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Abstract

Recent advances in nonlinear photonics have enabled a new class of broadband ultra-stable light

sources known as optical frequency combs. These light sources have given rise to a dizzying array

of new optical devices and systems, spanning applications such as spectroscopy, astronomy, remote

sensing, frequency synthesis, attoscience, telecommunications, and optical clockwork. At this time,

there are a number of unsolved problems within the field. Optical frequency combs are often con-

strained to wavelengths within the near-infrared (NIR) due to the limited variety of in mature laser

gain media and host glasses, and many applications such as spectroscopy, sensing, and attoscience

would benefit from the development of optical frequency combs at longer wavelength ranges such

as the mid-infrared (MIR), which spans wavelengths from 2 to 20 µm. Furthermore, the generation

and stabilization of frequency combs often requires rather complicated nonlinear optical systems,

which have prevented these light sources from being used outside of dedicated optics labs.

Ultrafast nonlinear dynamics is at the heart of all of these systems, with traditional approaches

to comb generation relying on self-phase modulation in devices with cubic (χ(3)) nonlinearities.

While the operating regimes of χ(3) devices can be controlled by a suitable choice of waveguide

group velocity dispersion, such devices are ultimately limited to soliton formation, supercontinuum

generation, and, in phase-velocity engineered waveguides, non-degenerate four-wave mixing. In the

context of frequency combs, soliton formation and supercontinuum generation are used to produce

short pulses of light and broaden their associated optical bandwidth.

This dissertation considers new approaches to frequency comb generation based on recently dis-

covered nonlinear dynamical processes in quasi-phasematched (QPM) devices with quadratic (χ(2))

nonlinearities. In contrast with χ(3) nonlinearities, a broader range of nonlinear processes can be

accessed in periodically poled χ(2) devices, where the desired process can be quasi-phasematched

by lithographically patterning the χ(2) coefficient of the nonlinear medium. These processes include

second harmonic generation (SHG), sum- and difference-frequency generation (SFG and DFG, re-

spectively), optical parametric amplification (OPA), optical parametric oscillation (OPO), and opti-

cal rectification. A recurring theme is that the interplay of nonlinear optical effects, such as optical

parametric amplification and self-phase modulation, with linear optical effects, such as dispersion,

can produce qualitatively new dynamical regimes. In many cases, these dynamical regimes exhibit
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favorable features that potentially solve the problems discussed above. The first half of this thesis

considers the pulse formation mechanisms present in optical parametric oscillators (OPOs), and

discusses new operating regimes that enable the generation of MIR combs with substantially more

bandwidth than the NIR comb used to drive the OPO. These devices can produce few-cycle pulses

with conversion efficiencies exceeding 50% while also preserving the coherence of the frequency comb.

The latter portion of this thesis studies the dynamics of femtosecond pulses in quasi-phasematched

nanophotonic waveguides. Here, the geometric dispersion associated with sub-wavelength confine-

ment be used to achieve long interaction lengths with femtosecond pulses. Using these effects we

are able to achieve saturated SHG with femtojoules of pulse energy, where state-of-the-art devices

previously used picojoules. In the limit of phase-mismatched SHG driven with picojoules of pulse

energy we observe the formation of a coherent multi-octave supercontinuum comprised of multiple

spectrally broadened harmonics. The mechanisms of spectral broadening in this system are shown

to be completely unique to dispersion-engineered nanophotonic QPM devices and exhibit a number

of desirable features including i) low power requirements, ii) fewer decoherence mechanisms than

traditional approaches, and iii) the formation of carrier-envelope-offset beatnotes in the regions of

spectral overlap between the harmonics.
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Chapter 1

Introduction

The purpose of this chapter is to serve as a review of the fundamental concepts used throughout

the following chapters. The primary goal of the devices developed here is to provide novel methods

of generating, stabilizing, and frequency converting short pulses of light using nonlinear photonics.

Naturally, we begin this chapter with a brief overview of the properties of short optical pulses, which

we will use to drive nonlinear media. Then, we establish the concept of an optical frequency comb,

which comprises a stable train of short optical pulses. The following sections will review the key

concept in nonlinear optics, which will be the building blocks of the nonlinear systems studied in

later chapters. We first introduce the coupled wave equations for second harmonic generation, both

for continuous-wave (CW) lasers and then for short pulses, before briefly discussing the nonlinear

Schrödinger equation. These equations will enable us to describe the propagation of short optical

pulses in a wide variety of nonlinear photonic devices. In many cases, these equations can be solved

exactly and will allow for simple analytic models of the devices under study. Even in the absence

of analytic solutions, many of the limit cases will provide insights that yield simple heuristic design

rules. We will close this chapter with a description of full numerical methods, which often exhibit

excellent agreement with the observed behavior of nonlinear devices and provide a direct method of

verifying our heuristic models.

1.1 Short Pulses and Optical Frequency Combs

All of the systems we consider here will be driven by short optical pulses. There are two reasons for

this. First, the typical figure of merit for nonlinear processes, such as the efficiency of a frequency

converter, or the amount of phase accumulated due to a nonlinear refractive index, increases with

the intensity used to drive the nonlinear process. Therefore, the large instantaneous intensity that

occurs around the peak of a short optical pulse can be used to achieve dynamical regimes that would

otherwise be inaccessible to CW lasers. Second, many of the applications we hope to enable require

1
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large optical bandwidths. This may be achieved either by producing a short optical pulse, which

inherently has a large optical bandwidth, or by using a short pulse to drive a process known as

supercontinuum generation (SCG). In this section, we will briefly give an overview of the properties

of short pulses produced by lasers, both in the time domain and in the frequency domain. We then

discuss commonly used sources of short pulses, before describing how they propagate in linear media.

1.1.1 Short Optical Pulses

We begin with a canonical example to establish the terminology used throughout the remainder of

this chapter. We’ll start by defining the electric field, E, and many convenient associated quantities,

such as the field envelope, Aω. The electric field associated with a CW plane wave with frequency

ω propagating along z is given by

E(z, t) =
1

2
(E0 exp(iωt− ikz) + c.c.) ,

where c.c. denotes the complex conjugate. It’s often convenient to throw away the complex conjugate

and consider the evolution of E = E0 exp(iωt− ikz)). We may then reconstruct the field using

E =
1

2
(E + c.c.).

Similarly, we may continue to break this expression down by explicitly removing the carrier frequency

to obtain the complex Fourier amplitude,

E = Eω exp(iωt),

and remove the spatial dependence to find the complex field envelope,

Eω = Aω exp(−ikz).

For a CW plane wave, Aω = E0 is trivial. However, for many cases of interest, we will have Aω(z, t)

that describes the evolution of a short pulse in space and time. It’s often easiest to work with the

field envelope, which varies slowly, and then build up to the electric field by reversing the steps taken

above.

The simplest train of optical pulses is given by the superposition of two CW lasers with frequencies

of ω±∆ω. For simplicity, we choose z = 0. In this case, the complex amplitude associated with the

field is

E(0, t) = E0 exp(i(ω + ∆ω)t) + E0 exp (i(ω −∆ω)t)

=2E0 cos (∆ωt) exp (iωt) .
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There are two key behaviors in the above relationship: i) the peak amplitude, rather than the peak

power, of the waves adds together. Therefore we expect a 4-fold, rather than a 2-fold reduction in

the power requirements of many nonlinear optical processes. ii) If we again remove the carrier wave,

exp(iωt), then the field envelope is Aω = 2E0 cos(∆ωt), where ω � ∆ω by construction. Therefore,

the envelope describes a variation of the pulse shape much slower than the carrier frequency, while

the carrier wave describes rapid field oscillations associated with the mean frequency of the electric

field. In this case, both the carrier wave and the envelope are time-periodic, with a carrier frequency

given by f = ω/2π = 1/T and repetition frequency given by fR = ∆ω/2π = 1/TR. Typical numbers

for f and fR are 300 THz and 100 MHz, respectively.

In the general case, we may construct a pulse train as the product of a carrier wave exp(iωt) and

a sum of envelopes
∑m=∞
m=−∞Aω(t+mTr),

E(t) =

m=∞∑
m=−∞

Aω(t+mTr) exp(iωt), (1.1)

such that the energy contained in a pulse is U =
∫ TR

0
|Eω(t)|2dt/(2Z0) =

∫∞
−∞ |Aω(t)|2dt/(2Z0),

where Z0 is the impedance of free space. Typical examples of pulse envelopes found in the lab include

A(t) ∝
√

(π/2)1/2U/τ exp(−(t/τ)2) gaussian pulses such as those formed in AM-modelocked lasers

and Q-switched lasers, and the A(t) ∝
√
U/(2τ)sech(t/τ) sech pulses such as those found in soliton-

modelocked lasers and microresonators[1, 2]. For the systems under study here, typical values of τ

are on the order of 50-100 fs. When compared to a typical repetition period of TR ∼ 10 ns, this

corresponds to an enhancement of the peak power of a pulse by five orders of magnitude relative to

the average power.

1.1.2 Optical Frequency Combs

We now consider the frequency-domain representation of a pulse train, which is referred to as an

optical frequency comb when certain stability criteria are satisfied. The key insight of this section

is that the electric field associated with a train of pulses only contains discrete frequencies. This

seemingly straightforward result is the basis of the incredible variety of applications enabled by

optical frequency combs[3]. Examples include spectroscopy[4, 5], astronomy[6], remote sensing[7],

telecommunications[8], attoscience[9, 10], and optical clockwork[11].

If we define the Fourier transform of E(t) as F{E(t)} = Ê(f) =
∫∞
−∞ E(t) exp(−2πift)dt, then

the Fourier transform of Eqn. 1.1 is given by

Ê(f) =
∑
m

fRÂω(f − f0)δ(f − f0 −mfR), (1.2)

where Âω(f) is the Fourier transform of the field envelope Aω(t), δ(f) is the Dirac delta function,
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Figure 1.1: Example of a frequency comb with a repetition period of 5-ns, a sech-pulse envelope with
τ = 250 ps, and an absolute frequency of 2.066 GHz. While the low carrier frequency shown here
cannot occur in an optics experiment, these parameters are useful for illustrating the characteristic
features of a frequency comb. a) The pulse train in the time domain, showing the field envelope
given by

∑
mAω(t + mTR) (dotted orange line), and the instantaneous electric field E(t) (solid

blue line). After two pulses, the peak of the carrier has drifted from the peak of the envelope by
a phase shift 2φceo. b) The Fourier transform, Ê(f − f0) showing discrete frequencies separated by
fR = 1/TR (solid blue lines), which sample the field envelope Âω(f − f0). The frequency comb does
not intersect DC (f = 0), but instead has a small RF offset, fceo = fmodfR.
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and f0 = ω0/2π. An example of Eqns 1.1-1.2 is shown in Fig. 1.1(a-b) for the case of sech pulse.

The main result of Eqn. 1.2 is that the frequency domain representation of a pulse train comprises

discrete frequencies given by fm = f0 + mfR that sample Âω(f − f0) (Fig. 1.1(b)). We note here

that for the case where f0TR is an integer one may arrive at the same result by expanding E(t) as

a Fourier series, with the mth series coefficient given by cm = fRÂω(fm − f0). In the general case,

where f0TR is not an integer, the peak of the carrier slips relative to the envelope pulses on each

successive shot, which corresponds to a small phase shift of the comb that occurs on scales slower

than the repetition period. This carrier-envelope phase delay, labeled φceo in Fig. 1.1(a), is given by

φceo = 2πf0TRmod 2π = 2πfceoTR, or equivalently, the carrier-envelope offset frequency is given by

fceo = f0modfR (Fig. 1.1(b)). The absolute frequency of the comb lines is determined equally well

using fR and either f0 or fceo, with both fm = fceo + (m + m0)fR and fm = f0 + mfR commonly

seen in the literature, where f0 = fceo + m0fR. In many cases, the m0 is omitted. We note that

the Fourier transform conventions defined here are for frequencies, in Hz, instead of the angular

frequencies typically used in optics. We have adopted this convention for two reasons: i) frequency

units (e.g. MHz for fceo and fR) are typically used in describing frequency combs, and ii) this

convention renders the Fourier transform a unitary operator with F{F{F{E(t)}}} = F−1{E(t)},
which is convenient in many contexts[12]. In Sec. 1.4, where we describe the propagation of short

pulses, we will switch to using using angular frequencies, as this notation is common, but we will leave

the definition of the Fourier transform unchanged. Therefore, we will Fourier transform functions

using Ê(f) =
∫∞
−∞ E(t) exp(−2πift)dt, and evaluate Ê(ω) by substituting ω = 2πf .

Many of the applications of frequency combs rely on measuring and stabilizing the absolute

frequencies of the comb lines[3], and in practice free-running mode-locked lasers do not produce

optical frequency combs. Instead, both fR and fceo exhibit a non-zero linewidth, and drift slowly in

time. A simple heuristic for whether or not a laser can be considered a comb is whether or not the

comb lines have been locked with a stability comparable to a CW single-frequency laser (1-10 KHz)

across the bandwidth of the comb. Typical soliton-modelocked lasers have free-running linewidths

of ∼1 MHz and ∼10 KHz for fceo and fR, respectively, and therefore require active feedback. fR

can be stabilized by actuating the cavity to lock either the beatnote detected by a photodiode to

an RF reference, or the beatnote between one of the comb lines and an optical reference. fceo is

similarly stabilized to an RF reference by actuating the laser-diode current used to drive the laser.

We will discuss the measurement of fceo in more detail after establishing a toolbox of common

nonlinear devices. We close this section by noting that for some applications φceo must be locked

to zero. Slow drifts of φceo on the scale of many round trips can be actively compensated using

a adjustable wedge-pair. Translating two wedges in close contact effectively creates a dielectric

with an adjustable thickness, which varies the relative delay between the carrier and envelope as

∆φceo = 2π(ng−np)L/λ, where ng and np refer to the group index and the phase index respectively.
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Figure 1.2: The absorption spectrum of some common molecules potentially used for medical diag-
nostics, and their overlap with the light sources considered here. GaP can produce wavelengths as
long as 10-µm, and GaAs can produce wavelengths as long as 20-µm.

1.1.3 Sources and Applications of Optical Frequency Combs

The most common source of optical frequency combs is the stable train of pulses that form as a

consequence of soliton modelocking in both lasers and microresonators. These techniques are well

established at near- to mid-infrared frequencies spanning 800-nm - 3000-nm. An ongoing challenge in

the field is the generation of optical frequency combs at long wavelengths (2-20 µm)[13]. In this range

frequency combs can be used as chemical diagnostics by measuring the optical transitions associated

with molecular rotation and vibration. When compared to conventional spectroscopic techniques,

frequency-comb-based molecular fingerprinting can achieve excellent resolution and sensitivity, and

unprecedented speed[5]. Furthermore, these systems can potentially be scaled to small footprints

with low power consumption, which would allow them to be used in tabletop and medical settings.

Fig. 1.2 illustrates the current status of several approaches for generating short optical pulses at

various wavelengths of interest, overlaid with the absorption spectra of some common molecules of

interest[14, 15]. Soliton mode-locking is well developed in materials such as Ti:Sapphire, Yb:fiber,

Er:fiber, Th/Ho:fiber[16], and Cr:ZnSe[17] (Fig. 1.2, blue bars), with the typical range of wavelengths

covered by these systems denoted by the width of the bar. The primary challenge of scaling these

approaches to longer wavelengths is the availability of suitable host glasses and laser gain media.

Undoubtedly, mode-locked lasers will eventually exist at any wavelength of interest, but each of these

currently existing systems has taken on the order of a decade to develop. Kerr microresonators are

a recent addition to the field, which are commonly developed using either SiNx[18, 19], or silicon

nanoresonators[20] (Fig. 1.2, yellow bars). These nonlinear resonators can form mode-locked pulses

at any wavelength where the resonator can be engineered to have small anomalous dispersion and low

loss. The width of these bars denotes the range of wavelengths spanned by current demonstrations,

with silicon successfully reaching as far as 3 µm.
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A compelling alternative to mid-infrared laser development is simply to shift well developed near-

infrared frequency combs to long wavelengths using frequency conversion in materials with quadratic

nonlinearities[21, 22, 23, 24, 25, 26, 27]. Many of these crystals are mature and commercially avail-

able, and only a handful of them are needed to convert near-infrared wavelengths to any wavelength

in the mid-infrared. Periodically poled lithium niobate (PPLN), with orientation-patterend GaP

and GaAs, (Fig. 1.2, red bars) together allow for the generation of any wavelength between 500-nm

and 20-µm[28, 29, 30]. Furthermore, many devices based on frequency conversion inherit the coher-

ence properties of the pump laser[31], resulting in a mid-infrared frequency comb when the device

is pumped with a near-infrared frequency comb. We consider such devices in Ch. 2.

1.1.4 Linear Propagation of Short Pulses

Before we consider nonlinear propagation of short pulses and optical frequency combs, we briefly

treat the linear case. For a CW wave, the field evolution in a linear medium (dropping the complex

conjugate) is given as

E(z, t) = Aω exp(iω0t− ik(ω0)z),

or in the frequency domain as

Ê(z, ω) = Âωδ(ω − ω0) exp(−ik(ω0)z)).

The propagation constant is given by k = n(ω)ω/c, where n(ω) is the refractive index of the medium,

and c is the speed of light in vacuum.

Propagation in the frequency domain naturally generalizes to a short pulse with each angular

frequency ω acquiring phase as −k(ω)z. We begin with a short pulse at z = 0,

E(0, t) = Aω(0, t) exp(iω0t),

and again Fourier transform to find

Ê(0, ω) = Âω(0, ω − ω0).

Now, we propagate each frequency component with a propagation constant given by k(ω),

Ê(z, ω) = Âω(0, ω − ω0) exp(−ik(ω)z)). (1.3)

We may rewrite the left hand side of Eqn. 1.3 in terms of envelopes, Ê(z, ω) = Âω(z, ω−ω0) exp(−ik(ω0)z),

to convert this to a propagation equation for Âω(ω − ω0),

Âω(z,Ω) = Âω(0,Ω) exp (−ik(ω)z + ik(ω0)z) , (1.4)
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where Ω = ω − ω0 is the frequency detuning around ω0.

In many cases, including nonlinear propagation, the time evolution of Aω(z, t) is useful. We may

find this first by differentiating both sides of Eqn. 1.4 with respect to z, and Taylor series expanding

k(ω) around ω0 to find

∂zÂω(z,Ω) =
(
−ik′ωΩ + D̂ω(Ω)

)
Â(z,Ω), (1.5)

where D̂ω(Ω) = −i
∑∞
m=2

(
k

(m)
ω Ωm

)
/m! is the frequency-domain dispersion operator, k′ω = ∂ωk|ω0

=

v−1
g,ω is the inverse group velocity at frequency ω0, and k

(m)
ω = ∂mω k|ω0

is the mth derivative of k

with respect to angular frequency evaluated at ω0. We inverse Fourier transform Eqn. 1.5 using

iΩÂ→ ∂tA to obtain the time-domain evolution of the envelope

∂zA(z, t) = −k′ω∂tA(z, t) + D̂ω(t)A(z, t), (1.6)

where D̂ω(t) =
∑∞
m=2(−i)(m+1)

(
k

(m)
ω ∂mt

)
/m! is the time-domain dispersion operator. Hereafter,

we will drop the argument of the dispersion operators D̂ω, with the time-domain and frequency-

domain implied by whether D̂ω is acting on A(z, t) or Â(z,Ω). The first order term, k′ω, can be

eliminated by moving into a reference frame co-moving with the pulse at its group velocity vg = 1/k′ω.

Therefore, the leading contribution of dispersion to the evolution of a pulse envelope is the second

order term, which causes pulse spreading and chirp.

We close this section by noting that care must be taken when using terms beyond second order.

In some cases, the series expansion of k(ω) may have a small radius of convergence since the Sellmeier

form used to express k(ω) has poles for real frequencies. As a result, the number of terms needed

to accurately model propagation can vary depending on the wavelength range under consideration.

For example, when studying the formation of few-cycle pulses around 2-µm in LiNbO3, the Taylor

series expansion of k(ω) to third order is sufficient to describe all of the relevant pulse dynamics

since the pulses achieve 3-dB bandwidths on the order of 10’s of THz. However, when studying

supercontinuum generation in the band between 1-µm and 0.5-µm, accurate simulations require the

full dispersion relation k(ω) across this 300-THz-wide band, since no Taylor series expansion can

accurately capture k(ω) over this range. In the following sections, we will discuss nonlinear pulse

propagation and address how to model propagation with both nonlinearity and an arbitrary k(ω).

1.2 The Coupled Wave Equations

All of the nonlinear dynamics studied here arise due to the influence of the nonlinear polarization.

We’ll largely focus on two cases, i) the coupled wave equations for second harmonic generation,

which describe both SHG and degenerate optical parametric amplification, and ii) the nonlinear

Schrödinger equation (NLSE), which describes the formation of solitons and supercontinua. For

the contexts studied here, the NLSE will arise as a special case of phase-mismatched SHG, but it
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occurs in much broader contexts in nonlinear optics. Therefore, the resulting dynamics will inform

both our discussions of conventional approaches used by the nonlinear optics community as well

as some of the dynamical regimes studied here. Throughout this section we’ll use a coupled-mode

approach to nonlinear optics, which will always yield a system of equations with the same form as

the plane-wave case. Accordingly, we will begin by deriving the coupled wave equations for second

harmonic generation with plane-waves, and then address the case of Gaussian beams and nonlinear

waveguides. These cases will represent the devices under study in Ch. 2 and Ch. 3, respectively.

