]/length_t);

}

// call fftw from fftw.h:
fftw_one(backward_plan, (fftw_complex *)fftw_tmp, (fftw_complex *)A);

return;
}
//****************************************************************

/*
File UF_SHG_RK_undepl.h
Runge-Kutta integrator

*/

#ifndef UF_SHG_RK_UNDEPL_H
#define UF_SHG_RK_UNDEPL_H

void NonlinearStep(const Complex A1[], Complex A2[], const int length_t, 
const double local_k_vector, const double local_grating_amplitude, 
const double dz, const double Gamma);

#endif

/* File UF_SHG_RK_undepl.cc

by Gena Imeshev  
Ginzton Lab, Stanford

*/

#include "mex.h"
#include <math.h>
#include <stdlib.h>
#include <string.h>

#include "UF_SHG_RK_undepl.h"
#include "Complex.h"

//****************************************************************
inline Complex DrivingTerm(const Complex &A1, const Complex & A2,  

const Complex & gamma_factor, 
const Complex & local_freq_factor) 

{
return gamma_factor*A1*A1 + local_freq_factor*A2;

}
//****************************************************************
// Runge - Kutta

void NonlinearStep(const Complex A1[], Complex A2[], const int length_t, 
const double local_k_vector, const double local_grating_amplitude, 
const double dz, const double Gamma)

{
Complex i(0,1);
// initilize factors:
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Complex gamma_factor = -i*dz*Gamma*local_grating_amplitude;
Complex local_freq_factor = -i*dz*local_k_vector;
Complex A2tmp, deltaA2;

for (int j=0; j<length_t; j++) {
A2tmp = DrivingTerm(A1[j], A2[j], gamma_factor, local_freq_factor);
deltaA2 = A2tmp/6;

A2tmp = DrivingTerm(A1[j], A2[j]+A2tmp/2, gamma_factor, local_freq_factor);
deltaA2 += A2tmp/3;

A2tmp = DrivingTerm(A1[j], A2[j]+A2tmp/2, gamma_factor, local_freq_factor);
deltaA2 += A2tmp/3;

A2tmp = DrivingTerm(A1[j], A2[j]+A2tmp, gamma_factor, local_freq_factor);
A2[j] += deltaA2 + A2tmp/6;

}

return;
}
//****************************************************************

/* file Complex.h

Header file for the Complex class

Gena Imeshev gena@leland.stanford.edu
5/30/97

*/

#ifndef COMPLEX_H
#define COMPLEX_H

class Complex {
public:

Complex(double real, double imag = 0):re(real), im(imag){}
Complex() {re = 0; im = 0;}
Complex(const Complex & num);
Complex & operator=(const Complex & rhs);
friend double Re(const Complex & num);
friend double Im(const Complex & num);
friend void SetRe(Complex &num, const double real);
friend void SetIm(Complex & num, const double imag);
friend double Abs(const Complex & num);
friend double AbsSq(const Complex & num);
friend double Phase(const Complex & num);
friend Complex Conj(const Complex & num);
friend Complex Exp(const Complex & num);
friend Complex ExpPhase(const double phase);
friend const Complex operator+(const Complex & lhs, const Complex & rhs);
friend const Complex operator+(const double lhs, const Complex & rhs);
friend const Complex operator+(const Complex & lhs, const double rhs);
friend const Complex operator-(const Complex & lhs, const Complex & rhs);
friend const Complex operator-(const double lhs, const Complex & rhs);
friend const Complex operator-(const Complex & lhs, const double rhs);
friend const Complex operator*(const Complex & lhs, const Complex & rhs);
friend const Complex operator*(const double lhs, const Complex & rhs);
friend const Complex operator*(const Complex & lhs, const double rhs);
friend const Complex operator/(const Complex & lhs, const Complex & rhs);
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friend const Complex operator/(const double lhs, const Complex & rhs);
friend const Complex operator/(const Complex & lhs, const double rhs);
friend const Complex operator-(const Complex & rhs);
friend const Complex operator+(const Complex & rhs);
Complex & operator+=(const Complex & rhs);
Complex & operator+=(const double rhs);
Complex & operator-=(const Complex & rhs);
Complex & operator-=(const double rhs);
Complex & operator*=(const Complex & rhs);
Complex & operator*=(const double rhs);
Complex & operator/=(const Complex & rhs);
Complex & operator/=(const double rhs);

private:
double re, im;

};

#endif

/* file Complex.cc

Implementation file for the Complex class

Gena Imeshev gena@leland.stanford.edu
5/30/97

*/

#include "Complex.h"
#include <math.h>

Complex::Complex(const Complex & num)
{

this->re = num.re;
this->im = num.im;