1.2.1 Plane-wave Second Harmonic Generation

We begin by deriving the coupled wave equations for SHG, starting from Maxwell’s equations,

∇ ·D = ρ (1.7a)

∇ ·B = 0 (1.7b)

∇×E = −∂tB (1.7c)

∇×H = J + ∂tD (1.7d)

For all of the contexts studied here, we will consider dielectric media (ρ = 0,J = 0) which are

nonlinear, anisotropic, and non-magnetic (µ0H = B). In general, the constitutive relations for such

a medium are given by

D = ε0ε ·E + PNL (1.8a)

µ0H = B. (1.8b)

Furthermore, while all of the nonlinear media used in the following chapters are anisotropic, in many

of these contexts the field will be polarized along a principle axis of the crystal. Therefore we may

treat ε = n2 as a scalar, and note here that the form of the resulting equations will not change when

we consider the general case later. We treat the cases of Gaussian beams in cavities and guided

modes in tightly-confining anisotropic waveguides in Appendix A.1 and A.2, respectively. For the

case considered here, combining Maxwell’s curl equations, we find the driven wave equation

∇2E − ε

c2
E = µ0∂

2
t PNL. (1.9)

Next, we assume the fields and the nonlinear polarization may all be described by plane-waves with

slowly varying envelopes. In this case, the electric field is given by E = (Aω(z) exp (iωt− ikωz) + c.c.) /2,

and similarly PNL,ω = (Pω(z) exp (iωt− ikωz) + c.c.) /2, where kω = nωω/c is the propagation con-

stant at frequency ω. If the envelope varies slowly compared to the carrier, |∂zAω| � |kωAω|, then
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we may use the slowly varying envelope approximation,

∂2
zE =

(
∂2
zA− 2ik∂zAω − k2

ωAω
)

exp(iωt− ikωz)/2 + c.c. (1.10)

≈
(
−2ik∂zAω − k2

ωAω
)

exp(iωt− ikωz)/2 + c.c.

Eqn. 1.10 is formally equivalent to neglecting the backwards propagating component of E, which

is valid for almost every case of interest[32]. Eqns. 1.9-1.10 reduce to the slowly-varying envelope

equation,

∂zAω(z) = −iωµ0c

2nω
Pω. (1.11)

For second harmonic generation, the constitutive relations for the nonlinear polarization envelope

are given by

P2ω =
1

2
ε0χ

(2)A2
ω exp (i(k2ω − 2kω)z) , (1.12a)

Pω = ε0χ
(2)A2ωAω exp (−i(k2ω − 2kω)z) , (1.12b)

where χ(2) is the nonlinear susceptibility of the medium, PNL(ωm+ωn) = ε0
∑
m,n χ

(2)E(ωm)E(ωn).

Substituting Eqn. 1.12a-1.12b into Eqn. 1.11 yields the coupled wave equations for SHG

∂zAω(z) = −iκωA2ω(z)A∗ω(z) exp(−i∆kz) (1.13a)

∂zA2ω(z) = −iκ2ωA
2
ω(z) exp(i∆kz), (1.13b)

where κjω = ωχ(2)/2cnjω is the nonlinear coupling between the fields, and ∆k = k2ω − 2kω is

the phase-mismatch. Equations 1.13a-1.13b conserve the total intensity, I = Iω + I2ω, where Iω =

nω|Aω|2/2Z0. We may symmetrize these equations by renormalizing the fields by
√

2Z0/nω, to yield

∂zĀω(z) = −iκĀ2ω(z)Ā∗ω(z) exp(−i∆kz) (1.14a)

∂zĀ2ω(z) = −iκĀ2
ω(z) exp(i∆kz), (1.14b)

where κ = ωχ(2)
√
Z0/

(
nωc
√

2n2ω

)
, and |Āω|2 represents the intensity in units of W/m2.

Coupled wave equations with the form given by 1.14a-1.14b will be used to model χ(2) interactions

throughout the following chapters. While this treatment assumed plane-waves as modes, which

conserve intensity, these equations are unchanged when we consider either waveguide modes or

Gaussian beams. In these cases, the field is distributed over a finite area, and Aω is normalized

to represent the power in the mode, rather than the intensity. Similarly, the nonlinear coupling

is now given by κ = ωχ(2)
√
Z0/

(
nωc
√

2n2ωAeff

)
, where Aeff is the effective area for the nonlinear

interaction. Small effective areas correspond to tightly confined modes with large field intensities and

strong nonlinear interactions. For the remainder of this chapter we will drop the overbar on A, and
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assume A has units of W−1/2 without concerning ourselves with what modes are being studied. In

later chapters, where we study resonators and waveguides, we will derive the coupled wave equations

and the effective area using the relevant spatial modes for each system.

1.2.2 Quasi-phasematching

As the fields associated with Aω and A2ω propagate in a nonlinear medium, they accumulate phase

as exp(−ikωz) and exp(−ik2ωz), respectively. These phase velocities differ from that of the nonlinear

polarization driving each field, giving rise to the phase mismatch ∆k. Phase-mismatch limits the

length over which energy may be transferred from one harmonic to the other, with energy converting

back from the desired harmonic when it falls out of phase with the driving nonlinear polarization.

As a result, ∆k is one of the most crucial parameters in the coupled wave equations, and the vast

majority of nonlinear optical devices achieve efficient operation by engineering ∆k = 0.

As an example, we consider the buildup of the power contained by the second harmonic, P2ω =

|A2ω|2. The evolution of P2ω is given by

∂zP2ω = 2Re(A∗2ω∂zA2ω) = 2κA2ωA
2
ω sin(∆kz + ∆φ0),

where ∆φ0 = φ2ω − 2φω is the relative phase of the waves input to the crystal. One can readily

show that ∂zPω = −∂zP2ω. As the fields propagate, P2ω initially builds up for z ∈ [0, π/∆k]. At a

distance ∆kzcoh = π, hereafter referred to as a coherence length, the sign of ∂zP2ω becomes negative

and power flows back into the fundamental harmonic. At z = 2zcoh, the second harmonic will be

completely back-converted to fundamental and this process repeats.

One of the most common approaches for preventing back-conversion is to change the sign of

χ(2) at every z = mπ/∆k, such that ∂zP2ω ≥ 0 for all z. This technique is referred to as quasi-

phasematching[33], and the sign change of χ(2) may be achieved using crystallographic orientation

inversions in semiconductors such as GaAs[34], or ferroelectric domain inversions in media such as

LiNbO3[35]. For the periodic modulation of χ(2)(z) described above, we have

χ(2)(z) = χ(2)sgn (cos(2πz/ΛG)− cos(πD)), (1.15)

where ΛG is the spatial period of the modulation, and D is the duty cycle. We may Fourier-series

expand χ(2)(z) to find

χ(2)(z) = χ(2)
∑
m

2

mπ
exp

(
2πim

z

ΛG

)
sin(πmD), (1.16)
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and substitute Eqn. 1.16 into Eqns. 1.14a-1.14b to find

∂zAω = −iκA2ωA
∗
ω

∑
m

2

mπ
sin(πmD) exp(−i∆k + 2πimz/ΛG), (1.17a)

∂zA2ω = −iκA2
ω

∑
m

2

mπ
sin(πmD) exp(i∆k + 2πimz/ΛG). (1.17b)

When the period ΛG is given by 2π/(∆k), the m = ±1 orders in the Fourier series expansion will

cancel the phase-mismatch, and the effective nonlinear coefficient is given by χ
(2)
eff = 2χ(2) sin(πD)/π.

The higher order terms of the Fourier series contribute small, rapidly varying oscillations of P2ω and

Pω and can often be neglected or approximated as an effective cubic nonlinearity. In general, the

period may be patterned to vary as a function of space such that the local grating k-vector is given

by kG(z) = 2π/Λ(z). In this case, χ(2)(z) = χ(2)sgn (cos(φ(z))− cos(πD)), where φz =
∫
kG(z)dz.

The series expansion of the nonlinear coefficient is given by

χ(2)(z) =
∑
m

2

mπ
sin(πmD) exp(imφ(z)).

These aperiodic patterns are often used to apodize nonlinear interactions, as discussed in [36].

We close this section by noting that all of the devices studied here will rely on quasi-phasematching

to engineer ∆k. This restricts our choice of nonlinear materials to those that can achieve quasi-

phasematching, namely, LiNbO3, LiTaO3, KTP, GaAs, GaP, and ZnSe. For ferroelectrics such as

LiNbO3, LiTaO3, and KTP, χ(2)(z) is modulated using ferroelectric domain inversions, which occur

when an electric field in excess of the coercive field is applied to lithgraphically patterned electrodes

on the surface of the material[35]. For epitaxially grown crystals, such as GaAs, GaP, and ZnSe[37],

domain inversions are achieved by growing layers of opposite orientation on patterned templates.

1.3 Canonical Solutions to the Coupled Wave Equations

In this section, we derive the key behaviors associated with SHG that will be recurring throughout

this thesis. We will begin with continuous-wave second harmonic generation, and consider the

undepleted, depleted, and phase-mistmatched limits. In the undepleted limit we will arrive at the

concept of the transfer function of a nonlinear interaction, which will quantify the limitations on the

bandwidth attainable when converting frequency combs to long wavelengths. The behavior of the

saturated limit will be important when we study pulse formation mechanisms in Ch. 2.

1.3.1 Phase-matched Second harmonic Generation

We begin with the simple case of phase-matched undepleted SHG, and drop the overbar such that

|Aω|2 is now the power contained in a mode at ω. In this case, both Aω(z) = Aω(0) and ∆k = 0.
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Therefore, A2ω evolves as

∂zA2ω(z) = −iκA2
ω(0) (1.18)

which is integrated to A2ω = −iκA2
ωz, or P2ω = η0P2

ωz
2 for the power contained in the second

harmonic, where η0 = κ2. The key insight is that the efficiency of a nonlinear device grows linearly

with the amount of power used to drive a process, and quadratically with propagation length. η0,

reported in units of %/W-cm2, is the typical figure of merit for a nonlinear device. Devices with large

η0 may achieve efficient nonlinear interactions in a small footprint or with low power requirements.

Figure 1.3: The conversion efficiency from fundamental to second harmonic as a function of z for
saturated (solid blue) and unsaturated (dotted grey) SHG. 100% conversion in the unsaturated limit
corresponds to 60% conversion when pump depletion is accounted for.

For saturated SHG, we shift the phase of the second harmonic envelope by −π/2 to make the

coupled wave equations and their solutions real, and use power conservation to reduce the coupled

wave equations to a nonlinear ordinary differential equation

∂zA2ω(z) = κ(A2
ω(0)−A2

2ω(z)). (1.19)

Eqn. 1.19 admits sech-tanh solutions for the fundamental and second harmonic, respectively,

Aω(z) = Aω(0)sech(κAω(0)z), (1.20a)

A2ω(z) = Aω(0)tanh(κAω(0)z). (1.20b)

Eqns. 1.20a-1.20b exhibit a number of intuitive properties. In the limit of low depletion, they recover

the undepleted result, and in the limit of high depletion they asymptote to 100% conversion efficiency.

The sech-tanh behavior seen here will reappear in Ch. 2 when we study pulse formation mechanisms

in optical parametric oscillators. We will find that under suitable conditions, such systems can reduce

to the coupled wave equations with time replacing the position coordinate, resulting in the formation

of a sech pulse at ω and and a tanh dark-pulse at 2ω. We close this section by noting that whether one
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considers the depleted or the undepleted limit, the power requirements for efficient phase-matched

SHG devices scales with η−1
0 and L−2.

1.3.2 Phase-mismatched Second Harmonic Generation

We now consider the phase-mismatched case. There are largely two major insights from this treat-

ment. First, we will see that the SHG conversion efficiency exhibits a sinc2(∆kL/2) transfer function,

which provides a useful tool for characterizing device performance. Second, we will see that in the

limit of a large ∆k the resulting dynamics will effectively contribute a nonlinear phase shift to the

fundamental. This effect will be revisited when we study the nonlinear Schrödinger equation. In the

limit of an undepleted fundamental, the second harmonic evolves as

∂zA2ω(z) = −iκA2
ω(0) exp(i∆kz). (1.21)

Eqn. 1.21 can be integrated to find

A2ω(z) = −iκA2
ω(0)z exp(i∆kz/2)sinc(∆kz/2). (1.22)

In the phase-matched limit, Eqn. 1.22 recovers the A2ω = −iκA2
ω(0)z result from our previous

analysis. However, for ∆k 6= 0 the second harmonic envelope oscillates sinusoidally in z, with an

amplitude given by 2κA2
ω(0)/∆k. In terms of conversion efficiency, η = P2ω/Pω, Eqn. 1.22 takes

the form

η(L) = η0Pω(0)L2sinc2(∆kL/2). (1.23)

The SHG transfer function given by Eqn. 1.23, along with η0, characterizes the performance

of a nonlinear device. Device inhomogeneities and loss mechanisms cause the transfer function

to deviate from an ideal sinc2 shape[38]. Phase errors due to inhomogeneities generally broaden

transfer function, with the total area of the transfer function conserved. Loss mechanisms give rise

to a wide variety of behaviors; broadened transfer functions, either a suppression or an enhancement

of the measured normalized efficiency when associating Pω and P2ω with the power output from

the waveguide, and an overall reduction of total device efficiency. Furthermore, we will see in later

sections that the width of the transfer function with respect to frequency determines the interaction

length of short pulses input to the device. The SHG transfer function ultimately measures how

short the pulses used to drive a device may be, and therefore how much the energy requirements of

a device may be reduced.

We close this section by considering the evolution of the fundamental envelope during phase-

mismatched SHG. The evolution of the fundamental can be found by reducing the coupled wave

equations to a second-order ordinary differential equation in Aω [39], by using multiscale methods

[40], or by substituting Eqn. 1.21 into ∂zAω = −iκA2ωA
∗
ω exp (−i∆kz) and assuming |Aω| ≈ |Aω(0)|
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Figure 1.4: a) The power in the fundamental (green) and second harmonic (blue) as a function
of z for fixed ∆k. The nonlinear phase (orange) may be approximated by an average Kerr effect,
φNL = −η0z/∆k (grey line). b) The SHG conversion efficiency (solid blue) as a function of ∆k for
fixed device length L, showing a sinc2(∆kL/2) transfer function. The effective Kerr nonlinearity
(solid orange) is well approximated by γSPM = −η0/∆k (dotted grey) for devices longer than two
coherence lengths.

[41]. For illustrative purposes we adopt the latter approach, which yields

∂zAω = i
η0

∆k
|Aω|2Aω(1− exp(−i∆kz)). (1.24)

While the amplitude of Aω is unchanged during propagation, Eqn. 1.24 can be integrated to show

that the phase of the fundamental evolves as

φω =
η0

∆k
|Aω|2

(
z − sin(∆kz)

∆k

)
, (1.25)

which is linear in both Pω and z for large ∆k. Given the small contribution of sin(∆kz)/∆k for large

∆k, the exp(−i∆kz) is typically neglected in Eqn. 1.24. We will see later that when considering the

propagation of short pulses in the presence of large ∆k Eqn. 1.24 reduces to the nonlinear Schrödinger

equation, which allows χ(2) systems to access many of the dynamical processes normally associated

with χ(3) systems.

Equations 1.23 and 1.25 comprise the main results of this section, and are summarized in Fig. 1.4.

In short, we find that in the phase-mismatched limit the second harmonic oscillates sinusoidally with

propagation length, and the resulting conversion efficiency decays rapidly with the phase-mismatch

∆k as determined by the sinc2(∆kL/2) transfer function for SHG. This illustrates that achieving

phase-matching is crucial for efficient frequency conversion, and the existence of such a transfer

function will lead us to the notion of the bandwidth of a nonlinear process. Finally, we find that

back-action of the generated second harmonic on the fundamental results in phase modulation of

the fundamental, φNL ≈ η0|Aω|2z/∆k.
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1.3.3 The Bandwidth of Second Harmonic Generation

As discussed above, the existence of an SHG transfer function that filters the conversion efficiency,

η(L), naturally gives rise to the notion of a bandwidth associated with a nonlinear interaction. In

the case of SHG we are interested two quantities, namely, the amount of second harmonic bandwidth

that can be generated by a nonlinear device, and the amount of fundamental bandwidth that may

contribute to SHG. First, we show that the generated second harmonic bandwidth is ultimately

determined by the group velocity mismatch between the interacting waves. Then, we show that

the amount of fundamental bandwidth that may contribute to SHG is limited by the group velocity

dispersion of the fundamental.

We begin by considering the the amount of angular frequency detuning, Ω, that we can impart

on the fundamental wave before the generated second harmonic power at 2ω + 2Ω drops to zero

(Fig. 1.5(a)). The dispersion of the refractive index as Ω is varied gives rise to a variation of the

phase-mismatch,

∆k(Ω) = k(2ω + 2Ω)− 2k(ω + Ω). (1.26)

Given an arbitrary ∆k(Ω), we define the bandwidth as the full width between the zeroes of the

sinc2(∆k(Ω)L/2) transfer function, which occur at ∆k(Ω)L = ±2π. For many commonly encoun-

tered nonlinear media, the bandwidth of the SHG transfer function is determined, to first order, by

the mismatch of the group velocities of the interacting waves. To see this, we Taylor series expand

∆k with respect to Ω to find

∆k(Ω) = ∆k0 + 2∆k′Ω, (1.27)

where ∆k0 = ∆k(0) is the phase-mismatch at Ω = 0 and ∆k′ = v−1
g,2ω − v−1

g,ω represents the group-

velocity-mismatch between the interacting waves. For an interaction phase-matched at Ω = 0, and

neglecting terms of order O(Ω2), we find that ∆kL = ±2π when 2∆k′ΩL = ±2π. If we define the

accumulated delay between the fundamental and second harmonic as τd = ∆k′L, then the full width

between the zeros of the SHG transfer function is given by

ΩFW =
2π

τd
. (1.28)

Equation 1.28 implies that the bandwidth of an SHG device is determined by the total amount

of temporal walk-off that would be accumulated between an interacting fundamental and second

harmonic. While we treat pulsed interactions later in this chapter, Eqn. 1.28 already allows us to

develop some intuition about pulsed nonlinear processes. We see here that as long as the pulses

used in a nonlinear interaction are long compared to the accumulated delay, τ � τd, or alternatively

∆Ω� ΩFW, the generated second harmonic pulse will not be filtered by the SHG transfer function.

We now consider how much fundamental bandwidth may be used to contribute to a generated
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Figure 1.5: The two bandwidths associated with SHG. a) The total generated second harmonic
bandwidth, ΩFW, is limited by ∆k′. The height of the sinc2 function at 2ω + 2Ω denotes the
reduction in SHG due to filtering by the SHG transfer function. b) The amount of fundamental
bandwidth that can contribute to SHG, Ω′FW, is limited by k′′ω. Here, the height of the sinc2 transfer
function denotes a reduced response at 2ω to SFG of the two frequencies at ω ± Ω′.

second harmonic. In this case, we consider a three-wave interaction where 2ω = (ω+Ω′)+(ω−Ω′), as

shown in Fig. 1.5(b). In other words, we are considering sum-frequency generation (SFG) between

two CW-lasers detuned from ω by ±Ω′. While we haven’t explicitly treated this case above, the

functional form of Eqn. 1.23 is the same for sum frequency generation with minor modifications,

P2ω/Pω+Ω′ = 4η0Pω−Ω′sinc2(∆kL/2), (1.29)

where ∆k = k(2ω)− k(ω+ Ω′)− k(ω−Ω′). We may again Taylor series expand with respect to the

detuning Ω′ to find the frequency dependence of the phase-mismatch,

∆k(Ω′) = ∆k0 − k′′ω(Ω′)2. (1.30)

For a phasematched interaction, the full-width of the fundamental bandwidth that can contribute to

SHG is Ω′FW = 2
√

(2π)/(k′′ωL). This implies that all of the bandwidth associated with a fundamental

pulse may contribute to SHG when the total chirp accumulated over the length of the device is

small. We will see later that for pulsed SHG devices both ∆k′ and k′′ω contribute to the dynamics.

Remarkably, the phase-mismatch used to calculated the transfer function of a pulsed interaction will

decompose into the two cases considered here.

1.4 Nonlinear Pulse Propagation

1.4.1 Second Harmonic Generation with Short Pulses

In previous sections, we saw that the efficiency of nonlinear interactions scales with the power they are

driven with. For this reason nonlinear processes are often driven using short optical pulses, A(z, t),

so that the large field near the peak of the pulse can be used to achieve efficient interactions. In this
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section we’ll derive the coupled wave equations for SHG of a short pulse and treat the simplest case,

which is undepleted SHG. Each of the following chapters will consider different operating regimes of

the equations considered here, and we’ll see that many different kinds of dynamics are possible. This

section relies on a number of assumptions. First, we assume that both self-steepening and Raman

effects are negligible. Second, we assume that the χ(2) nonlinearity is sufficiently dispersionless that

the nonlinear polarization given by PNL(2ω) = ε0
∫
χ(2)(2ω;ω′, 2ω − ω′)E(ω′)E(2ω − ω′)dω′ can be

evaluated in the time domain PNL,2ω(t) = 2ε0deffE
2
ω(t). In this case, we may add the contributions to

∂zAω(z, t) from the dispersion operator in Eqn. 1.6 and the nonlinear coupling in Eqns. 1.14a-1.14b

to find

∂zAω(z, t) = −iκA2ω(z, t)A∗ω(z, t) exp(−i∆kz) + D̂ωAω(z, t), (1.31a)

∂zA2ω(z, t) = −iκA2
ω(z, t) exp(i∆kz)−∆k′∂tA2ω(z, t) + D̂2ωA2ω(z, t). (1.31b)

One may still solve these equations for the case of unsaturated second harmonic generation using

a transfer function approach [42, 43]. In this case, Eqn. 1.31a becomes

∂zAω(z, t) = D̂ωAω(z, t), (1.32)

which is readily solved in the frequency domain, Â(z,Ω) = Â(0,Ω) exp(D̂ω(Ω)z). Similarly, in the

frequency domain Eqn. 1.31b becomes

∂zÂ2ω(z, 2Ω) =− iκ
∫
Âω(z,Ω + Ω′)Âω(z,Ω− Ω′) exp(i∆kz)dΩ′ (1.33a)

− i2Ω∆k′Â2ω(z, 2Ω) + D̂2ω(2Ω)Â2ω(z, 2Ω).

Defining Ã2ω(z, 2Ω) = Â2ω(z, 2Ω) exp
(
i∆k′ω2Ωz − D̂2ω(2Ω)

)
, and multiplying both sides of Eqn.

1.35 by exp
(
i∆k′ω2Ωz − D̂2ω(2Ω)

)
, we have

∂zÃ2ω(z, 2Ω) = −iκ
∫
Âω(0,Ω + Ω′)Âω(0,Ω− Ω′) exp(i∆k(Ω,Ω′)z)dΩ′ (1.34)

where the phase mismatch is given by ∆k(Ω,Ω′) = k(2ω+ 2Ω)− k(ω+ Ω + Ω′)− k(ω+ Ω−Ω′). As

with CW undepleted SHG, Eqn. 1.34 can be integrated to yield the resulting second harmonic,

Ã2ω(z, 2Ω) = −iκz
∫
Âω(0,Ω+Ω′)Âω(0,Ω−Ω′) exp(i∆k(Ω,Ω′)z/2)sinc(∆k(Ω,Ω′)z/2)dΩ′. (1.35)

The response of the second harmonic to the input fundamental can still be understood in terms of a

transfer function, but in this case we need to know sinc(∆k(Ω,Ω′)z/2) for every pair of interacting

frequencies. We again study the frequency dependence of the phase-mismatch by Taylor series
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expanding ∆k(Ω,Ω′) to second order in Ω and Ω′, which yields

∆k(Ω,Ω′) = ∆k0 + 2∆k′Ω + (2k′′2ω − k′′ω) Ω2 − k′′ω(Ω′)2. (1.36)

The main feature of Eqn. 1.36 is that to second order Ω and Ω′ enter independently, which

allows us to interpret of the resulting dynamics using our insights from the CW case. We see

that the amount of bandwidth of the fundamental that can contribute to SHG, Ω′, is determined

to leading order by k′′ω. Similarly, we see that the amount of bandwidth generated at the second

harmonic is limited to leading order by the temporal walk-off between the waves, ∆k′. Finally we

note that for narrowband pulses, or materials with small k′′ω, we can neglect the Ω′ term. This

renders ∆k(Ω,Ω′) a function only of Ω, and Eqn. 1.35 reduces to

Ã2ω(z, 2Ω) = −iκz exp(i∆k(Ω)z/2)sinc(∆k(Ω)z/2)

∫
Âω(0,Ω + Ω′)Âω(0,Ω− Ω′)dΩ′. (1.37)

Eqn. 1.37 yields an intuitive understanding of pulsed SHG for many case of interest. In essence, Eqn.

1.37 suggests that the nonlinear polarization generated by the fundamental is simply filtered by the

CW SHG transfer function. Therefore, a semi-analytical calculation of the second harmonic may be

achieved in two steps. First we calculate the second harmonic envelope that would be generated in

the absence of dispersion, AND
2ω (z, t) = −iκA2

ω(0, t)z. Then, the power spectral density associated

with this envelope is filtered in the frequency domain by the CW transfer function for SHG,

|Â2ω(z, 2Ω)|2 = sinc2(∆k(Ω)z/2)|ÂND
2ω (z,Ω)|2. (1.38)

We will revisit this problem in Ch. 3, where we consider pulsed SHG in nanophotonic devices.

Throughout the coming chapters, where we consider a variety of systems, simple analytic solutions

will be few and far between. Instead, we will resort to finding approximate solutions to the coupled

wave equations in various limits and attempt to stitch them together into simple heuristic pictures.

In every case these heuristic models will be compared to full numerical simulations, which we discuss

at the end of this chapter.

1.4.2 The Nonlinear Schrödinger Equation

In this section, we consider pulsed SHG in the presence of a large ∆k. In this case, the coupled

wave equations will reduce to an effective Nonlinear Schrödinger equation (NLSE) that describes

the evolution of the fundamental envelope. The NLSE describes a wide variety of behaviors, and

we will not attempt a comprehensive review of the dynamics of the NLSE here[44]. Instead, we will

summarize a few technologically relevant regimes of interest, and give references for further reading

where appropriate. For many of these regimes simple analytic models fail, and we often resort to

heuristics and numerical modeling.
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We begin by considering the coupled wave equations in the limit where the coherence length for

SHG is much shorter than every other relevant scale in the problem. Typically, we consider this

to be the case when two conditions are satisfied: |∆k| � κA0, where A0 = max(|Aω(0, t)|), and

|∆k| � 4π|∆k′/τ |, where τ is the transform-limited duration of the pulse input to the waveguide.

Under these conditions, we may assume that |Aω(z, t)| = |Aω(0, t)| and the second harmonic is given

by

A2ω(z, t) = −iκAω(0, t)2 [exp(i∆kz)− 1] /∆k. (1.39)

As with the CW case (Eqn. 1.24), we substitute Eqn. 1.39 into the coupled wave equations for the

fundamental and neglect dispersion beyond second order to find

i∂zAω(z, t) +
k′′ω
2
∂2
tAω + γ

(2)
SPM|Aω(z, t)|2A(z, t) = 0. (1.40)

Equation 1.40 is known as the NLSE with a nonlinear coefficient for self-phase modulation

given by γ
(2)
SPM = −η0/∆k in rad/W-m. Typically, the NLSE occurs in the context of third order

nonlinearities, with γ
(3)
SPM = 2πn2/λ for plane-waves and γ

(3)
SPM = 2πn2/(λA

(3)
eff ) for guided modes,

where n2 is the nonlinear refractive index of the medium in m2/W. We note here that since χ(3)

nonlinearities are always present, the net self-phase modulation experienced by the fundamental is

γSPM = γ
(2)
SPM + γ

(3)
SPM. The NLSE exhibits a broad array of behaviors spanning modulation instabil-

ities, pulse formation and compression, breathers, solitons, and supercontinuum generation[44, 45].

Furthermore, generalizations of the NLSE that include any combination of gain, loss, driving terms,

Raman scattering, and higher order dispersion have all been studied and found to exhibit useful

dynamical regimes[46, 47]. Of all of these regimes, the two most relevant to the work presented here

are soliton formation and supercontinuum generation. We begin with the former, which exhibits a

simple closed form solution, and then give a heuristic description of the latter.

The fundamental soliton is a solution to the NLSE that propagates without distortion due to a

balance between nonlinearity and dispersion, Asol(z, t) = Asol(0, t) exp(iφ(z)). The condition that

φ(z) is a function only of z guarantees the power spectral density of the pulse is conserved in

addition to the instantaneous power, |Aω(z, t)|2. Bright solitons can only occur when k′′ω and γSPM

have opposite signs. Given the assumptions made here, the NLSE can be integrated directly[44] to

find

Asol(z, t) =

√
Usol

2τ
sech(t/τ) exp

(
ik′′ωz

2τ2

)
, (1.41)

where Usol = 2k′′ω/(γSPMτ). Solitons exhibit a number of desirable properties, which make devices

that produce optical solitons useful light sources. In addition to propagating without distortion,

solitons are stable to perturbations and collisions, and in many cases the soliton state exists as

a stable attractor with a large capture window. These features all contribute to the stability of
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soliton-modelocked systems. The most common sources of solitons are modelocked lasers and Kerr

microresonators, which regularly produce stable trains of soliton pulses with durations shorter than

100-fs. While a full understanding of these systems requires the addition of gain, loss, and a resonance

condition to the NLSE, we simply remark here that these states occur as a double balance of two

conditions: the gain cancels the loss, and the nonlinearity cancels the dispersion[2, 18].

Higher order solitons occur when Aω(0, t) = NAsol(0, t). For the case of N=2, the NLSE may

be solved using an inverse scattering transform[44] to find

Aω(z, t) = 4

√
Us
2τ

(
cosh(3t/τ) + 3 exp(4ik′′ωz/τ

2)cosh(t/τ)

cosh(4t/τ) + 4cosh(2t/τ) + 3 cos(4k′′ωz/τ
2)

)
exp

(
ik′′ωz

2τ2

)
. (1.42)

Figure 1.6: a) Evolution of the pulse shape, |Aω(z, t)|2, for an N = 2 soliton. The envelope evolves
periodically, and compresses to a pulse with a four-fold increase in the peak power every half-period.
b) The input soliton (blue) compared to the compressed pulse (orange).

|Aω(z, t)|2 is shown in Fig. 1.6(a). There are two key features of the N=2 soliton. First, this

soliton exhibits periodic oscillations of the pulse envelope, with |Aω(z, t)|2 repeating with a period

of zp = πτ2/(2k′′ω). Second, the pulse envelope compresses to the smallest duration and the largest

field intensity (4
√
Us/(2τ)) at zp/2 (Fig. 1.6(b)). Pulse compression generally occurs for N > 1,

and periodicity occurs for all N ≥ 2. Furthermore, when periodic oscillation occurs, the shortest

pulses form at zp/N . Nonlinear fibers are often driven with 1 < N < 3 to compress pulsed lasers,

and 5-fold enhancements of the input bandwidth are common in suitably designed fibers [48].

For solitons driven with N > 3 the pulse formed at zp/N tends to exhibit qcsufficiently large

bandwidth that the NLSE breaks down. Instead, accurate models require the inclusion of higher

order dispersion, Raman scattering, and self-steepening. Qualitatively, in the presence of these

perturbations the pulse formed at zp/N undergoes a process hereafter referred to as soliton fission.

Following the treatment of [49], the pulse breaks up into N independent frequency-shifted solitons,

each given by Aj =
√

Pjsech(t/τj), where Pj =
√
Us(2N − 2j + 1)2/(2τN2) and τj = τ/(2N −
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2j + 1). When N > 6, the resulting spectrum may span more than an octave, and this process is

referred to as supercontinuum generation. Remarkably, for N < 10 and τ < 200-fs, the coherence

of the laser used to drive supercontinuum generation is preserved[45]. Under these conditions, the

generated bandwidth can be used for spectroscopy and f-2f interferometry.

1.4.3 f-2f Interferometry

Having discussed frequency conversion and supercontinuum generation, we now give a brief overview

of f-2f interferometry, which incorporates both of these effects. f-2f interferometers are the most

commonly used method for detecting the fceo of a mode-locked laser, and the output of an f-2f

interferometer can be used to provide a feedback signal to stabilize a frequency comb. The purpose

of this section is two-fold. First, we explain how mode-locked lasers can be stabilized to form

frequency combs. Second, when we consider that such a system is necessary to convert any mode-

locked laser discussed in Sec. 1.1 into a frequency comb, this will motivate us to consider alternatives

approaches both to comb generation and carrier envelope offset detection.

Figure 1.7: f-2f interferometry. a) A short pulse from a modelocked laser is broadened to an octave
using supercontinuum generation in a tightly confining waveguide. Orange curve: pulse shape,
blue curve: power spectral density. b) After soliton fission the pulse has broken up into several
frequency shifted solitons, with a combined spectrum that spans a coherent octave. c) The long-
wave portion of the spectrum passes through a long pass filter (LPF), and is delayed. d) The long
wavelengths are recombined with the supercontinuum, passed through an SHG crystal, and absorbed
by a photodetector (PD). e) Interference between the short wavelengths and the frequency-doubled
long wavelengths produces a photocurrent that oscillates at fceo.

A schematic of a typical f-2f interferometer is shown in Fig. 1.7(a-d). A short pulse from a mode-

locked laser is spectrally broadened to span a full octave, and then the low-frequency half is delayed,

recombined with the comb, and is frequency doubled to overlap with the high-frequency half. The

comb lines of the frequency doubled portion are given by fn = 2fceo + nfR, which interfere with
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the lines associated with the original frequency comb (Fig. 1.7(e)). The resulting radio frequency

beatnotes occur at ±fceo +mfR.

While the f-2f interferometer is the current gold-standard for fceo detection, it has several chal-

lenges. First, supercontinuum generation requires pulse energies comparable to 1-nJ in commercially

available photonic crystal fibers, and ∼10-pJ for state of the art SiNx nanowaveguides[50]. These

pulse energies can consume a substantial amount of the power budget available for many modelocked

lasers, especially ones with high repetition frequencies. Second, the delay arm used to correct the

relative phase between the f and 2f can inject phase noise that is not shared between the comb

lines. In many cases fluctuations in the length of this non-common-path section can ultimately limit

the absolute frequency stability that may be achieved by the comb. Finally, stabilization requires

a detector that is fast enough to see the f-2f beatnote and has sufficiently high gain to achieve a

25-dB signal to noise ratio. While these requirements are regularly achieved with silicon and InGaAs

detectors, typical mid-infrared detectors tend to compromise between a low bandwidth and a weak

responsivity. These limitations can make direct f-2f detection difficult at longer wavelengths. Many

of the alternative approaches considered in later chapters will overcome these challenges. In Ch. 2,

we will consider systems that generate mid-infrared frequency combs from near-infrared frequency

combs, which will remove the need for a MIR f-2f interferometer entirely. In Ch. 3, we will demon-

strate a nanophotonic device that achieves all of the functions of an f-2f interferometer using a single

6-mm-long waveguide.

1.5 Numerical Modeling of Nonlinear Interactions

There are many cases of interest where no closed form solution to the coupled wave equations

exists. Examples explored in later chapters will include high-gain low-finesse synchronously pumped

optical parametric oscillators (OPOs), saturated SHG with temporal walk-off, and supercontinuum

generation with multiple interacting harmonics. In all of these cases we will rely on numerical

simulations to model the underlying dynamics of the systems under study, and wherever possible

we will use the insights gained from these simulations to build simple heuristic models that capture

the behavior seen in both experiment and simulation. Remarkably, while analytic solutions to the

coupled wave equations and the NLSE are often rather involved, the numerical methods used to

solve these equations are relatively simple and work in an extremely broad range of contexts.

The key to our approach is that the nonlinear coupling is easily integrated in the time domain,

while the dispersion operator is easily integrated in the frequency domain. The resulting algorithm

is known as the split-step Fourier method, which alternates between solving the nonlinear coupling

in the time domain and dispersive propagation in the frequency domain, taking small steps between

each. The boundary values input to and output from the integrator are the frequency domain

envelopes given by the fast Fourier transform (FFT) of the temporal envelope, e.g. Âω(0,Ω) =
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FFT(Aω(0, t)). We describe the iterative steps of the split-step Fourier method used throughout

this thesis below, following a treatment similar to [51]. The presentation here includes the γSPM due

to the natural χ(3) of the medium. In many cases, we will compare the evolution of a pulse with and

without χ(3) to determine how much the two nonlinearities contribute to the underlying dynamics.

Each loop of the split-step Fourier method proceeds as follows:

1. Propagate to the current position in the nonlinear medium, accounting for temporal walk-off

and dispersion beyond first order

Âω(zn,Ω) = Âω(zn−1,Ω) exp [−i(k(ω + Ω)− k(ω)− k′(ω)Ω)zn]

Â2ω(zn,Ω) = Â2ω(zn−1,Ω) exp [−i(k(2ω + Ω)− k(2ω)− k′(ω)Ω)zn]

2. Evaluate the time-domain envelopes using the inverse fast Fourier transform (iFFT)

Aω(zn, t) = iFFT(Âω(zn,Ω))

A2ω(zn, t) = iFFT(Â2ω(zn,Ω))

3. Evaluate the nonlinear coupling using the time-domain envelopes

∂zÂω(zn,Ω) =− iκ(Ω) FFT [A2ω(zn, t)A
∗
ω(zn, t)] exp(−i∆kzn)

− iγ(3)
SPM(Ω) FFT

[
|Aω(zn, t)|2Aω(zn, t)

]
,

∂zÂ2ω(zn,Ω) =− iκ(Ω) FFT
[
A2
ω(zn, t)

]
exp(i∆kzn)

− iγ(3)
SPM(Ω) FFT

[
|A2ω(zn, t)|2A2ω(zn, t),

]
where, for an Euler step, we would evaluate the change in the field envelope due to the nonlinear

coupling using ∆Âω(zn,Ω) = ∂zÂω∆z.

4. Remove the linear phase associated with the current position, in preparation for the next loop

Âω(zn,Ω) =
(
Âω(zn,Ω) + ∆Âω(zn,Ω)

)
exp [i(k(ω + Ω)− k(ω)− k′(ω)Ω)zn]

Â2ω(zn,Ω) =
(
Â2ω(zn,Ω) + ∆Â2ω(zn,Ω)

)
exp [i(k(2ω + Ω)− k(2ω)− k′(ω)Ω)zn]

The net effect of steps 1 and 4 is to linearly propagate the generated fields a distance ∆zn = zn−zn−1,

Âω(zn,Ω) =
(
Âω(zn−1,Ω) + ∆Âω(zn−1,Ω)

)
exp [−i(k(ω + Ω)− k(ω)− k′(ω)Ω)∆zn] .

When the split-step Fourier method is performed this way, each loop is agnostic to the size of the
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step, ∆zn. This flexibility allows us to solve the coupled wave equations using standard adaptive

ordinary differential equation solvers; we will use MATLAB’s adaptive Runge-Kutta routine ODE45.

We also note here that we have allowed κ and γ to be functions of the envelope frequency Ω, which

allows for corrections to the nonlinear coupling that occur for frequency detunings comparable to

ω. As an example, for a plane wave κ and γSPM both vary as (ω + Ω), while for Gaussian beams κ

and γSPM both vary as (ω + Ω)3/2. This variation is usually negligible for narrowband pulses, but

has been confirmed in pulsed SHG experiments where the input fundamental has a pulse duration

comparable to two optical cycles[52]. To first order in Ω, this effect contributes an effective self-

steepening term in the time domain, κ ≈ κ0(1− iω−1∂t) for plane waves, and κ ≈ κ0(1− i 3
2ω∂t) for

Gaussian beams.

1.6 Overview of this Dissertation

This thesis broadly addresses the nonlinear dynamics of short optical pulses, and is focused on two

topics: the formation of short optical pulses and frequency combs in synchronously pumped optical

parametric oscillators, and frequency conversion with short pulses in nonlinear nanophotonic devices.

Ch. 2 addresses the pulse formation mechanisms of optical parametric oscillators in six sections.

In Sec. 2.1 we review the theory of degenerate optical parametric oscillators, and provide an overview

of how these tools may be used to generate optical frequency combs. In Sec. 2.2, we discuss the

main pulse formation mechanisms that occur in synchronously pumped optical parametric oscillators,

including the box-pulse model and the recently discovered simulton regime. In Sec. 2.3, we present

an experimental characterization of the operating regimes of an OPO, which agrees well with the

models proposed in Sec. 2.2. Sec. 2.4 ties together our heuristic models and the experimental results

using numerical methods, and provides a detailed study of how optical parametric oscillators build

up from noise to the steady-state behaviors observed in experiment. Sec. 2.5 discusses the limits of

optical parametric oscillators in terms of the dispersion required to achieve stable operation and the

resulting limitations of the generated optical bandwidth. Many of these questions are unresolved and

we provide a summary of potential approaches that may yield further insights. Sec. 2.6 summarizes

the results of Ch. 2 and discusses future work.

Ch. 3 discusses our work on ultrafast nonlinear optics in nanophotonic PPLN devices. Sec.

3.1 briefly summarizes the relevant aspects of nonlinear waveguides. Sec. 3.2 discusses our work

developing the first nanophotonic PPLN devices, and presents an experimental characterization of

such devices. In Sec. 3.3, we address the role of dispersion engineering in broadband nonlinear inter-

actions, and includes an experimental characterization of ultrabroadband SHG in a phase-matched

nanonphotonic waveguide. We extend this work to phase-mismatched interactions in Sec. 3.4, and

show that cascaded nonlinearities in these devices can realize an effective n2 orders of magnitude

stronger than the natural n2 associated with χ(3) interactions in lithium niobate. Motivated by these
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results, we study supercontinuum generation in nanophotonic PPLN devices in Sec. 3.5. These de-

vices were able to generate coherent octaves of bandwidth spanning several harmonics with less

pulse energy than previous demonstrations in state-of-the-art nonlinear waveguides. In Sec. 3.6

we provide a detailed heuristic model that describes the dynamics of the devices studied in Sec.

3.5 based on saturated SHG. This simple analytic model provides a great deal of insight about the

observed behaviors of the generated supercontinuum, and is the first example of a novel dynamical

regime that can only be accessed using nanophotonic devices. We summarize this work in Sec. 3.7.

The theoretical treatments in Ch. 2 - Ch. 3 all intentionally forgo the lengthy derivation of

the nonlinear coupling for the systems under study and instead focus on the resulting nonlinear

dynamics. These derivations are useful to readers who are interested in designing and building the

systems studied throughout this thesis, but are not necessary to understand the dynamical processes

presented throughout the thesis. For these reasons, we treat the nonlinear coupling for Gaussian

beams and nonlinear waveguides in Appendix A and B, respectively.

In Ch. 4 we highlight ongoing research directions. An extremely promising direction for this

work is chip-integrated optical parametric oscillators, which build on the results from both Ch. 2

and Ch. 3. In particular, we show that synchronously pumped optical parametric oscillators based

on the platforms discussed in Ch. 3 can operate with thresholds approaching a single photon. These

extremely nonlinear devices may open up entirely new directions for the field, and the application

of such devices for both quantum and classical computation is a topic of ongoing research.