}
Complex & Complex::operator=(const Complex & rhs) 
{

if (this == &rhs) return *this;
this->re = rhs.re;
this->im = rhs.im;
return *this;

}
double Re(const Complex & num)
{

return num.re;
}
double Im(const Complex & num)
{

return num.im;
}
void SetRe(Complex & num, const double real)
{

num.re = real;
}
void SetIm(Complex & num, const double imag)
{

num.im = imag;
}
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double Abs(const Complex & num)
{

return sqrt(num.im*num.im + num.re*num.re);
}
double AbsSq(const Complex & num)
{

return (num.im*num.im + num.re*num.re);
}
double Phase(const Complex & num)
// returned phase is between -pi/2 and 3*pi/2
{

/* even if num.re = 0, atan correctly handles atan(-inf) 
and atan(+inf) */

double phase = atan(num.im/num.re);
const double pi = 3.14159265358979;

if (num.re < 0)
phase = phase + pi;

return phase;
}
Complex Conj(const Complex & num)
{

return Complex(num.re, -num.im);
}
Complex Exp(const Complex & num)
{

return Complex(exp(num.re)*cos(num.im), exp(num.re)*sin(num.im));
}
Complex ExpPhase(const double phase)
{

return Complex(cos(phase), sin(phase));
}
const Complex operator+(const Complex & lhs, const Complex & rhs)
{

return Complex(lhs.re + rhs.re, lhs.im + rhs.im); 
}
const Complex operator+(const double lhs, const Complex & rhs)
{

return Complex(lhs + rhs.re, rhs.im); 
}
const Complex operator+(const Complex & lhs, const double rhs)
{

return Complex(lhs.re + rhs, lhs.im); 
}
const Complex operator-(const Complex & lhs, const Complex & rhs)
{

return Complex(lhs.re - rhs.re, lhs.im - rhs.im); 
}
const Complex operator-(const double lhs, const Complex & rhs)
{

return Complex(lhs - rhs.re, -rhs.im); 
}

const Complex operator-(const Complex & lhs, const double rhs)
{

return Complex(lhs.re - rhs, lhs.im); 
}
const Complex operator*(const Complex & lhs, const Complex & rhs)
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{
return Complex(lhs.re*rhs.re - lhs.im*rhs.im, lhs.im*rhs.re + lhs.re*rhs.im); 

}
const Complex operator*(const double lhs, const Complex & rhs)
{

return Complex(lhs*rhs.re, lhs*rhs.im); 
}
const Complex operator*(const Complex & lhs, const double rhs)
{

return Complex(lhs.re*rhs, lhs.im*rhs); 
}
const Complex operator/(const Complex & lhs, const Complex & rhs)
{

double den = rhs.re*rhs.re + rhs.im*rhs.im;
return Complex((rhs.re*lhs.re + rhs.im*lhs.im)/den,

(lhs.im*rhs.re - rhs.im*lhs.re)/den); 
}
const Complex operator/(const double lhs, const Complex & rhs)
{

double den = rhs.re*rhs.re + rhs.im*rhs.im;
return Complex(rhs.re*lhs/den, -rhs.im*lhs/den); 

}
const Complex operator/(const Complex & lhs, const double rhs)
{

return Complex(lhs.re/rhs, lhs.im/rhs); 
}
const Complex operator-(const Complex & rhs)
{

return Complex(-rhs.re, -rhs.im);
}
const Complex operator+(const Complex & rhs)
{

return rhs;
}
Complex & Complex::operator+=(const Complex & rhs)
{

this->re += rhs.re;
this->im += rhs.im;
return *this;

}
Complex & Complex::operator+=(const double rhs)
{

this->re += rhs;
return *this;

}
Complex & Complex::operator-=(const Complex & rhs)
{

this->re -= rhs.re;
this->im -= rhs.im;
return *this;

}

Complex & Complex::operator-=(const double rhs)
{

this->re -= rhs;
return *this;

}
Complex & Complex::operator*=(const Complex & rhs)
{
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double re_tmp = re * rhs.re - im *rhs.im;
im = re * rhs.im + im * rhs.re;
re = re_tmp;
return *this;

}
Complex & Complex::operator*=(const double rhs)
{

this->re *= rhs;
this->im *= rhs; 
return *this;

}
Complex & Complex::operator/=(const Complex & rhs)
{

double den = rhs.re*rhs.re + rhs.im*rhs.im;
double re_tmp = (re * rhs.re + im * rhs.im)/den;
im = (im * rhs.re - re*rhs.im)/den;
re = re_tmp;
return *this;

}
Complex & Complex::operator/=(const double rhs)
{

this->re /= rhs;
this->im /= rhs; 
return *this;

}
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