Chapter 2

Synchronously Pumped Optical

Parametric Oscillators

Introduction

As discussed in Ch. 1, conventional approaches to generating femtosecond pulses and phase-locked

frequency combs are difficult to scale to long wavelengths due to the challenges associated with

developing new broadband laser gain media and mid-infrared compatible host glasses. In con-

trast with χ(3) nonlinearities, the χ(2) associated with quadratic nonlinearities may be patterned

to quasi-phasematch a rich variety of multi-wave interactions, and readily available χ(2) materials

are frequently used to produce pulses at otherwise inaccessible wavelengths. Of particular interest

are χ(2) resonators, such as OPOs, which allow for a resonant signal to efficiently extract power

from the pump laser. The regimes of operation in OPOs are a subjoect of ongoing research, and

there are likely untapped opportunities to develop new broadband light sources. Many pulse forma-

tion mechanisms have been proposed in continuous-wave-pumped degenerate OPOs[54, 53, 55, 56],

however to date these systems have not yet achieved mode-locked femtosecond pulses by using such

dynamics[57, 58]. Conversely, synchronously pumped degenerate OPOs have been used successfully

to generate broadband frequency combs, but understanding the operating regimes of these systems

reqiures one to untangle many competing pulse formation mechanisms[59]. Key results include the

demonstration of octave-spanning-spectra[22], few-cycle pulses[26], intrinsic phase and frequency

locking[31] (which translates the coherence properties of the pump source onto the half-harmonic

signal), and conversion efficiencies as high as 64%[27]. In this chapter, we study pulse formation

mechanisms in synchronously pumped degenerate OPOs, which comprise a χ(2) resonator pumped

at 2ω that generates a resonant half-harmonic at ω (Fig. 2.1). We will see that this route is a com-

plementary approach to modelocked lasers that allows efficient conversion of near-infrared combs to

27
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Figure 2.1: Schematic of a typical OPO. A bright pump at 2ω provides gain to a signal at ω in a
nonlinear crystal (PPLN). The signal is partially out-coupled through (M4), with the rest fed back
to the nonlinear crystal. M1 has ∼ 100% transmission at the pump wavelength, which out-couples
any leftover pump on each round trip.

long wavelengths. Furthermore, we will see that OPOs support unique pulse formation mechanisms

that can be used to generate frequency combs with substantially more bandwidth than the pump

comb input to the OPO.

This chapter proceeds in six parts. In Sec. 2.1 we review the theory of degenerate OPOs and

show that degenerate operation enables both large conversion efficiencies and intrinsic phase-locking

to the pump laser. We also discuss the role of cavity length detuning, dispersion, and synchronization

between the pump laser and the cold-cavity round trip time. In Sec. 2.2, we review several of the

pulse formation mechanisms that have been found to exist in OPOs. The treatment presented here

largely follows that reported in [59]. Particular focus will be given to the simulton regime[60], in

which the formation of bright-dark solitons in the cavity results in the efficient generation of phase-

locked few-cycle pulses. Sec. 2.3 discusses the practical aspects of OPO design, and presents an

experimental characterization of an OPO. These results are interpreted in terms of the steady-state

operating regimes presented in Sec. 2.2. We consider full numerical simulations of the operating

regimes of an OPO in Sec. 2.4. These numerical models enable us to study the dynamical behavior

of each regime as the resonant fundamental builds up from semi-classical vacuum noise to steady-

state, and further validate the reduced models discussed in Sec. 2.2-2.3. In Sec. 2.5, we discuss

potential limits to the maximum bandwidth achievable in the simulton regime. Sec. 2.6 summarizes

these results and discusses avenues of further research.

2.1 The Theory of Degenerate OPOs

This section covers the theory of pulse formation in degenerate OPOs. Since we will occasionally

contrast this case with non-degenerate operation, where pump photons at ωp split into signal and

idler photons at ωs and ωi, we will use s and p as our nomenclature instead of the ω and 2ω used

in Ch. 1. First, we treat the continuous-wave (CW) theory of OPO operation, which will yield

a number of crucial insights about the properties of degenerate OPOs. These insights will extend
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naturally to a frequency-domain picture of comb formation in OPOs. The latter portion of this

section will treat the roles of synchronous pumping and intracavity dispersion.

2.1.1 Degenerate Operation

All of the interactions considered in this chapter occur between Gaussian beams in a free-space

cavity. We review the coupled wave equations for Gaussian beams in Appendix A.1, and simply

remark that for the cases considered here the coupled wave equations for degenerate OPA are the

same as those for SHG, but driven with a bright pump at the second harmonic instead of the

fundamental. For simplicity, we consider the case where the fundamental and second harmonic are

given by TE00 Gaussian beams with confocal parameters much larger than the nonlinear medium.

Minor corrections due to the variation of the nonlinear coupling and phase mismatch along the

crystal are included in Sec. 2.4, and do not substantially modify the behavior discussed here. In

this case, for a phase-matched interaction with ∆k = 0, the coupled wave equations are given by

∂zAs = −iκApA∗s, (2.1a)

∂zAp = −iκA2
s, (2.1b)

where κ =
√

2Z0ωdeff/(w0nω
√
πn2ωc), and w0 is the waist of the focused Gaussian beam at ω.

We note that the evolution of As and Ap depends only on the relative phase between the pump

and signal, φp − 2φs, rather than the absolute phase of each envelope. Therefore, we may assume

φp = π/2 without loss of generality. Assuming an undepleted pump, Ap(z) = Ap(0), these equations

reduce to

∂zAs = γ0A
∗
s (2.2)

where γ0 = κ|Ap(0)|. This phase convention for the pump wave is chosen such that a signal with

0 phase grows exponentially, As(z) = As(0) exp(γ0z). In a crystal of length L, this corresponds to

a power gain of G = Ps(L)/Ps(0) = exp(2γ0L). In the general case, where the signal may have an

arbitrary phase, we decompose the signal into a real and imaginary part As = xs + ips. In this

case the real part grows exponentially, as described above, while the imaginary part is de-amplified

ps(z) = ps(0) exp(−γ0z). Since only the in-phase component is amplified, we expect that any signal

generated by a degenerate OPO above threshold will be phase-locked to the pump laser, with offset

φp − 2φs = π/2 + 2nπ. We will see later that this behavior guarantees that the signal formed by a

degenerate OPO synchronously pumped by an optical frequency comb is itself an optical frequency

comb that is phase- and frequency-locked to the pump.

We now consider the role of the cavity in a degenerate OPO, and derive the conditions for

resonance and threshold. After one round trip, the signal input to the crystal is given by

As,n+1(0) = r exp(iφc)As,n(L) (2.3)
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where r =
√
R is the feedback coefficient of the cavity. R may contain loss due to mirror reflectivities,

absorption, and an effective nonlinear loss due to gain induced diffraction[61, 62]. This latter effect

will become important when we consider high gain OPOs; for a detailed discussion we refer the

reader to Appendix A.1. φc is the accumulated phase per round trip, φc =
∑
j kj(ωs)Lj + φG,

where, kj(ωs) is the propagation constant of the jth component in the cavity at frequency ωs and

φG is the Guoy phase accumulated by the cavity mode. Since equation 2.2 is symmetric under the

transformation φs → φs + π the signal is amplified on successive round trips,

As,n+1(0) = r exp(iφc) exp(γ0L)As,n(0), (2.4)

provided that φc = −`π, where ` ∈ Z. The sign convention of ` is chosen such that increasing `

corresponds to a longer cavity. For the CW case, resonance occurs when ` is a multiple of 2, such

that successive round trips constructively interfere. We note here that in general the OPOs under

study in this chapter will be pumped by pulsed lasers, and we will see in later sections that this will

relax the resonance condition such that typically only ` ∈ Z is necessary for resonance to occur.

When the resonance condition is satisfied, threshold is then set by the condition that the power

gain exceeds the cavity loss

R exp(2γ0L) > 1 (2.5)

or equivalently, Pth = ln(R)2/(4κ2L2), where Pth = |Ap|2 at threshold. For a high finesse cavity

ln(R)2 ≈ T 2. This gives an intuitive definition of threshold in an OPO; the amount of pump power

at the second harmonic needed to achieve oscillation, Pth, is the same as the amount pump power

at the fundamental, Ps, needed to achieve an SHG conversion efficiency of (T/2)2 in a single pass

through the nonlinear crystal. As an example, for 10% outcoupling, the amount of pump power

needed to achieve oscillation is the same as that needed to achieve an SHG conversion efficiency of

0.25%. In contrast, for singly resonant OPOs (SROs) where a distinct signal and idler are formed

and only one is fed back, threshold is given by Pth = T/κ2L2, which exceeds the threshold of a

degenerate ORO by 4/T .

We close this section by discussing the conversion efficiency of a degenerate OPO and comparing

this against other approaches. In steady state, for a high finesse cavity, it can be shown that the

conversion efficiency is

η =
4

M

(√
M − 1

)
(2.6)

where M = |Ap|2/Pth is the times above threshold. Perfect conversion occurs when M = 4. In

contrast, the conversion efficiency for an SRO is ultimately limited by the Manley-Rowe relations,

|Ap|2/ωp = |As|2/ωs = |Ai|2/ωi. In other words, the condition that each pump photon splits into a

signal photon and an idler photon ultimately limits the conversion efficiency, |As|2/|Ap|2, to ωs/ωp.

In the degenerate case, where ωs = ωp/2, this constraint is lifted and one may achieve perfect

conversion from the pump to the signal.
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2.1.2 Frequency Combs in Degenerate OPOs

The three features shown in the previous section, namely, low threshold, high conversion efficiency,

and intrinsic phase-locking suggest that degenerate OPOs are a promising approach for producing

optical frequency combs in the mid-infrared. Instead of developing femtosecond mode-locked lasers,

supercontinuum generators, and f-2f interferometers at mid-infrared frequencies, one need only to

synchronously pump a degenerate OPO with a near-infrared frequency comb. In this section, we

will discuss the formation of frequency combs in degenerate OPOs in more detail using a frequency

domain approach. This approach will make explicit many of the notions suggested throughout the

previous section. In particular, we will derive the resonance condition for an optical frequency comb

in a degenerate OPO, and show that when an OPO achieves degenerate operation the resulting

comb is intrinsically phase- and frequency-locked to the pump comb.

Figure 2.2: a) Schematic of fundamental comb formed by degenerate OPA. In principle, this process
allows for the formation of comb lines with frequencies spaced by fR/2. b) In the presence of a
synchronously pumped cavity, the signal comb is filtered to have the same repetition frequency as
the pump. c) Detuning the cavity by half of a free spectral range brings the second frequency comb
into resonance. As a result, synchronously pumped OPOs exhibit resonances when the cavity length
is detuned by a pump wavelength, not a signal wavelength.

We begin by considering a heuristic picture of degenerate OPA pumped by a frequency comb.

In this case, the pump contains frequencies given by fm,p = fceo,p + 2πmfR. Assuming that the

degenerate OPA divides each pump frequency in half, this results in a comb with frequencies given by

fm,s = fceo,p/2 + 2πmfR/2, as shown schematically in Fig. 2.2(a). There are two main implications

of this approach. First, we expect the signal comb to have a carrier envelope offset frequency of

half the pump comb, fceo,s = fceo,p/2, since every frequency in the comb has been divided by two.

Second, the OPA can apparently generate a comb with a frequency spacing given by fR/2. In
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practice, we expect the signal pulses to share the same spacing in time as the input pump pulses,

and therefore expect that the comb formed by degenerate OPA will still have a frequency spacing

of fR. This apparent contradiction is resolved by considering a synchronously pumped OPO, where

the cavity is chosen to have the same round-trip time as the repetition period of the pump laser.

Fig. 2.2(b) illustrates the formation of an optical frequency comb in a synchronously pumped

OPO. The dotted grey lines denote the cavity resonances, where we have assumed a dispersionless

cavity with a frequency spacing of fR. For convenience, we now redefine our phase convention

such that ` = 0 corresponds to the case where the cavity is both on resonance with the signal and

perfectly synchronous with the pump comb. This corresponds to choosing a coordinate system that

is co-propagating with the pump pulses incoupled to the resonator on every round trip. In this case,

the cavity resonances align with frequencies given by Ωm,s = ωp/2 + 2πmfR. Every other comb line

is filtered off, resulting in a signal comb with the same repetition frequency as the pump comb. The

signal comb has a carrier-envelope-offset frequency given by fceo,s = fceo,p/2, as above. In contrast

with CW OPOs, oscillation also occurs when ` = −1, as shown in Fig. 2.2(c). In this case, the

cavity resonances align with frequencies given by Ωm,s = ωp/2 + 2π(m + 1/2)fR, and the signal

comb is now formed with a carrier envelope offset given by fceo,s = fceo,p/2 + fR/2. While both

cases are resonant, with the cavity modes aligning with the comb lines of the signal, resonances with

` ∈ odd will form with the carrier envelope offset frequency shifted by fR/2. For a pump comb with

fceo,p = 0, and φp = π/2, this means that the signal pulses formed by the OPO will have a phase

of 0 or π when ` ∈even. In contrast, for ` ∈ odd, the pulses will successively alternate between

phases of 0 and π. In either case, the comb formed by the OPO is frequency-locked to the pump

comb used to drive it, and phase-locked with an offset of either 0 or π. In the general case, the

signal satisfies φp − 2φs = π/2 + mπ, and the carrier envelope offset frequency of the two possible

signal combs is shifted by fceo,p/2. Therefore, the coherence properties of the resulting pulse train

are entirely determined by the pump comb; if the pump comb has a stabilized repetition frequency,

carrier envelope offset frequency, and carrier envelope offset phase, then the signal comb generated

by the OPO also has a stabilized repetition frequency, carrier envelope offset frequency, and carrier

envelope offset phase.

2.1.3 Asynchronous Pumping

While the treatment throughout the previous section has assumed the cavity and pump to be

synchronous, in practice OPOs oscillate for many of the resonances near perfect synchronization.

We consider the role of asychronous pumping here. If we again consider a cavity length detuning

such that ` = −1, the cavity length is now reduced by one pump wavelength and therefore has

a slightly larger mode-spacing than the pump comb, fR − ∆fcav = −cλp/L2, where ∆fcav is the

frequency spacing of the cold cavity resonances, and L is the optical path length of the cavity for

` = 0. In general, the mismatch between the mode spacing for the cavity and the pump comb is
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given by

fR −∆fcav = cλp`/L
2.

The role of this mismatch between the cavity resonances and the pump repetition frequency is

best understood in the time domain. In this case, the offset between the pump repetition period

and the round-trip time of the cold cavity can be understood as a small group delay or advance

accumulated by the intracavity signal pulse on every round trip (Fig. 2.3). On every round trip, as

a new pump pulse enters the cavity through the input coupler, we shift the coordinate system to

co-propagate with the in-coupled pump pulse and the signal effectively accumulates a small timing

shift ∆TRT = 2π`/ωp, such that ` = 1 corresponds to a group delay of an optical cycle of the pump

carrier frequency. ∆TRT, hereafter referred to as the timing mismatch, corresponds to a group delay

when ` > 0 and a group advance when ` < 0.

Figure 2.3: The role of asynchronization in a degenerate OPO. On the first round trip, a signal
pulse initially forms such that it experiences symmetric temporal walk-off from the pump. a) Before
the nonlinear crystal, the signal is delayed from the pump by ∆k′L/2. We note here that a signal
on the left corresponds to earlier time, and therefore pulses with higher group velocities move left
relative to the others. b) After the nonlinear crystal, the signal is amplified and has a group advance
relative to the pump due to temporal walk-off with ∆k′ > 0, which corresponds to vg,s > vg,p. c,d)
On the next round trip, the signal acquires a relative delay of ∆TRT everywhere in the cavity, and
now experiences less gain.

This effect is negligible unless the accumulated delay is sufficiently large to reduce the gain

experienced by the signal due to a poor temporal overlap with the pump. We can treat this effect

quantitatively by considering the solution to the coupled wave equations in the time domain by

neglecting dispersion beyond first order, and assuming a coordinate system moving with the group
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Figure 2.4: Illustration of the gain clipping function associated with a flat-top pump pulse. In this
example, we consider a train of finely spaced signal pulses to better visualize the gain as a function
of relative time delay. As the pump walks through the train of signal pulses they are amplified
according to Eqn. 2.9. The pulse peaked at t = 0 corresponds to the case of symmetric temporal
walk-off and experiences the largest field gain.

velocity of the signal,

∂zAs(z, t) = κAp(z, t)A
∗
s(z, t) (2.7a)

∂zAp(z, t) = −∆k′∂tAp(z, t)− κA2
s(z, t). (2.7b)

The temporal walkoff is given by ∆k′ = k′p−k′s. For an undepleted pump, the pump is simply given

by Ap(z, t) = Ap(0, t−∆k′z), and the amplification of the fundamental is given by

As(z, t) = exp

(∫ z

0

κAp(0, t−∆k′z′)dz′
)
A(0, t). (2.8)

Following the treatment of [59], we define the gain clipping function as Γ(z, t) =
∫ z

0
κAp(0, t −

∆k′z′)dz′ such that the field gain is given by g(z, t) = exp(Γ(z, t)), with corresponding power gain

G(z, t) = g2(z, t). The gain clipping function gives rise to a field gain that depends on the relative

timing between the pump and the signal input to the crystal. A fictitious example of this process

is shown in Fig. 2.4, where the spacing of the signal pulses is chosen to be sufficiently small that

many of them are amplified by the same pump pulse. The field gain is maximized for the signal

pulse peaked at t = 0 when the input pump pulse is peaked at t = −∆k′L/2.

The gain clipping function Γ(L, t) ultimately determines both the threshold of a synchronously

pumped OPO, as well as how critical synchronization is. When the OPO is perfectly synchro-

nized, threshold is given by the condition that the peak of the power gain balances the cavity loss,

max(G(L, t)) = 1/R. For asynchronous pumping, the field gain decays on successive round trips. As

an example, for a flat-top pump pulse with a full-width of Tp, a relative delay of −Tp/2, and a total

temporal walk-off given by ∆k′L = Tp, the gain clipping function is Γ(L, t) = κL(1 − |t|/Tp)A2ω,0,

where |A2ω,0|2 is the peak power of the flat-top pump pulse of duration Tp. The resulting field gain

experienced by a signal pulse decays exponentially with the relative timing, ∆T , between the pump
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and the signal

g(L, t) = exp(κL) exp(−κL|t−∆T |/Tp). (2.9)

For an asynchronous cavity the relative delay between the signal pulse circulating in the cavity and

the pump pulse injected into the cavity grows with every round trip, ∆T (m) = m∆TRT, where m is

the round trip number. The resulting field gain decays on successive round trips. Therefore, when

∆TRT is comparable to Tp no signal pulse can form in the cavity. When ∆TRT � Tp, effects such

as gain saturation or higher order dispersion can reshape the signal pulse and compensate for these

delays, leading to steady-state oscillation. We discuss these cases in later sections.

While all of the OPOs considered in [59] used flat-top pulses as the pump, many of the exper-

imental conditions considered later use the sech((t)/τ) pulses produced by modelocked lasers. In

this case, the gain clipping function of Eqn. 2.8 is given by

Γ(L, t) = κA2ω,0L
2τ

∆kL

[
tan−1 (exp((t−∆T )/τ))− tan−1 (exp((t−∆T −∆k′L)/τ))

]
, (2.10)

where ∆T is the relative delay between the pump and signal pulses input to the nonlinear crystal.

Eqn. 2.10 is plotted in Fig. 2.5 for ∆T = −∆k′L/2, and compared to the ∼ 1− |t|/Tp gain clipping

function associated with flat-top pulses. Both functions are normalized by the gain associated with

the peak of the field, κA2ω,0L. The essential difference between these two gain clipping functions is

the slow variation of Eqn. 2.10 for |t| < τ (Fig. 2.5(b)). This renders the reduction of the field gain

due to timing mismatch negligible for small accumulated delays, which will become relevant in Sec.

2.5. We also note that for the example shown in Fig. 2.5 the peak of the gain clipping function is

reduced to ∼ 80% of the peak value for a flat-top pulse of the same peak amplitude.

We close this section by addressing some subtle points about timing conventions that are greatly

simplified using the gain clipping functions explored in this section. For all of the cases considered

here, the gain clipping function is maximized at t = 0 for the case of ∆T = −∆k′L/2. Hereafter, this

case will be referred to as symmetric temporal walk-off, where the unsaturated gain experienced by

the fundamental at position z has even parity about L/2, given a pump pulse with even parity. This

case serves as a natural reference point when considering the interplay between the fast dynamics

that occur within the nonlinear crystal and the slow dynamics that occur over the course of a

cavity round-trip. When considering propagation in the nonlinear crystal the signal pulse is most

commonly used as a timing reference since this choice often simplifies the techniques used to solve

the coupled wave equations. In the lab, and when considering the role of the timing mismatch,

it is common to use the pump laser as the timing reference since this is the most ready available

signal to compare any relative delay against. Accordingly, we define our origin of the slow cavity

time coordinate in terms of the relative timing between the signal and the peak of the gain clipping

function, T = ∆T +∆k′L/2, which allows us to move seamlessly between these scales. For example,

as described above, inside the nonlinear crystal T = 0 corresponds to the case where the peaks of
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Figure 2.5: a) Comparison of Γ(L, t) for a flat-top pulse (orange) and a sech pulse (blue). The
parameters chosen are ∆k′L = Tp = 100 fs, and τ = 40 fs, which corresponds to FWHM pulse
duration of 70 fs. This choice of parameters corresponds to the experimental conditions studied in
Sec. 2.3. b) The same comparison for −τ < t < τ , which shows that Γ(L, t) varies slowly for delays
comparable to τ .

the pump and signal begin with a relative delay of −∆k′L/2, and the signal gain is maximized. In

the cavity, the synchronized case ` = 0 corresponds to zero shift of the relative timing on each round

trip. Therefore, for an OPO with perfect synchronization and Eqn. 2.10 with T = 0, we expect the

signal to form with a peak centered around t = 0.

2.1.4 High Order Dispersion and the Transition to Non-degeneracy

Having established the role of synchronization and the pump pulses, we now consider the role of

dispersion beyond the first order. There are two key results of this section, both determined largely

by the second order dispersion of the linear feedback cavity and the nonlinear crystal. First, we will

find that second order dispersion will determine the values of ` that achieve degenerate operation.

Second, we will find that for a degenerate resonance, second order dispersion will determine the

amount of bandwidth that the OPO can generate. The analysis found here relies entirely on CW

interactions, and will yield heuristic insights into the behavior of pulsed OPOs. We begin by solving

the coupled wave equations for an arbitrary three wave interaction, assuming that the pump wave

ωp = ωs + ωi is undepleted. The evolution of the signal and idler are given as

∂zAs = −i
(
k′′ω
2

Ω2 +
k′′′ω
6

Ω3

)
As + γ0A

∗
i (2.11a)

∂zAi = −i
(
k′′ω
2

Ω2 − k′′′ω
6

Ω3

)
Ai + γ0A

∗
s (2.11b)
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where ωs = ωp/2 + Ω, ωi = ωp/2 − Ω, and we have assumed phase-matching at Ω = 0. As before,

the unsaturated gain coefficient is γ0 = κ|Ap(0)| and we have chosen the phase convention of the

pump wave such that γ0 is real. k′′ω, and k′′′ω are phase contributions from the first two terms of

the dispersion operator D̂ω, both of which are evaluated at ωp/2. This system of linear ordinary

differential equations for As and Ai is solved using a matrix exponent,[
As(L)

A∗i (L)

]
= exp(iφo,x) exp

(
iφe,x γ0L

γ0L −iφe,x

)[
As(0)

A∗i (0)

]
, (2.12)

where φe,x contains even dispersion orders of the nonlinear crystal and φo,x contains the odd dis-

persion orders. φe,x = −k′′ωLΩ2/2 to second order in Ω, and φo,x = −k′′′ω LΩ3/6 to third order in Ω.

Adding in the cavity, after one trip As and A∗i are mapped by the matrix[
An+1
s (0)

(An+1
i )∗(0)

]
= reiφo

(
eiφe,c 0

0 e−iφe,c

)
exp

(
iφe,x γ0L

γ0L −iφe,x

)[
Ans (0)

(Ani )∗(0)

]
. (2.13)

φe,c = −π`−φ′′cΩ2/2 contains the even dispersion orders of the cavity, and φo = φo,x+φo,c contains

the odd dispersion orders of both the cavity and crystal, with φo,x = −∆TRTΩ− φ′′′c Ω3/6. We can

solve for the eigenvalues of M using the trace 2T and determinant D,

λ± = T (1±
√

1− (D/T )2), (2.14)

where the determinant is given by

λ+λ− = r2e2iφo = D2. (2.15)

We remark that since |D|2 < 1, only one of λ± may be greater than 1. Oscillation is then determined

by the range of Ω and ` that exhibit λ+ > 0. The trace is

T =
λ+ + λ−

2
= reiφo

[
cos(φe,c) cosh(γL)− φe,x

γL
sin(φe,c) sinh(γL)

]
(2.16)

Where γL =
√

(γ0L)2 − φ2
e,x. Since D/T is real, the roles of the even and odd cavity phase decouple

into two distinct effects, as determined by Eqn. 2.14. The role of the even dispersion orders is to

determine the frequency dependence of the gain, which in turn determines both the operating regime

of the OPO and the bandwidth that the OPO may oscillate with. We consider these effects in two

limits, low and high gain. For a low gain OPA (γ0L ≤ 1)

λ+(`,Ω) ≈ λ+,0 cos
(
π`+ (φ′′c + k′′ωL)Ω2/2

)
, (2.17)
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Figure 2.6: The OPO eigenvalue, plotted for a) γ0L = 0.8 and b) an extreme limit, γ0L = 5. The
OPO has k′′ωL = −53 fs2, φ′′c = 25 fs2, λp = 1045 nm, and R = 35%. Dotted lines denote the
resonance conditions, Eqn. 2.17 and Eqn. 2.18, respectively.

where λ+,0 = r exp(γ0L+ iφo). For a high gain OPA, where γ0L ≥ 1, Eqn. 2.14 becomes

λ+(`,Ω) ≈ λ+,0 cos

(
π`+

(
φ′′c +

k′′ωL

γ0L

)
Ω2/2

)
. (2.18)

Eqns. 2.14-2.18 contain the main results of this section, which can be used to determine the

OPO operation regime and bandwidth. The operating regime is determined by the number of global

maxima for a given ` in equations 2.17 and 2.18. For a low gain OPO, nondegenerate operation occurs

when sgn(`) = −sgn(φ′′c +k′′ωL), which results in two local maxima around Ω2 = −2π`/(φ′′c +k′′ωL). A

similar condition exists for a high gain OPO, where the phase-matching bandwidth of the nonlinear

crystal is now modified due to gain narrowing, k′′ω → k′′ω/(γ0L). The gain of the OPO as determined

by the eigenvalue λ+(`,Ω) is plotted in Fig. 2.6, as a function of cavity detuning and optical

frequency. The dotted white lines denote the signal frequency derived from equations 2.17 and 2.18,

which show strong agreement with the local maxima determined numerically. Degenerate operation

is favored for cavity lengths where the gain around Ω = 0 exceeds that of the signal and idler

frequencies denoted by the white lines. We note here that the effect of the odd dispersion orders of

the cavity is to give an opposite rotation to the signal and idler phases on every round trip, which

renders their carrier-envelope-offset frequencies a function of cavity length detuning. When the gain

favors splitting off into a signal/idler with carrier frequencies given by ±Ωmax, the signal and idler

comb acquire a phase shift on each round trip that offsets their combs lines from the degenerate

comb by a frequency splitting ∆± = ±φo(`,Ωmax)fR/(2π).



CHAPTER 2. SYNCHRONOUSLY PUMPED OPTICAL PARAMETRIC OSCILLATORS 39

Figure 2.7: 3-dB bandwidth of λ+(0) as a function of unsaturated OPA gain for the three cavity de-
signs described in the text. Half-compensated cavities with φ′′c = −φ′′x/2 achieve the most bandwidth
for 1 < γ0L < 4.

Eqns. 2.14 - 2.16 also determine the possible bandwidth that the OPO can generate. In the

center of each resonance, ` ∈ Z, Eqn. 2.14 can be approximated to lowest order in Ω as

λ+(`,Ω) = reγ0L

(
1−

(
Ω2

2

)2
(φ′′c + φ′′x)2 + φ′′2c [γ0Lcoth(γ0L)− 1]

2γ0L

)
. (2.19)

This suggests three useful heuristics for the design of the intracavity dispersion. In the limit of

low gain, where γ0L � 1, a dispersion-compensated cavity with φ′′c = −φ′′x gives unlimited phase-

matching bandwidth. This suppresses the effects of dispersion in a high finesse cavity operating

near threshold, but results in a bandwidth that decreases with increasing gain. For moderate to

high gain OPOs, where γ0L > 1, a half-compensated cavity with φ′′c = − 1
2φ
′′
x results in broadband

gain that is invariant for increasing γ0L. Finally, for extraordinarily high gain OPOs (γ0L > 5)

the bandwidth increases monotonically with increasing γ0L when φ′′c = 0. The 3-dB bandwidth

of λ+(`,Ω) is plotted in Fig. 2.7 for each of the three cavity designs considered here. Dispersion

compensated cavities achieve the most bandwidth for γ0L ≤ 1, half-compensated cavities achieve

the most bandwidth when 1 ≤ γ0L ≤ 4, and uncompensated cavities achieve the most bandwidth

for γ0L > 4. The OPOs we study experimentally in Sec. 2.3 correspond to 1 ≤ γ0L ≤ 3, and employ

half-compensated cavities.

We close this section by noting that the range of Ω that satisfies λ+(`,Ω) > 1 constrains the

possible bandwidth that an OPO may generate. In practice, this criterion alone is not sufficient to

determine the bandwidth generated by OPOs. For example, all of the cases considered here suggest

that OPOs produce more bandwidth with increasing times above threshold, but in practice many

OPOs produce less bandwidth as they are driven further above threshold. To better understand
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these behaviors we need to model pulse formation mechanisms in OPOs.

2.2 Pulse Formation in OPOs

The pulses formed during steady state operation in an OPO occur as a balance between competing

effects such as gain clipping, dispersion, saturation, and asynchronization. In steady state, the

pulse circulating in the cavity must reproduce itself on every round trip of the cavity Am+1
s (0, t) =

Ams (0, t) = rAms (L, t), where 0 and L refer to the input and output of the nonlinear crystal. Our

task is to find the pulse profile As(0, t) such that the equations for steady state and the coupled

wave equations in the OPA crystal are satisfied. In this section, we consider the theory of pulse

formation in two experimentally relevant regimes: box pulses and simultons. Box pulses are the most

common operating regime in OPOs and form due to balance between saturation and gain clipping.

Simultons represent a recently discovered operating regime in OPOs, and form due to a balance

between asychronization and saturation. We will see that these two regimes exhibit rather different

scaling laws, with box pulses losing bandwidth as the pump power increases, whereas simultons

achieve more bandwidth with increasing pump power.

2.2.1 Box Pulse Theory

This section considers the most common example of pulse formation, which occurs as a balance

between gain clipping and saturation. The pulses that form in this limit are typically flat-top in

profile, and accordingly this model is called the box pulse theory[59]. This section will yield a

number of insights about common OPO behaviors, including the typical shape of the output optical

spectrum as a function of cavity length detuning. Most importantly, we will find that when an OPO

operates in the box pulse regime the bandwidth output from the OPO decreases with increasing

pump power.

The process used here is as follows. First, we assume gain without distortion As(z, t) =

exp(γavz)Ās(z, t), such that Ās is slowly varying in z and r exp(γavL) = 1. Then, we use the gain-

without-distortion ansatz to solve the coupled wave equation for the second harmonic, accounting

for both saturation and temporal walk-off. This solution is then used in the coupled wave equation

for the fundamental to generate a system of linear equations that can be solved for the steady-state

pulse shape Ās(z, t).

We begin by solving Eqn. 2.7b from Sec. 2.1.3 to account for pump depletion. Using the method

of characteristics, we find

Ap(z, t) = Ap(0, t−∆k′z)− κ
∫ z

0

A2
s(z
′, t+ ∆k′(z − z′))dz′. (2.20)

We now invoke the gain-without-distortion ansatz to relate the signal at z′ to the signal at z,



CHAPTER 2. SYNCHRONOUSLY PUMPED OPTICAL PARAMETRIC OSCILLATORS 41

Figure 2.8: Pulse formation in an OPO with competition between saturation and gain clipping as
the dominant pulse formation mechanisms. a) Pulse shape Ā2

s(t, p) according to Eqn. 2.26, and b)
the power spectral density for various times above threshold. For the plots shown here R = 35%,
and Tp = 1 ps. We note that the pulse duration grows larger and loses bandwidth with increasing
times above threshold, p, defined in the text above Eqn. 2.27.

As(z
′, t) = exp (γav(z′ − z))As(z, t), and make the change of variables t′ = t+ ∆k′(z − z′) to find

Ap(z, t) = Ap(0, t−∆k′z)− κ

∆k′

∫ t

t−∆k′z

exp
( γav

∆k′
(t′ − t)

)
A2
s(z, t

′)dt′. (2.21)

We can often take the lower bound of the integral in Eqn. 2.21 to be −∞ since the integrand decays

rapidly as t′ → −∞. Substituting Eqn. 2.21 into Eqn. 2.7a for the fundamental, and assuming

As(z, t) is real yields

∂zAs(z, t) = κAs

[
Ap(0, t−∆k′z)− κ

∆k′

∫ t

−∞
exp

( γav

∆k′
(t′ − t)

)
A2
s(z, t

′)dt′
]
. (2.22)

We note here that for a flat-top pump, the signal experiences gain when ∆k′z is smaller than

the pulse duration of the pump TP . When ∆k′z > Tp, the signal begins to experience loss due to

back-conversion. For these reasons, we typically choose ∆kL = Tp for a flat-top and ∆k′L ∼ 2τ -3τ

for a sech-pulse. Assuming the gain-without-distortion ansatz, As(z, t) = exp(γavz)Ās, we find

∂zĀs(z, t)

Ās(z, t)
= κAp(0, t−∆k′z)− γav −

κ2 exp(2γavz)

∆k′

∫ t

−∞
exp

( γav

∆k′
(t′ − t)

)
Ā2
s(z, t

′)dt′. (2.23)

Integrating both sides with respect to z and approximating Ās(z, t
′) ≈ Ās(0, t

′) = Ās(t
′) on the
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right hand side yields

Ās(t) = Ās(t) exp

[
F (L, t)− C

∫ t

−∞
exp

( γav

∆k′
(t′ − t)

)
Ā2
s(z, t

′)dt′
]
, (2.24)

where F (L, t) = Γ(L, t) − γavL is the gain clipping function minus the saturated gain, and we

introduce C = κ2 (exp(2γavL)− 1) /(2γav∆k′) to make Eqn. 2.24 more readable. There are two

ways for Eqn. 2.24 to be satisfied for a given value of t. If F (L, t) < 0 or ∂tF (L, t) < 0, then there

is no way to set the argument of the exponent to zero since the integral on the right hand side of

Eqn. 2.24 is both positive and increasing. In this case, Ās(t) = 0. If F (L, t) > 0 and ∂tF (L, t) > 0,

then we may set both the argument of the exponential and its time derivative to zero to generate a

system of linear equations for A2
s(t),

0 = F (L, t)− C exp

(
−γavt

∆k′

)∫ t

−∞
exp

(
γavt

′

∆k′

)
Ā2
s(z, t

′)dt′, (2.25a)

CĀ2
s(z, t) = ∂tF (L, t) +

Cγav

∆k′
exp

(
−γavt

∆k′

)∫ t

−∞
exp

(
γavt

′

∆k′

)
Ā2
s(z, t

′)dt′, (2.25b)

Solving Eqns. 2.25a-2.25b yields

Ā2
s(t) =

2γ2
av

κ2(exp(2γavL)− 1)

[
F (L, t) +

∆k′

γav
∂tF (L, t)

]
. (2.26)

Eqn. 2.26 is the main result of this section, which allows for the calculation of Ās(t) in the limit

where saturation and gain clipping are the dominant pulse shaping mechanisms.

As an example, we now consider an OPO driven by flat-top pulses with Tp = ∆k′L, such that

Γ(L, t) = κL(1 − |t|/Tp)A2ω,0. In this case, when Ā(z, t) is nonzero we have F (L, t) = κL(1 −
|t|/Tp)A2ω,0 − γavL and ∆k′∂tF (L, t)/γav = κA2ω,0/γav. If we define κA2ω,0 = pγav, where p2 = M

is the usual times above threshold for a CW OPO with pump power equal to the peak power of the

pump pulse and a field loss coefficient equal to γav, then

Ā2
s(t) =

2γ2
av

κ2(exp(2γavL)− 1)

[
p+ γavL

(
(p− 1)− p |t|

Tp

)]
, (2.27)

for −Tp(1− p−1) < t < 0, and Ās(t) = 0 otherwise. In terms of γavL = −ln(r),

Ā2
s(t) =

2r2ln2(r)

(κL)2(1− r2)

[
p− ln(r)

(
(p− 1)− p |t|

Tp

)]
. (2.28)

Eqn. 2.28 is shown in Fig. 2.8(a) for varying p. The power spectral density associated with each

pulse is shown in Fig. 2.8(b). As the OPO is driven further above threshold, the range of t that is

above threshold increases, resulting in longer pulses with less bandwidth.
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Figure 2.9: The role of cavity length detuning in pulse formation. a) Pulse shape Ā2
s(t, `), and

b) the power spectral density for various cavity length detunings. The plots shown have the same
parameters as Fig. 2.9, but with the times above threshold fixed at p = 1.5, and with a crystal and
cavity group delay dispersion of k′′ωL = −53 fs2 and φ′′c = 25 fs2, respectively. For ` > 0, the OPO
transitions to nondegenerate operation. We note here that the pump pulse duration of 1 ps was
chosen to produce a small bandwidth, such that the frequency splitting for ` > 0 is easily visualized.

We may also consider pulse formation in a detuned cavity simply by modifying the gain ac-

cording to Eqn. 2.17, in which case F (L, T ) appearing in Eqns. 2.25a-2.25b becomes F (L, T ) =

κLA2ω,0

(
cos
(
π`+ (φ′′c + k′′ωL)Ω2/2

)
− |t|/Tp

)
− γavL, and Ās,Ω(t) = Ās(t) cos(Ωt). The results are

plotted in Fig. 2.9 as a function of ` for p = 1.5. As the cavity length detuning crosses ` = 0,

the OPO transitions from degenerate to non-degenerate operation, resulting in a bimodal spectrum.

While we have used a 1 ps pump pulse in these calculations to exaggerate the features of a box

pulse, the behaviors seen here are general of any OPO operating in the box pulse regime.

2.2.2 Temporal simultons in Optical Parametric Oscillators

When gain clipping and dispersion are negligible, the dominant pulse formation mechanisms are

due to asynchronization and gain saturation. In this limit, where an OPO is intentionally operated

with a timing mismatch, steady state may occur when the fundamental and second harmonic form

temporal simultons, i.e. coupled bright-dark signal-pump solitons. Remarkably, OPOs operating in

the simulton regime achieve higher conversion efficiencies and more bandwidth than similar OPOs

operating in the box pulse regime. This runs contrary to the conventional wisdom that OPOs

achieve the highest conversion efficiencies and broadest bandwidths when perfectly synchronized.

We treat simulton formation in three steps. First, we derive the steady state simulton, which is

a co-propagating bright-dark soliton that forms in saturated OPAs. We will see that temporal

simultons propagate with larger group velocities than either the pump or the signal in the absence
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Figure 2.10: A temporal simulton. The bright sech soliton (blue) at frequency ω walks through the
undepleted 2ω pump (green). The signal depletes the pump, forming a co-propagating tanh dark
soliton, and leaving behind a tail of phase-flipped pump. We note here that the signal walks off to
the left, since higher velocities correspond to moving earlier in time.

of gain saturation. Then, we generalize this solution to allow for gain and loss. Finally, we formulate

steady state as a double balance: the saturated gain equals the intracavity loss, and the total group

advance accumulated by the simulton cancels the timing mismatch between the pump and the cavity.

In the absence of loss temporal simultons are simultaneous bright-dark solitons of the signal at

ω and the pump at 2ω, which occur in a degenerate traveling wave OPA due to group velocity

mismatch and gain saturation[63, 64]. As with Sec. 2.1.3, we consider coupled wave equations for

phase-matched OPA, neglecting dispersion beyond first order

∂zAω(z, t) = κA2ωA
∗
ω, (2.29a)

∂zA2ω(z, t) = −∆k′∂tA2ω − κA2
ω, (2.29b)

where we have again shifted the time coordinate to be co-moving with the group velocity of the

signal wave, and include a π/2 phase in the pump envelope to make the equations of motion and

their solutions real. We may find the simulton solution by assuming a solitary wave with inverse

group velocity ν, such that Aω(z, t) = Aω(t+ νz) and A2ω(z, t) = A2ω(t+ νz). This ansatz yields a

system of equations with the same form as the CW coupled wave equations for SHG,

ν∂tAω(t) = κA2ωA
∗
ω, (2.30a)

(ν + ∆k′)∂tA2ω(t) = −κA2
ω. (2.30b)

The simulton solution of a traveling wave OPA is given by [63, 64]

Aω(z, t) =
a√
2τ

sech

(
t− T
τ

)
, (2.31a)

A2ω(z, t) = −A2ω,0 tanh

(
t− T
τ

)
, (2.31b)

where a2 = 2(∆k′ + γ0τ)γ0/κ
2 is the signal pulse energy, τ is the pulse duration, T = −γ0τz

represents a time shift in the signal pulse relative to linear propagation due to gain saturation, and
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Figure 2.11: Evolution of pump and signal fields in an OPA from the linear to the simulton regimes.
a) In the unsaturated regime, the signal initially experiences linear parametric gain. b) Upon
reaching the simulton energy, the signal saturates the pump and the pair form a simulton. c) The
simulton propagates without extracting any additional gain, but accumulates a total group advance
∆T due to the increased group velocity of a simulton. Dotted line: the evolution of the signal field
undergoing linear temporal walkoff.

γ0 = κA2ω,0 is the small-signal gain coefficient. Simultons occur when the leading edge of a bright

sech2 signal pulse depletes a quasi-continuous wave pump, and the trailing edge converts back to

the pump frequency through second harmonic generation with a π phase relative to the undepleted

pump (Fig. 2.10). The pump forms a tanh2 dark soliton coupled to the bright sech2 signal pulse,

and the pair co-propagate with an intensity-dependent velocity that exceeds that of either wave,

ν ≡ v−1
g,sim = v−1

g,ω − γ0τ .

We now generalize this solution to include gain and loss using the manifold projection method

described in [59]. First, we assume Asim(z, t) is described by Eqn. 2.31a, where a(z), T (z), and τ(z)

are now allowed to evolve during propagation. We follow the same assumptions as the gain clipped

case to account for saturation. Starting from Eqn. 2.21,

∂zAω(z, t) = κA2ω(0, t−∆k′z)Aω(z, t)− κ2

∆k′
Aω(z, t)

∫ t

−∞
A2
ω(z, t′)dt′, (2.32)

we may substitute our ansatz for Aω(z, t) and assume small gain per walk-off. We also approximate

the pump envelope as a constant that yields the same gain per walk-off as the peak of the gain

clipping function, A2ω(z, t) = Γ(L, 0)/κL, with the definition of Γ(L, 0) from Eqn. 2.10. In this

case, the coupled wave equations reduce to

∂zAω(z, t) = κA2ω,0
a(z)√
2τ(z)

sech

(
t− T (z)

τ(z)

)
− κ2a3(z)

2∆k′
√

2τ(z)

(
tanh

(
t− T (z)

τ(z)

)
− 1

)
. (2.33)

We define f(z, t) = ∂zAω(z, t) from Eqn. 2.33 for notational clarity. To obtain the evolution of the

parameters a(z), τ(z), and T (z), we need to find ∂za, ∂zT , and ∂zτ that minimize the error function,∫
|f(z, t)− dzAsim|2dt, where the total derivative of our ansatz with respect to z is given by

dzAsim(z, t) = ∂aAsim∂za+ ∂TAsim∂zT + ∂τAsim∂zτ. (2.34)

We may find equations for ∂zξ, where ξ ∈ {a, T, τ}, by approximating ∂zAsim in Eqn. 2.34 as f(z, t),
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multiplying by ∂ξAsim, and integrating with respect to time to generate a system of equations for

∂za, ∂zT , and ∂zτ . The derivatives of Asim with respect to the parameters a, T , and τ are orthogonal

to one another given the inner product defined above, which leads us to the projection rules

∂zξ =

∫
f(z, t)∂ξAsim(z, t)dt∫

∂ξAsim(z, t)∂ξAsim(z, t)dt
. (2.35)

Using Eqn. 2.33 with Eqn. 2.35 results in the evolution of a, T , and τ

∂za = γ0a

[
1− a2

a2
sim

]
, (2.36a)

∂zT = −γ0τ
a2

a2
sim

, (2.36b)

∂zτ = 0, (2.36c)

where a2
sim = 2∆k′γ0/κ

2 is the simulton energy. Eqns. 2.36a-2.36c can be understood in two limits.

When a � asim we recover the evolution of a degenerate OPA with an undepleted pump. The

signal is amplified as a(z) = a(0)eγ0z, and propagates with a linear group velocity, i.e. ∂zT = 0.

When a = asim we recover the simulton solution given by Eqns. 2.31a-2.31b. In the limit of the

approximations made here, the simulton solution is a stable attractor. If a sech signal pulse is seeded

into a degenerate OPA such that a > asim, it will transfer energy to the pump through SHG until the

simulton solution is reached. Eqns. 2.36a-2.36b can be solved for the full evolution of a dissipative

simulton, resulting in:

a(z) =
a(0)eγ0z√

1 + a2(0)
a2sim

(e2γ0z − 1)
, (2.37a)

∆T (z) = τ ln

(
a(0)eγ0z

a(z)

)
. (2.37b)

∆T (z) = T (z)−T (0) is the shift in group delay accumulated due to nonlinear acceleration in a single

pass through the OPA crystal. A schematic of simulton formation is illustrated in Fig. 2.11, showing

the evolution of the pump and signal fields in an OPA from the linear to the simulton regimes. The

signal is seen to undergo linear temporal walkoff due to group velocity mismatch and extract gain

until the pump is depleted. Once depleted, the pump forms a co-propagating dark soliton, and the

pair propagates at the simulton velocity.

Fig. 2.12 shows the dynamics of a simulton OPO. On each round trip, a new pump pulse enters

the cavity through the input coupler, M1, and the signal accumulates a small group delay ∆TRT

(Fig. 2.12(a)), due to the timing mismatch. After passing through the PPLN crystal, the signal

is amplified, and accumulates a simulton group advance ∆T (Fig. 2.12(b)). The signal is partially

out-coupled through M4, with a fraction R of the power returning to M1. Simulton formation
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Figure 2.12: Simulton formation in a synchronously pumped OPO cavity. (a-b) Displacement of
intracavity signal relative to a perfectly synchronous half-harmonic pulse undergoing linear propa-
gation (dotted lines) (a) After M1 the signal acquires a small delay, ∆TRT, relative to the incoupled
pump due to the timing mismatch. (b) After optical parametric amplification the signal acquires
a nonlinear shift in group delay ∆T due to simulton formation, which compensates the timing
mismatch ∆TRT.

in an OPO is a double balance of energy and timing in which the gain extracted over an OPA

crystal of length L balances the cavity loss, a2(0) = Ra2(L), and the simulton acceleration balances

the timing mismatch, ∆T (L) = ∆TRT . When the timing condition is satisfied, the signal becomes

synchronous with the pump and forms a half-harmonic pulse which inherits both its carrier-envelope

offset frequency and comb spacing from the pump. The equations for steady state, with Eqs.(2.37a-

2.37b) determine the simulton pulsewidth:

τ =
2∆TRT

2γ0L+ ln(R)
. (2.38)

The pulsewidth of a simulton OPO is seen to shrink with increasing pump power, in contrast

to the box pulse scaling developed in [59]. For positive detunings (∆TRT > 0), the simulton group

advance allows for the formation of half-harmonic pulses which are synchronous with the pump at

multiple cavity lengths. Negatively detuned (∆TRT < 0) simultons cannot form when ∆k′ > 0 since

pump depletion only provides a group advance for the signal pulse. Instead, the OPO operates in

a non-degenerate regime analyzed in [59]. The timing mismatch is thus a critical design parameter

which determines both the mode of operation and the bandwidth of the OPO.

The theoretical treatment of box pulses and simultons presented throughout this section is suf-

ficient for many synchronously pumped OPOs. We summarize the main insights from this analysis

here: i) threshold is given by the condition 2Γ(L, 0) > (ln(1/R))2, where the gain clipping function

Γ is defined in Eqn. 2.8. For flat-top pulses, this condition reduces to 2κA2ω,0L > (ln(1/R))2, where
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Figure 2.13: Design of the synchronously pumped OPOs used throughout this chapter[27, 60]. Pump
pulses are in-coupled through M1, and the generated signal is out-coupled through M4. Mirrors M2
and M3 focus the pump and resonant signal into the PPLN crystal resulting in 1/e2 beam-waists
of 10-µm and 14-µm, respectively. Cavity length adjustments are made by mounting M1 on a piezo
stage.

A2ω,0 is the peak field of the pump pulse. The peak gain is slightly reduced for sech pulses. ii) OPOs

exhibit a transition from degenerate to non-degenerate operation, which depends on the relative sign

of cavity length detuning and k′′ω, as discussed in Sec. 2.1.4. iii) When an OPO achieves degenerate

operation, the generated signal comb is frequency locked to the pump comb, fceo,s = fceo,p/2. iv)

In steady state, degenerate OPOs form pulses due to an interplay of competing mechanisms. In the

case where gain clipping and saturation are the dominant pulse formation mechanisms, we expect

the generated bandwidth to decrease with increasing pump power (Sec. 2.2.1). In the limit where

timing-mismatch and saturation are the dominant pulse formation mechanisms, we expect degener-

ate OPOs to achieve simulton operation for peaks where ∆TRT(`) > 0. In this limit, the generated

bandwidth increases with increasing pump power (Sec. 2.2.2).

2.3 OPO Design and Experiment

Having established the key properties of OPOs, we now study these effects experimentally. We begin

this section by discussing the design of the OPOs studied throughout the remainder of this chapter.

Then, we characterize the OPO behavior in terms of threshold, conversion efficiency, and generated

power spectral density. We will see that synchronization plays a key role in the OPO under study.

The synchronous (` = 0) peak exhibit behaviors that agree well with the box-pulse theory of Sec.

2.2.1. The asynchronous peaks exhibits qualitatively different spectral features and scaling laws,

which agree well with the simulton theory of Sec. 2.2.2.
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2.3.1 OPO Design

A schematic of the OPO used here is shown in Fig. 2.13. The OPO cavity consists of a bowtie

resonator with a tunable round-trip delay around ∼4 ns. Cavity length adjustments are made by

mounting the input coupler (M1) on a piezo stage (Newport NPM140). The cavity is pumped by

∼70 fs FWHM sech pulses at 250 MHz produced by 1045 nm modelocked Yb-fiber laser (Menlo

Systems Orange A) with an average power of up to 950 mW. OPA occurs in a 1-mm-long Brewster-

cut MgO-doped PPLN crystal placed at the focus between M2 and M3. The PPLN crystal has a

poling period of 31.8 µm to phase-match degenerate OPA of a signal at 2090 nm. The length is

chosen heuristically to achieve a balance between threshold, efficiency, and bandwidth, with long

crystals exhibiting lower threshold, less OPA bandwidth, and nonlinear loss due to saturation when

∆k′L � τ . A 1-mm-long PPLN crystal corresponds to a temporal walk-off of ∆k′L = 100 fs

(∆k′L = 2.5τ), and a group delay dispersion (GDD) of k′′ωL = −50 fs2.

Figure 2.14: (Solid Line) The net reflection coefficient of the passive cavity optics and (Dotted Line)
the associated group delay dispersion.

The cavity is designed to only resonate the signal, and comprises four mirrors (M1-M4). The

input coupler is a dielectric mirror coated for high transmission (T > 96%) around the 1040 nm

pump and high reflectivity (R > 99%) for signal wavelengths from 1758 nm to 2315 nm. Two

concave gold mirrors (M2, M3) with R > 98% and a radius of curvature of 38 mm focus the pump

and signal to a 1/e2 beam radius of 10 µm and 14 µm respectively. The output coupler (M4) is

a dielectric mirror coated for broadband transmission (T = 65%) from 1400 nm to 2600 nm. Fig.

2.14(solid line) shows the net reflection coefficient of the dielectric mirrors, which is well described

by a constant (R(Ω) = 35%) from 1758 nm to 2315 nm. The net GDD of the dielectric mirrors is

shown in Fig. 2.14 (dotted line), and the net phase deviation of the cavity is well approximated

by ∆φ(Ω) = −
∑5
m=2

φm
m! Ωm, where the φm are given in Table 2.1. The mirror GDD of 25 fs2

half-compensates the GDD of the OPA. Given the low cavity finesse and high OPA gain, this
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Table 2.1: Phase deviations due to higher order dispersion of the cavity mirrors
φ2 φ3 φ4 φ5

25 fs2 76 fs3 -13,000 fs4 983,000 fs5

Figure 2.15: a) The 1/e2 beam radius in the nonlinear crystal as a function of mirror separation
and angle. Each angle is offset for clarity, and the cavity achieves a symmetric Gaussian beam for
θ = 5o. Blue: sagittal, orange: transverse. b) The beam waist associated with the fundamental and
second harmonic as a function of mirror separation for a 5o angle of incidence.

combination corresponds to noncritical operation where the OPO bandwidth given by Eqn. 2.14 is

a weak function of the parametric gain.

We now consider the layout of the bowtie resonator. The cavity is subject to several constraints:

i) the full optical path length of the cavity must correspond to a round-trip time of 4-ns to achieve

synchronouos pumping, ii) the separation of M2 and M3 is chosen to minimize the sensitivity of the

signal waist with respect to mirror alignment, iii) the radius of curvature for M2 and M3 is chosen

to achieve near-confocal focusing in the nonlinear crystal, L ∼ 2zR, and iv) the angle of incidence

on the mirrors is chosen to compensate for astigmatism caused by the Brewster-cut PPLN crystal.

The ABCD matrix for the cavity, with the reference point chosen in the middle of the nonlinear

crystal, is given by

M = ML(Lx/2)ML(Lsep/2)MR(Reff)ML(LF)MR(Reff)ML(Lsep/2)ML(Lx/2), (2.39)

where the propagation and reflection matrices, respectively, are given by

ML(L) =

[
1 L

0 1

]
MR(R) =

[
1 0

−2/R 1

]
. (2.40)

Each of the parameters input to the matrices varies depending on whether we consider the sagittal
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or transverse plane, due to astigmatisms. For the transverse plane, a Brewster-cut crystal has an

effective length given by Lx,t = L
√
n2 + 1/n2, whereas the effective length is Lx,s = L

√
n2 + 1/n4

for the sagittal plane. Similarly, when considering reflections from a curved mirror, the effective

radius of curvature is given by Reff,t = R cos(θ) in the transverse plane, and Reff,s = Rsec(θ) in the

sagittal plane. Lsep is the separation between the curved mirrors, and the length of the feedback

section needed to achieve synchronous pumping is given by LF = c/fR − Lsep − Lx,t.

The beam waist (1/e2 radius) in the transverse and sagittal plane is plotted as a function of

mirror separation and mirror angle for OPO under study here (Fig. 2.15(a)). Each angle is offset for

clarity. For an angle of 5o the intracavity astigmatisms cancel, resulting in a symmetric Gaussian

beam. Fig. 2.15(b) shows the beam waist of the fundamental and second harmonic as a function

of mirror separation for a 5o angle of incidence. For a separation of 50.1 mm, the beam waists

associated with the fundamental and second harmonic achieve local maxima of 14.6-µm and 10.3-

µm, respectively. We operate the cavity near these parameters to reduce the sensitivity of the cavity

modes to small misalignments of the mirrors.

In an experimental setting we choose to operate the OPO in one of two modes; swept and locked.

Swept operation corresponds to the case where one of the mirrors of the OPO is continuously swept

over a wide range of cavity lengths. For an NPM140 piezo stage, we use a 10-Hz 150-V peak-

to-peak triangle wave to linearly sweep the length of the cavity ±70 µm. This mode is useful for

finding the cavity length that achieves perfect synchronization, tuning of the alignment of the cavity,

and measuring the relative conversion efficiency of each of the OPO resonances. Locked operation

corresponds to the case where the cavity length is actively locked on a resonance using a dither-

and-lock scheme, where a small (∼ 1 mV peak-to-peak) sine-wave is used to dither one of the piezo

stages at frequency ωmod. This produces a small amplitude modulation of the output power, Pout,

proportional to ∂`Pout cos(ωmodt). We detect the amplitude of this modulation, ∂`Pout, using lock-in

detection. The output of the lock-in amplifier is then phase-flipped and fed back onto one of the

piezo stages of the cavity, which locks the cavity length such that the output power is at a local

maximum, ∂`Pout = 0. In short, dither locking corresponds to feedback control of ∂`Pout with a PI-

controller, where the open-loop gain and open-loop pole are determined by the sensitivity and time

constant of the lock-in amplifier. Once the OPO cavity length is locked, this mode of operation is

used to characterize the beam quality, the conversion efficiency, and both the power spectral density

and the coherence properties associated with the pulses generated by the OPO.

2.3.2 Experimental Results

We now study the behavior of an OPO as the timing mismatch is varied around perfect synchro-

nization with the pump by sweeping the length of the feedback section of the cavity. The OPO is

only resonant for the signal and oscillates around cavity lengths where the signal acquires a phase

shift of 0 or π relative to the pump on each round trip, leading to a discrete set of resonances whose
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Figure 2.16: a) The conversion efficiency as a function of cavity length detuning for 550 mW of pump
power. Each peak is labeled with ` relative to the peak with lowest threshold. b) The conversion
efficiency of each peak as a function of pump power. Peaks with ` = 1 and ` = 2 exhibit larger
slope efficiencies and overall conversion efficiencies than the synchronous resonance. c) The power
spectral density as a function of cavity length detuning. The synchronous resonance exhibits box-
pulse behavior and transitions from degenerate to non-degenerate operation as the cavity is detuned
through ` = 0. Resonances with ` > 0 only exhibit degenerate operation.

behavior depends strongly on the timing mismatch.

The conversion efficiency is shown as a function of cavity length detuning in Fig. 2.16(a), with

each peak labeled by the corresponding `. We assume ` = 0 corresponds to the lowest threshold

resonance observed in the cavity, and use this as a reference point. We determine which peaks

correspond to ` < 0 by comparing the piezo voltages of these peaks against ` = 0, with voltages

that result in a shorter cavity corresponding with increasingly negative `. Fig. 2.16(b) shows the

conversion efficiency as a function of pump power for each resonance. The synchronous resonance

(` = 0) exhibits the lowest threshold, 175 mW, a slope efficiency of 158%, and a peak conversion

efficiency of 46%. The “short cavity” resonances, where ` < 0, are shown in grey with thresholds

increasing monotonically with increasing |`|. Each of the short cavity resonances have similar slope

efficiencies (∼ 40%), and achieve lower net conversion efficiencies than the synchronous resonance.

The “long cavity” resonances, where ` > 0, are shown in blue, and exhibit irregularly spaced

thresholds as ∆TRT becomes increasingly positive. These resonances have measured slope efficiencies

as high as 570%, with peak efficiencies of 55%. This asymmetry, in terms of threshold, slope efficiency,

and peak efficiency, suggests that opposite signs of ` correspond to distinct operating regimes, and

confirms that the behavior of the OPO is extremely sensitive to the timing mismatch.

To better characterize these operating regimes in terms of the pulse formation mechanisms stud-

ied in Sec. 2.2, we consider the power spectral density output from the OPO as a function of cavity

length detuning in Fig. 2.16(c). The synchronous peak exhibits behavior qualitatively similar to

that predicted by the box pulse theory considered in Sec. 2.2.1. Half of the resonance (` < 0) ex-

hibits degenerate operation, with the spectrum peaked around Ω = 0. This resonance transitions to

non-degenerate operation, with a multi-peaked spectrum, for ` > 0. The transition from degenerate
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Figure 2.17: Power spectra recorded as a function of pump power for a) peak 0 and b) peak +1. Each
curve is labeled with the corresponding pump power used in the experiment, with arrows denoting
the 3dB bandwidth. c) The scaling with pump power of the transform limited pulsewidth (3 dB)
for peaks 0-2, computed from spectra such as those shown in a-b. For large powers, peak 0 shows
an increase in pulsewidth in accordance with Eqn. 2.28, while peaks +1 and +2 show a monotonic
decrease in pulsewidth, in accordance with Eqn. 2.38.

to non-degenerate operation is not observed within the other resonances. Instead, short cavity res-

onances only exhibit non-degenerate operation, and long cavity resonances only exhibit degenerate

operation.

We may further characterize these operating regimes by considering how the bandwidth output

from the OPO scales with increasing pump power. The synchronous peak exhibits a spectrum

that loses bandwidth with increasing power (Fig. 2.17(a,c)), in accordance with box-pulse scaling.

The long cavity resonances, labeled Peak +1 and +2 in Fig. 2(a), exhibit sech2 spectra which

monotonically increase in bandwidth as the pump power is increased (Fig. 2(b,d)) in accordance with

the simulton scaling, Eqn. (2.38). The spectra deviate from the exponential tails of a sech2 spectrum

beyond±10 THz due to atmospheric absorption around 1850 nm. Peak +1 achieves a 3dB bandwidth

as high as 240 nm, which can support pulses as short as 19 fs. When the cavity is negatively

detuned (∆TRT < 0) the OPO transitions to non-degenerate operation and the spectra split into

a distinguishable signal and idler (Fig. 2(e)). We therefore identify three regimes of operation

associated with the timing mismatch: synchronous (∆TRT = 0), non-degenerate (∆TRT < 0), and

simulton (∆TRT > 0). We note here that while none of the models introduced in Sec. 2.2 are well

suited for describing the nondegenerate resonances observed for ` < 0, we may gain some insight

from the simulton theory. Simulton formation, which is consistent with the behavior of the OPO

for ` > 0, suggests that the dominant pulse formation mechanisms for |`| ≥ 1 are gain saturation

and timing mismatch. For ` < 0 these mechanisms cannot balance each other and no self-consistent

half-harmonic pulse can form in the cavity. This suggests that resonances with ` < 0 are purely

nondegenerate, as observed here.
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Figure 2.18: Carrier-envelope-offset detection of the pump comb and OPO. a,b) The overlap of
the pump SCG with the parasitic SFG at 700 nm and with the OPO spectrum around 1600-nm,
respectively. c) The resulting fceo beatnotes, f2µm

0 and f2µm
0 −f1µm

0 . d) f2µm
0 as a function of f1µm

0 ,
showing that a degenerate OPO achieves intrinsic frequency locking. Adapted from [27].

Having experimentally characterized the regimes of operation present in the OPO, we now study

the coherence properties of a degenerate (` > 0) resonance by measuring fceo. We extend the spec-

trum of the 1 µm pump laser by performing supercontinuum generation in a tapered photonic crystal

fiber and measure the fceo of both the pump and the OPO using two heterodyne measurements.

First, we interfere the pump supercontinuum with the parasitic SFG of the 2-µm OPO with the

1-µm pump, which produces a signal around 700 nm (Fig. 2.18(a)). The parasitic SFG has an

fceo = f2µm
0 + f1µm

0 , and therefore interferes with the pump supercontinuum to produce a beatnote

at f2µm
0 . Second, we interfere the pump supercontinuum with the tail of the OPO around 1600 nm

(Fig. 2.18(b)). The interference of the OPO with the pump supercontinuum produces beatnotes at

f2µm
0 − f1µm

0 (Fig 2.18(c)). Then, using these two measurements, we may plot f2µm
0 as a function

of f1µm
0 as we vary the current used to drive the diode lasers pumping the modelocked laser. The

result is shown in Fig 2.18(d), which confirms that the OPO comb is frequency-locked to the pump

with f2µm
0 = (f1µm

0 + fR)/2.

The results shown here confirm that the operating regimes of the OPO are consistent with

the theoretical models introduced in Sec. 2.2, and that the degenerate resonances are intrinsically

phase-locked to the pump laser as discussed in Sec. 2.1.2. Furthermore, we have shown that

asynchronization is a resource that can improve the performance of an OPO. Resonances with ` > 0

operate in the simulton regime where they achieve larger conversion efficiencies than degenerate
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resonances, and exhibit large bandwidths that increase with increasing times above threshold.

2.4 Numerical Simulations

The previous sections established the steady-state operating regimes present in an OPO both in

theory and experiment. In this section, we study the dynamics associated with the three regimes

of operation observed in the experiment using numerical methods. This allows us to understand

how the OPO evolves from semi-classical vacuum noise to steady state, and better understand the

pulses that form in steady state without making assumptions about the dominant pulse formation

mechanisms.

The OPO is modeled as an OPA followed by a linear feedback loop. On each round trip, we solve

the full coupled wave equations using the split-step Fourier methods described in Ch. 1, including

dispersion to arbitrary order using the full Sellmeier form given in [65]. We model the feedback loop

as a linear filter for the signal:

A(n+1)
ω (0, t) = F−1{

√
R(Ω)e−iφ(Ω)F{A(n)

ω (L, t)}},

where Aω is the envelope of the signal pulse, 1− R is the round-trip power loss for the cavity, and

the phase φ(Ω) is measured relative to a half-harmonic signal perfectly synchronous with the pump

φ(Ω) = −φ0 − π`−∆TRT(`)Ω−∆φ(Ω).

φ0 represents an offset between the cavity resonances and the cavity length that synchronizes the

pump and signal, ∆φ(Ω) represents the quadratic and higher order dispersion of the cavity mirrors,

` is the resonance number, and the timing mismatch is ∆TRT(`) = 2π`/ωp.

The solid lines in Fig. 2.19(a) show the simulated conversion efficiency of the resonances in the

synchronous and simulton regimes, and are shown to be in good agreement with the experimental

thresholds and slope efficiencies. Deviations that occur at higher powers are likely due to radial

variations in pump depletion, which are not included in our heuristic model of gain-induced diffrac-

tion discussed in Sec. A.1. Figs 2.19(b-c) compare the experimental and simulated power spectral

density as a function of timing mismatch with parameters corresponding to the experiment. The

three regimes of operation indicated by the dashed boxes. The simulations show excellent agreement

with the experimental data in all three operating regimes.

Having shown agreement between the numerical model and experiment, we now use the model

to better understand the femtosecond pulse formation dynamics in the OPO. In general, observing

the buildup of a femtosecond pulse from noise is experimentally challenging, and these simulations

provide a powerful tool for understanding how the pulses formed in an OPO achieve stable oper-

ation. The evolution of the signal pulse is shown in Fig. 2.20(a-c) for each of the three regimes
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Figure 2.19: Comparison of simulation results to experiment. a) Simulated conversion efficiency
(solid color lines) compared to experimental data (filled circles). Grey circles denote non-degenerate
operation. b) Experimental and c) simulated power spectral density as a function of cavity length
detuning.

of operation. Each round trip is recorded at the output of the OPA and normalized to its peak

amplitude to visualize the pulse motion. The dotted white lines show the expected trajectory of a

linearly propagating half-harmonic signal pulse, which acquires a delay ∆TRT on every round trip. In

these figures, the time coordinates have been shifted such that a signal peaked at t = 0 corresponds

to a pulse walking symmetrically from the tail of the pump at ∆k′L/2 to the leading edge of the

pump −∆k′L/2. For a negatively detuned peak (Fig. 2.20(a)), the pulse envelope shows a 10 THz

modulation in time (vertical fringes), resulting from interference of a signal and idler split from

degeneracy by ±10 THz. The interference fringes are seen to shift on each round trip, correspond-

ing to a ±10 MHz offset of the signal and idler carrier-envelope-offset frequency fceo from that of a

half-harmonic signal (horizontal fringes). When the cavity length is tuned into synchronization (Fig.

2.20(b)), the signal builds up without any motion relative to the pump until the pump saturates,

shifting the signal forward in time until a new steady state is found on the leading edge of the pump.

The evolution for a positively detuned cavity is shown in Fig. 2.20(c). The signal initially tracks the

trajectory of a linearly propagating pulse, shifting towards the tail of the pump. Once the signal is

intense enough to deplete the pump, it accelerates, becoming faster than would be possible under

linear propagation, and thereby reaches a steady state, synchronous with the pump repetition rate.

The behavior exhibited by the long cavity resonances, namely a nonlinear acceleration of the

signal pulses, again confirms that the OPO dynamics in this regime correspond to simulton forma-

tion. Furthermore, the full numerical model facilitates an intuitive picture of the behavior of the

simulton peaks. The large thresholds and slope efficiencies of the simulton peaks are due to the

short pulse duration of the pump. When a� asim the signal pulse will accumulate many successive

group delays due to the timing mismatch, and experience a decrease in gain due to a reduction in the

temporal overlap with the pump as determined by the gain clipping function, Γ(L, t). Since simulton
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Figure 2.20: (a) Simulated evolution of the intracavity pulse intensity over many round trips for
∆TRT =-3.5 fs showing the interference of a distinct signal and idler. The dotted line denotes the
trajectory of a linearly propagating half-harmonic signal pulse. (b) Pulse evolution for ∆TRT =
0 fs showing the formation of a half-harmonic pulse synchronized to the pump repetition rate.
(c) Simulated pulse evolution for ∆TRT = 7 fs showing the formation of a half-harmonic pulse
which, upon depleting the pump, is able to accelerate forward in time and synchronize to the pump
repetition rate.
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operation requires the signal to be bright enough to deplete the pump, threshold then corresponds

to the condition that the signal builds up from quantum noise to the simulton energy before the

total accumulated time delay reduces the gain seen by the signal pulse below the cavity loss. Once

this condition is satisfied, the signal accelerates back into the pump and depletes it, leading to large

slope efficiencies observed in experiment.

2.5 The Bandwidth and Stability Limits of OPOs

The observed monotonic increase in bandwidth associated with simulton formation cannot be sus-

tained for arbitrarily large times above threshold. There is an upper bound to the possible generated

bandwidth, but to date this has not been characterized in an experiment, nor accounted for with

corrections to the theory presented in Sec. 2.2.2. Furthermore, it can be shown that third order

dispersion (TOD) plays a critical role in the stability of simultons, with moderate positive TOD

necessary for stable simulton operation. These two topics are interconnected, and are the subject of

ongoing research. We briefly summarize the attempts made to understand these effects here.

We begin by discussing the role of third order dispersion. Using the numerical methods discussed

in Sec. 2.4, it can be shown that a small positive TOD is necessary for stable simulton operation.

Simply truncating the dispersion operator to second order, we find that the OPO no longer achieves

degenerate operation when ` > 0. Furthermore, we can add an element to the cavity that con-

tributes an adjustable amount of third order dispersion, φ′′′, and find that for a small positive TOD

(φ′′′ ∼ 1000 fs3) stable simulton operation occurs. We may incorporate this effect into the simulton

ansatz using the time-domain equations of motion including TOD,

∂zAω(z, t) = κA2ωA
∗
ω +

k′′′ω
6
∂3
tAω, (2.41a)

∂zA2ω(z, t) = −∆k′∂tA2ω − κA2
ω, (2.41b)

and using the manifold projections discussed in Sec. 2.2.2. We find that the odd dispersion orders

contribute to a shift in the centroid of the simulton and Eqn. 2.37b becomes

∆T = ∆TRT − τ (γ0L+ ln(r)) +
φ′′′

10τ2
. (2.42)

It is convenient to normalize time to the unperturbed simulton pulse duration,τs = ∆TRT/ (γ0L+ ln(r)) ,

such that Eqn. 2.42 becomes

∆T̄ = ∆T̄RT −∆T̄RT τ̄ +
φ̄′′′

10τ̄2
.
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In steady state (∆T̄ = 0), we find a cubic equation for τ̄ ,

τ̄ = 1 +
φ̄′′′

10τ̄2∆T̄RT
.

Assuming a small perturbation τ̄ = 1 + δτ , we may estimate the change in pulse duration to first

order in δτ ,

δτ =
φ̄′′′

10 (γ0L+ ln(r))
.

As an example, when the OPO is four times above threshold we have,

δτ =
φ̄′′′

10ln( 1
r )

Low finesse cavities tolerate more dispersion. For a cavity with R=0.35 the third order dispersion

stretches a 20-fs-long pulse by 2.4% when φ′′′ = 1000 fs3.

While the third order dispersion necessary to achieve stable simultons slows the scaling of band-

width with respect to pump power for pulses approaching a single cycle, Eqn. 2.42 still exhibits

a monotonic increase in bandwidth with increasing pump power. In contrast, in the limit of large

times above threshold the gain-clipping function spans a sufficiently large window in time that the

timing mismatch should become negligible. In this case, the box-pulse theory should be sufficient to

describe the behavior of the OPO. This argument suggests that there is a transition from simulton

operation to box-pulses when the OPO is driven far above threshold, which should correspond to a

local maximum in the bandwidth generated by the OPO. This transition has not yet been observed

in experiment, and the theoretical tools to predict this transition point, and therefore the maximum

obtainable bandwidth from an OPO, have not yet been developed. Possible approaches that may

address both the role of third order dispersion in determining the stability of simultons and the

transition from simulton operation to box-pulses include Legrangian methods[66] and the method of

multiple moments[67]. Both of these analytic tools have been successfully used to treat the evolution

and stability of solitons in nonlinear resonators.

2.6 Outlook and Future Work

The work discussed throughout this chapter shows that synchronously pumped OPOs are promising

sources of broadband optical frequency combs in the mid-infrared. In particular, when an OPO is

operated in the simulton regime it can achieve a total conversion efficiency > 60%, and generate

few-cycle pulses with a large optical bandwidth that increases with increasing pump power. Further-

more, the simulton regime exhibits the intrinsic phase-locking associate with degenerate operation.

Therefore, when a simulton OPO is pumped by an optical frequency comb the light generated by the

OPO is a stable mid-infrared frequency comb, without the need for additional f-2f interferometry.
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We closed this chapter by discussing the bandwidth limits and stability requirements of simultons.

There are still a number of unanswered questions regarding simultons, namely, why TOD is necessary

to ensure stable operation and what the ultimate bandwidth limits of simulton OPOs are. New

analytical tools to address these questions will be the subject of future work. Furthermore, we

remark that there are still experimentally relevant operating regimes in OPOs that have not yet

been explored analytically[68]. The extension of the techniques described here to these operating

regimes may yield entirely new design rules for broadband OPO operation.



Chapter 3

Nonlinear Nanophotonic Devices

Introduction

In this chapter we discuss next generation devices based on quasi-phasematched interactions in non-

linear nanophotonic waveguides. Until recently, the state-of-the-art photonics platforms for quasi-

phasematched nonlinear devices were based on weakly-guiding diffused waveguides in periodically-

poled ferroelectics like lithium niobate[69], lithium tantalate[70], and potassium titanyl phosphate[71].

These waveguides are formed by a small refractive index modulation (∆n ∼0.02) due to in-diffused

dopants and exhibit low-loss (∼0.1 dB/cm) modes with field-diameters of ∼5 µm, and quasi-

phasematched interactions between these modes through periodic poling to pattern the χ(2) co-

efficient. To date, these devices have suffered largely from two limitations. The power requirements

of such devices are set by the largest achievable normalized efficiencies (90%/W-cm2 for SHG of

1560-nm light[72]), and the phase-matching bandwidths (and hence useful lengths for pulsed inter-

actions) have ultimately been limited by the material dispersion that dominates over geometrical

dispersion in weakly-guiding waveguides.

Recent efforts have focused on the development of χ(2) nanophotonics in platforms such as

lithium niobate[73], aluminum nitride[74, 75] and gallium arsenide[76]. These systems allow for

densely integrated nonlinear photonic devices, and achieve efficient frequency conversion due to

the large field intensities associated with sub-wavelength mode confinement. This chapter focuses

on our work developing nanophotonic PPLN devices, which exhibit low loss, large nonlinearities,

and the potential for dispersion-engineered nonlinear interactions. This latter feature is unique to

nanophotonic PPLN, and enables both the study of new dynamical regimes and extremely nonlinear

interactions that occur when short pulses propagate over long lengths.

This chapter proceeds in seven sections. In Sec. 3.1, we briefly summarize the relevant aspects

of optical waveguide theory, namely, the dispersion associated with waveguide modes, the nonlinear

coupling between two waveguide modes, and the associated coupled wave equations. A more detailed

61
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treatment of this material can be found in Appendix B. In Sec. 3.2, we discuss the fabrication of

nanophotonic PPLN devices, and present an experimental characterization of CW SHG in this

platform. These results confirm that this platform can achieve performance close to theoretical

predictions, with power requirements 50x lower than diffused waveguides, and lays the groundwork

for the experiments that follow. The second half of this chapter focuses on nonlinear interactions

of short pulses in dispersion-engineered nanophotonic PPLN waveguides. Sec. 3.3 considers pulsed

SHG in a dispersion-engineered ridge waveguide. We will show that a suitable choice of waveguide

geometry facilitates at least an order of magnitude increase of the interaction length for pulsed

interactions, thereby reducing the energy requirements of these devices by another two orders of

magnitude. These devices achieve saturated SHG with 10’s of fJ of pulse energy, where energy

requirements of 10’s - 100’s of pJ were common with previous-generation diffused waveguides. Sec.

3.4 considers phase-mismatched SHG in the same structures studied in Sec. 3.3. In the limit of an

undepleted fundamental, we are able to show that cascaded nonlinearities can achieve an effective

nonlinear refractive index, n2, that exceeds the n2 associated with χ(3) nonlinearities in state-of-the-

art nanophotonic waveguides. Motivated by these results, in Sec. 3.5 we study the formation of a

coherent supercontinuum spanning the full transparency window of our collection optics (400 - 2400

nm) using only 10-pJ of pulse energy. While this observed behavior can be interpreted with some

success using conventional heuristics based on cascaded nonlinearities, we can gain more insight

using a model based on saturated SHG. This model is presented in Sec. 3.6, and explains both the

observed spectrum and its coherence properties. Finally, in Sec. 3.7, we summarize these results

and discuss future work.

3.1 The Coupled Wave Equations in Nonlinear Waveguides

We begin by reviewing the relevant aspects of optical waveguide theory for the nonlinear devices

considered throughout this chapter. This section begins with the definition of waveguide modes,

as well as their orthogonality relations and dispersion relations[77]. We then establish a convenient

mode normalization to derive the nonlinear coupling between two waveguide modes. This inter-

modal coupling, when combined with the dispersion operators, yields the coupled wave equations

for ultra-short pulses in nonlinear waveguides.

Typical nonlinear waveguides considered here comprise an LN ridge, an air top cladding, and a

silica substrate as shown in Fig. 3.1 with the associated field distribution of the TE00 mode, Ex,µ.

We note for completeness that many other cross sections are possible, including multi-layer claddings

and W-shaped ridges, but that the simple geometry shown here already allows for engineering of a

wide variety of new devices. Waveguide modes arise as the solution to Maxwell’s equations in the

absence of a nonlinear polarization, with a dielectric constant ε̄(x, y, ω) that varies in two spatial

dimensions. Since ε̄(x, y, ω) is translationally invariant in z, we may solve Maxwell’s equations by



CHAPTER 3. NONLINEAR NANOPHOTONIC DEVICES 63

Figure 3.1: Schematic of typical ridge waveguide, with the associated electric field Ex,µ of the
waveguide mode for both the fundamental (left) and second harmonic (right). The top cladding is
air, the etched thin film is X-cut MgO:LN, and we approximate the 2-µm-thick silica adhesion layer
as extending to infinity.

expanding the fields in a series of guided modes

E(x, y, z, ω) =
∑
µ

aµ(ω)Eµ(x, y, ω)e−ikµ(ω)z, (3.1a)

H(x, y, z, ω) =
∑
µ

aµ(ω)Hµ(x, y, ω)e−ikµ(ω)z, (3.1b)

where aµ represents the component of E contained in mode µ around frequency ω. The transverse

mode profiles, Eµ and Hµ, and their associated propagation constant, kµ, arise as solutions to an

eigenvalue problem. The dispersion operator, D̂, that describes the propagation of a short pulse

in mode µ can be found using D̂(t) =
∑∞
m=2(−i)(m+1)

(
k

(m)
µ ∂mt

)
/m! by evaluating derivatives of

kµ with respect to ω. This chapter will focus predominantly on TE00 modes in X-cut films, which

exhibit both large nonlinearities and allow for dispersion engineering at many wavelengths of interest.

All of the eigenmodes satisfy an orthogonality relation,∫
A

1

2
Re ([Eµ ×H∗ν ] · ẑ) dxdy =

∫
A

1

2
Re ([E∗ν ×Hµ] · ẑ) dxdy = Pδµ,ν , (3.2)

where the fields are normalized such that P = 1 W, and therefore the power contained in mode µ

is P|aµ|2. For deriving the nonlinear coupling between two modes, it’s convenient to express these

mode profiles using dimensionless functions e(x, y) and h(x, y)

Eµ(x, y) =

√
2Z0P

nµAmode,µ
eµ(x, y), (3.3a)

Hµ(x, y) =

√
2nµP

Z0Amode,µ
hµ(x, y), (3.3b)

where nµ is the effective index of mode µ, and Z0 is the impedance of free space. e(x, y) and h(x, y)

are normalized such that the peak value of Re(eµ×h∗µ) · ẑ is unity. As a consequence of Eqn. (3.2),

the area of mode µ is given by Amode,µ =
∫

Re(eµ × h∗µ) · ẑdxdy. The modal area is a measure of
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how tightly confined a mode is and largely determines the strength of nonlinear interactions, with

more tightly confined modes producing stronger nonlinear couplings.

Having established the waveguide modes and their normalization, we now discuss the nonlinear

coupling between two waveguide modes and define the effective area, Aeff , associated with these

interactions. The effective area provides a measure of the strength of a nonlinear interaction due

to the tight confinement of the waveguide; small effective areas correspond to large field intensities

and large normalized efficiencies. We focus on the case of SHG in a nonlinear waveguide, but

the results presented here are readily generalized to three wave interactions. The treatment used

here accounts for the fully-vectorial nature of the modes[78, 79], with each field component of the

waveguide mode coupled together by the full nonlinear tensor, dijk, of the media that comprise

the waveguide. Remarkably, these equations have the same form as the coupled wave equations for

SHG in much simpler contexts, such as SHG of plane waves and, in the limit of no pump depletion,

paraxial gaussian beams.

The presence of a nonlinear polarization at frequency ω gives rise to driving terms that cause

the content of each mode, aµ, to evolve in z. It can be shown (Appendix B) that aµ evolves as

∂zaµ(z, ω) =
−iω
4P

eikµz
∫

E∗µ ·PNL,ωdxdy. (3.4)

For second-harmonic generation in the limit where one pair of modes is close to phasematching, we

consider use one mode of the fundamental at frequency ω and one mode of the second harmonic

at frequency 2ω to calculate PNL, without loss of generality. For the remainder of this section,

the modes under consideration will be referred to as aω and a2ω for the fundamental and second

harmonic, respectively. In this case, the nonlinear polarization is given by

PNL,ω = 2ε0deffa2ωa
∗
ω

∑
jk

d̄ijkEj,2ωE
∗
k,ωe

−i(k2ω−kω)z (3.5a)

PNL,2ω = ε0deffa
2
ω

∑
jk

d̄ijkEj,ωEk,ωe
−2ikωz (3.5b)

where i, j, k ∈ {x, y, z}. deff = 2
πd33 is the effective nonlinear coefficient for a 50% duty cycle

periodically poled waveguide, and d̄ijk is the normalized χ(2) tensor. For lithium niobate, this is

expressed using contracted notation[80] in the coordinates of the crystal as

d̄iJ =
1

d33


0 0 0 0 d15 d16

d16 −d16 0 d15 0 0

d15 d15 d33 0 0 0


where d15 = 3.67 pm/V, d16 = 1.78 pm/V, and d33 = 20.5 pm/V for SHG of 2-µm light. These

values are found using a least squares fit of Miller’s delta scaling to the values reported in [81, 82],
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and have relative uncertainties of ±5%. We therefore expect a relative uncertainty in any calculated

normalized efficiency to be ±10%.

We arrive at the coupled wave equations for SHG by substituting Eqns. (3.5a-3.5b) into Eqn.

(3.4) and defining Aω =
√

Paω

∂zAω = −iκA2ωA
∗
ωe
−i∆kz, (3.6a)

∂zA2ω = −iκ∗A2
ωe
i∆kz. (3.6b)

We remark here that while the coupling coefficient κ can be complex due to the overlap integral in

Eqn. 3.4, the phase of κ can be treated as a phase offset of A2ω. Furthermore, in many experimentally

relevant contexts such as interactions between TE00 modes in a waveguide aligned to the crystalline

Y-axis, κ is purely real. For these reasons, we neglect the phase of κ. The nonlinear coupling and

the associated effective area are given by

κ =

√
2Z0ωdeff

cnω
√
Aeffn2ω

, (3.7a)

Aeff =
A2

mode,ωAmode,2ω∣∣∣∫ ∑i,j,k d̄ijke
∗
i,2ωej,ωek,ωdxdy

∣∣∣2 . (3.7b)

Tight confinement enhances the strength of nonlinear interactions by reducing the effective area, Aeff .

For TE00 modes, the overlap integral in the denominator of Aeff is comparable to the geometric

mean of the mode areas,
√
Amode,ωAmode,2ω, and therefore Aeff ∼ Amode,ω. This approximation

gives us an intuitive picture of the strength of a nonlinear interactions as the waveguide geometry is

varied. Amode,ω decreases with decreasing waveguide dimensions, and approaches a local minimum

for waveguide geometries comparable to the wavelength of the fundamental, Amode,ω ∼ (λ/nω)2. For

structures with dimensions much smaller than the wavelength of the fundamental, the TE00 mode

expands into the cladding and the nonlinear interaction becomes weaker. Typical values for the

effective area for doubling wavelengths around 2-µm are Aeff ∼1-µm2, which is a 50-fold improvement

over previous generation proton-exchanged waveguides. Finally, we remark that the scale invariance

of Maxwell’s equations gives the minimum effective area a quadratic scaling with wavelength, Aeff ∝
λ2. Therefore, the optimal nonlinear coupling has a quadratic scaling in frequency, κ ∝ ω2, and the

power requirements for such devices scale as ω−4.

3.2 Nanophotonic PPLN Waveguides

Having established the nonlinear coupling in a nanophotonic waveguide, we now consider the design,

fabrication, and characterization of CW SHG devices, as described in [83]. The devices considered

here are designed for doubling 1550-nm light to generate a 775-nm second harmonic, since all of the
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components necessary for characterization are readily available at these wavelengths.

Figure 3.2: a) and b) Mode profiles (eµ,Z) at 1550 nm and 775 nm, respectively. Here, X and Z
denote the crystal axes of the MgO:LN thin film. c) Numerically calculated quasi-phasematching
period (black) and theoretical conversion efficiency (blue) as a function of wavelength for a typical
thin-film PPLN waveguide. Figure adapted from [83]

For CW interactions, designs typically take into account three quantities: i) the normalized effi-

ciency, η0 = κ2, which is the typical figure of merit that determines the power requirements of a non-

linear device, ii) the poling period, Λ = 2π/ (k2ω − 2kω), necessary to achieve quasi-phasematching,

and iii) the sensitivity of the poling period with respect to fabrication errors. Most designs prioritize

the latter; device geometries that minimize the sensitivity of poling period with respect to small

variations in geometry often achieve performance comparable to theory. In this case, we find that

the gradient of the poling period with respect to top width w, film thickness y, and etch depth h, is

nearly constant over the range of geometries that we could fabricate, ∂wΛ ∼ 1, and ∂hΛ ∼ ∂yΛ ∼ 2.

Therefore, we instead chose to prioritize both nonlinearity and ease of fabrication. A waveguide

geometry of w ∼ 1400 nm, y ∼ 600 nm and h ∼ 300 nm yields low loss, poling periods greater than

4 µm, and a calculated normalized efficiency of > 4000%/W-cm2. This design is summarized in Fig.

3.2, which shows the calculated TE00 waveguide modes at 1550 nm and 775 nm (Fig. 3.2(a-b)), and

their associated normalized conversion efficiency and poling period (Fig. 3.2(c)).

These waveguides are fabricated in three steps. First, we periodically pole an x-cut magnesium-

oxide- (MgO-) doped lithium niobate thin film (NANOLN) (Fig. 3.3(a)). The metal electrodes

consist of a 15-nm-thick Cr adhesion layer and a 150-nm-thick Au layer, deposited by electron-beam

evaporation. We perform the periodic domain inversion by applying several 580 V, 5-ms-long pulses

at room temperature with the sample submerged in oil, which corresponds to a poling electric field

of ∼7.6 kV/mm. The inset shows a colorized 2-photon microscope image of the resulting inverted

domains with a duty cycle of ∼50%. The poled region has a width of 25 µm and a length of 4 mm.

After periodic poling, we remove the electrodes using metal etchant. The second step is performed at

the Harvard Center for Nanoscale Systems. Here, aligned electron-beam lithography is used to create

waveguide patterns inside the poled region. Each poled region can accommodate multiple ridge

waveguides (three in our case) without cross-talk due to the strong optical confinement, allowing
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Figure 3.3: a) Schematic of the poling process, resulting in high fidelity domain inversion with a
∼50% duty cycle. b) Waveguides are patterned using an Ar+ assisted dry etch, resulting in smooth
sidewalls. c) The samples are prepared using using laser dicing, resulting in optical-quality end-
facets.

for dense device integration. The patterns are then transferred to the LN device layer using an

optimized Ar+-based dry etching process to form ridge waveguides[73]. This yields low-loss (∼ 0.03

dB/cm) ridge waveguides (Fig. 3.3(b)). The inset shows a scanning electron microscope (SEM)

image of the ridge waveguides, showing smooth sidewalls. Finally, facet preparation is done using

a DISCO DFL7340 laser saw (Fig. 3.3(c)). Here, ∼10-µJ pulses are focused into the substrate to

create a periodic array of damage spots, which act as nucleation sites for crack propagation. The

sample is then cleaved. The inset shows an SEM image of the resulting end-facets, which exhibit

<10-nm facet roughness.

We remark here that the devices studied throughout the remainder of this section were among

the first attempts at fabricating PPLN nanophotonic devices. Non-idealities in both poling and

facet preparation yielded devices with poling duty cycles closer to 40% and rough facets with ∼ 10

dB loss per facet. Upon further revision, the techniques described above have yielded duty cycles

close to 50%, and coupling efficiencies as high as 30%.

We characterize these devices by measuring the SHG transfer function, sinc2(∆kL/2), the nor-

malized efficiency, η0, and the maximum attainable conversion efficiency when the device is driven

into saturation. We begin with the SHG transfer function, which determines the wavelength that

achieves phasematching, λPM, and can help characterize inhomogeneities of the fabricated devices.

A schematic of this experiment is shown in Fig. 3.4(a). Pump light from a continuous-wave telecom

tunable laser source (Santec TSL-510, 1480-1680 nm) is end-fired into the waveguides using a lensed

fiber, and the generated SH power is measured as a function of input wavelength. An in-line fiber
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Figure 3.4: a) Schematic of the characterization setup. b) Measured SHG conversion efficiency
versus pump wavelengths for two waveguides with the same poling period but different top widths.
(c) Zoom-in view of the SHG spectral response of the 1440-nm-wide device (solid curve), together
with the theoretically predicted responses. The green dotted and blue dashed curves correspond to
the ideal and corrected transfer functions, respectively. Inset shows a CCD camera image of the
scattered SHG light at the output waveguide facet. TLS, tunable laser source; EDFA, erbium-doped
fiber amplifier; FPC, fiber polarization controller; OSA, optical spectrum analyzer.

polarization controller is used to ensure TE polarization at the input. When the pump laser is

tuned to the QPM wavelength, strong scattered SH light can be observed at the waveguide output

facet using a CCD camera from the top of the chip, as shown in the inset of Fig. 3.4(c). After

passing through the waveguide, the generated SH light is collected using a second lensed fiber and

sent to a visible photo detector (EO Systems) for further analysis. Fig. 3.4(b) shows the measured

SHG responses of two waveguides with the same poling period and slightly different top widths of

1440 nm and 1380 nm. Here the fiber-to-chip coupling losses of ∼10 dB/facet have been calibrated

and extracted by measuring the linear optical transmission at both FH and SH wavelengths. The

differences between the coupling efficiencies of the input and output facets have been de-embedded

by comparing the SHG efficiencies when pumping from different sides of the waveguide. The on-

chip optical loss at telecom wavelengths is estimated to be <1 dB from the interference fringes of

the optical transmission spectrum. The normalized conversion efficiency is determined for λPM by

measuring the slope of conversion efficiency with respect to pump power, P2ω/Pω = η0PωL
2.

The measured SHG spectral response and conversion efficiency can be well explained using a

corrected transfer function model. Fig. 3.4(c) shows a zoom-in view of the SHG response of the

1440-nm-wide device. The green dotted curve corresponds to the theoretically calculated SHG

transfer function, sinc(∆2k(Ω)L/2), in the ideal case showing a maximum normalized conversion

efficiency of 4500%/Wcm2. In comparison, our measured SHG response shows a slightly broadened

transfer function with a lowered maximum efficiency (2600%/Wcm2), likely due to inhomogeneity

of the thin-film thickness causing axial variations of the phase-mismatch throughout the 4-mm-long
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Figure 3.5: SHG conversion efficiency as a function of input power in the saturated limit. Inset
shows the conversion efficiency in the undepleted limit.

waveguide. While a full characterization of device inhomogeneity would require a phase-sensitive

measurement [84], we can verify that such inhomogeneity is responsible for the discrepancy between

theory and experiment. In the absence of pump depletion, inhomogeneous broadening conserves the

area of the transfer function; we therefore compare the areas under the measured and calculated

transfer functions over the laser tuning bandwidth, which yields a correction factor of 1.28. Using

this number, we obtain a corrected transfer function, shown as the blue dashed curve in Fig. 3.4(c).

The corrected transfer function also takes into account the effect from the actual poling duty cycle

of ∼ 39% ± 3%, which reduces deff by 7%. This non-ideal duty cycle is likely due to less-than-

expected domain widening during the poling process, while the non-uniformity could result from

variations in the thin-film thickness. After these corrections, the calculated transfer function shows

good agreement with the measured curve in terms of maximum efficiency, QPM bandwidth, and

side lobe position and shape. The remaining discrepancy between theory and experiment could be

attributed to waveguide losses and unoptimized input polarization. Even with these non-idealities,

the devices shown here exhibit a 30-fold improvement in normalized efficiency when compared to

state of the art proton-exchanged waveguides.

Having characterized the behavior of these devices in the undepleted limit, we now consider

the saturated regime, where the conversion efficiency scales as P2ω/Pω = tanh2(κ
√

PωL). The

results are shown in Fig. 3.5. We use an erbium-doped fiber amplifier (EDFA, Amonics) to further

increase the optical power from the pump laser. At the output end, we use an optical spectrum

analyzer (OSA, Yokogawa) to simultaneously monitor the optical power at FH and SH wavelengths

to measure the pump-depletion ratio. The highest measured absolute conversion efficiency in our

devices is 53%, corresponding to the generation of ∼ 117 mW at 775 nm in the waveguide using

a pump power of 220 mW (Fig.3.5). Even with the large generated SH optical intensity of ∼ 10

MW/cm2 inside the waveguide, we do not observe photorefractive damage of the device after many
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hours of optical pumping. The measured pump-depletion agrees well with the theoretical prediction

based on the measured normalized conversion efficiency in the low-conversion limit (Fig. 3.5, inset).

These results confirm that quasi-phasematched SHG in a direct-etched nanophotonic PPLN

ridge waveguide achieves efficient nonlinear interactions with more than an order of magnitude less

power than state-of-the-art diffused waveguides. While the measured transfer functions suggest that

the fabricated devices exhibit some performance degradation due to film thickness variations, such

problems will improve as geometries that achieve non-critical phasematching become more accessible.

3.3 Pulsed Second Harmonic Generation

We now consider pulsed SHG in nanophotonic PPLN devices. While CW nanophotonic devices ex-

hibit qualitatively similar behavior to devices based on diffused waveguides, albeit with substantially

larger nonlinearities, pulsed interactions can be substantially modified by the geometric dispersion

of the waveguide. In particular, we will show that the dispersion of a nanophotonic PPLN device

can be engineered to achieve long interaction lengths with femtosecond pulses, which can reduce the

energy requirements of these devices by several orders of magnitude, from picojoules to femtojoules.

This approach is not possible in devices that rely on modal phasematching[85, 86], where the waveg-

uide geometry is constrained to achieve n2ω = nω and cannot be varied to engineer higher dispersion

orders. In the experiments considered here, we are able to suppress temporal walk-off between the

interacting harmonics, as well as the group velocity dispersion of the fundamental, thereby enabling

SHG of a 50-fs pulse in a 6-mm-long nanophotonic device. The combination of a short pulse, a long

interaction length, and the large nonlinearity associated with sub-wavelength confinement results

in conversion efficiencies in excess of 50% with as little as 60 fJ of input pulse energy (or 4.5 µW

of average power)[87]. The structure of this section mirrors that of Sec. 3.2. First, we discuss the

design and fabrication of dispersion-engineered nanophotonic devices. Then, we characterize these

devices in terms of their transfer function, normalized efficiency, and behavior in saturation.

We begin by revisiting the role of dispersion in pulsed nonlinear interactions. The coupled wave

equations for second harmonic generation of an ultrafast pulse are

∂zAω(z, t) = −iκA2ωA
∗
ω exp(−i∆kz) + D̂ωAω (3.8a)

∂zA2ω(z, t) = −iκA2
ω exp(i∆kz)−∆k′∂tA2ω + D̂2ωA2ω (3.8b)

where Aω and A2ω are the complex amplitudes of the modal fields, normalized so that |A(z, t)|2 the

instantaneous power at position z. These equations are scale invariant; the solutions of Eqns. 3.8a-

3.8b are unchanged by the transformation z → sz, ∆k → ∆k/s, ∆k′ → ∆k′/s, D̂ω,2ω → D̂ω,2ω/s,

Aω,2ω → Aω,2ω/s. Therefore, reductions in the temporal walkoff, phase-mismatch, and the dispersion

operators by a factor s allows for an increase of the length of the device by s and a corresponding
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Figure 3.6: a) Waveguide cross-section, showing the normalized electric field associated with the
simulated TE00 fundamental (above) and second harmonic (below) modes. The waveguides shown
here correspond to a top width of 1850 nm, an etch depth of 350 nm, and a starting film thickness
of 700 nm. b,c) Simulated poling period and normalized efficiency, respectively, as a function of
waveguide geometry. d,e) Simulated ∆k′ and k′′ω, respectively. The solid black line denotes ∆k′ = 0,
and the dashed black contour line shows geometries that achieve |∆k′| < 5fs/mm.

s2 reduction in the power requirements needed to achieve the same dynamics. A similar scaling

law holds for the duration, τ , of the short pulses input to the waveguide. Rescaling the time

coordinates, t → t/s, τ → τ/s, Aω,2ω → Aω,2ω/s
1/2, ∆k′ → ∆k′/s, and k

(m)
ω,2ω → k

(m)
ω,2ω/s

m yields

the same dynamics with a compressed time-axis. In both of these cases, reducing the waveguide

dispersion facilitates a reduction in the energy required to achieve efficient nonlinear interactions,

either by allowing for longer interactions lengths or shorter pulses. While a simultaneous reduction

of every dispersion order in accordance with the above scaling laws is difficult to achieve with simple

ridge waveguides, we may still realize long interaction lengths of short pulses by reducing the leading

dispersion orders. In our discussion of pulsed SHG in Sec. 1.4, we determined that the amount of

bandwidth of the fundamental that can contribute to SHG, Ω′, is determined to leading order by k′′ω,

and that the amount of bandwidth, Ω, generated at the second harmonic is limited to leading order

by the temporal walk-off between the waves, ∆k′. We therefore focus on modifying these dispersion

orders using the waveguide geometry.
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The design of these waveguides is shown in Fig. 3.6. In this case, we consider SHG of short

pulses centered around a wavelength of 2050-nm. A cross-section of the typical ridge waveguide

under consideration is shown in Fig. 3.6(a), with the simulated TE00 modal field amplitude of the

fundamental and second harmonic, respectively. We assume a 700-nm x-cut thin film, and examine

the roles of etch depth and waveguide width on the performance of the waveguide in Figs. 3.6(b-e).

The poling period is shown as a function of waveguide geometry in Fig. 3.6(b), and exhibits a linear

scaling in width and etch depth, with larger waveguides having larger poling periods. η0 is shown

in Fig. 3.6(c), and scales with the inverse of the area of the waveguide modes. The effective area,

Aeff , is 1.6 µm2 for SHG between the modes shown in Fig. 3.6(a). ∆k′ and k′′ω are shown in Fig.

3.6(d) and Fig. 3.6(e) respectively. Temporal walkoff becomes negligible for etch depths > 350-nm,

and anomalous dispersion occurs for etch depths > 330-nm.

Figure 3.7: SEM image of one of the fabricated waveguides.

As a compromise between minimizing these dispersion orders, we choose a design with a top

width of ∼1850 nm, and an etch depth of ∼340 nm. Using the methods described in Sec. 3.2,

we fabricated 45 6-mm-long waveguides corresponding to three different top widths and 15 poling

periods ranging from 5.01-µm to 5.15-µm (Fig. 3.7). We chose the 10-nm shift between consecutive

poling periods to correspond to a shift of ∆kL by 4π, and use temperature for fine tuning of the

phase-mismatch. The yield for poling and waveguide fabrication was 50% and 90%, respectively,

and the coupling efficiency varied from 0.03% to 1% depending on the quality of the end-facet, with

10% of the waveguides exhibiting facet damage. We note here that theoretical coupling efficiencies

in excess of 30% are possible with the NA=0.5 optics used throughout this chapter, and that further

refinements of both the facet preparation recipe and the in-coupled Gaussian beam have yielded

devices with coupling efficiencies commensurate with theory. For the remainder of this paper we

will report pulse energies internal to the waveguide and focus on waveguides with a top width of

∼1850 nm and an etch depth of ∼340 nm, which achieve phasematching near a period of 5.11-µm.
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The resulting theoretical normalized efficiency is 1100%/W-cm2, ∆k′ = 5-fs/mm, and k′′ω = -15-

fs2/mm. The calculated value of ∆k′ is 20 times smaller than that of bulk lithium niobate for 2-µm

doubling, which allows for substantially longer interaction lengths for femtosecond pulses.

We now characterize the performance of these devices in terms of their SHG transfer functions,

normalized efficiency, and total achievable efficiency in saturation. For SHG in the limit where the

fundamental wave is undepleted, Eqns. 3.8a-3.8b may be solved using the transfer function approach

described in Sec. 1.4. Since k′′ω is small, we compute the response of the second harmonic to the

driving nonlinear polarization by filtering the driving polarization with the transfer function for CW

SHG. We implement this approach analytically in two steps. First we calculate the second harmonic

envelope that would be generated in the absence of dispersion, AND
2ω (z, t) = −iκA2

ω(0, t)z. Then, the

power spectral density associated with this envelope is filtered in the frequency domain, using the

CW transfer function for SHG

|A2ω(z,Ω)|2 = sinc2(∆k(Ω)z/2)|AND
2ω (z,Ω)|2. (3.9)

Here, A2ω(z,Ω) = F{A2ω(z, t)}(Ω) is the Fourier transform of A2ω(z, t), and Ω is the frequency

detuning around 2ω. The dispersion of a nonlinear waveguide modifies the bandwidth of the SHG

transfer function through the frequency dependence of ∆k(Ω) = k(2ω + 2Ω) − 2k(ω + Ω) − 2π/Λ.

In conventional quasi-phasematched devices, the bandwidth of the generated second harmonic is

typically dominated by the group-velocity mismatch between the fundamental and second harmonic,

∆k(Ω) ≈ 2∆k′Ω, with corresponding scaling law for the generated second harmonic bandwidth

∆λSHG ∝ 1/|∆k′|L. As discussed previously, the geometric dispersion that arises due to tight

confinement in a nanophotonic waveguide may substantially alter ∆k′. Ultra-broadband interactions

become possible when the geometric dispersion of a tightly confining waveguide balances the material

dispersion, thus achieving ∆k′ = 0. For the waveguides fabricated here, both ∆k′ and k′′ω are small.

In this case the corresponding SHG bandwidth becomes dominated by higher order dispersion, and

∆k(Ω) must be calculated using the full dispersion relations of the TE00 fundamental and second

harmonic modes.

The experimental setup is shown in Fig. 3.8(a). We characterize the behavior of 6-mm-long

nanophotonic PPLN waveguides using using nearly transform-limited 50-fs-long pulses from the

synchronously pumped degenerate optical parametric oscillator described in [27]. We use reflective

inverse-Cassegrain lenses (Thorlabs LMM-40X-P01) both to couple into the sample and to collect

the output. This ensures that the in-coupled pulses are chirp-free, and that the collected harmonics

are free of chromatic aberrations. To characterize the SHG transfer function, we record the spectrum

input to the waveguide at the fundamental and output from the waveguide at the second harmonic.

Then, we estimate AND
2ω (z,Ω) ∝ Aω(z,Ω) ∗ Aω(z,Ω) using the auto-convolution of the spectrum

of the fundamental, shown in Fig. 3.8(b). The ratio of the measured second harmonic spectrum

(Fig. 3.8(c)) with AND
2ω yields the measured SHG transfer function (Fig. 3.8(d)), showing good
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Figure 3.8: a) Schematic of experimental setup. ND- variable neutral density filter, OBJ- reflective
objective lens, OSA- optical spectrum analyzer. b,c) Measured spectrum of the driving polarization
(|Aω(0,Ω)∗Aω(0,Ω)|2) and output second harmonic (|A2ω(L,Ω)|2), respectively. d) Measured SHG
transfer function (black) for a 6-mm-long nanophotonic waveguide, showing good agreement with
theory (blue). The bandwidth of these waveguides exceeds that of bulk PPLN (orange) by more
than an order of magnitude.

agreement between experiment and theory. These devices exhibit a bandwidth >250 nm, when

measured between the zeros of the transfer function, which outperforms bulk 2-µm SHG devices of

the same length in PPLN by an order of magnitude. This broad transfer function confirms that the

waveguide achieves quasi-static interactions of short pulses across the length of the device.

The conversion efficiency of the second harmonic and depletion of the fundamental input to

the waveguide is shown as a function of input pulse energy in Fig. 3.9. The inset shows the

undepleted regime, denoted by the dotted box. The dotted line is a theoretical fit of Eqn. 3.9,

where we have accounted for a small degree of saturation at the peak of the pulse by using

AND
2ω (z, t) = −iAω(0, t) tanh (κAω(0, t)z). The only fitting parameter used here is a peak CW

normalized efficiency of 1000%/W-cm2, which agrees well with the theoretically predicted value

of 1100%/W-cm2, and represents a 45-fold improvement over conventional 2-µm SHG devices based

on proton-exchanged waveguides. When this large CW normalized efficiency is combined with the

peak field associated with a 50-fs-long pulse these waveguides achieve 50% conversion efficiency for

an input pulse energy of only 60 fJ, which is a 30-fold reduction compared to the state of the art[88].

These results represent the first demonstration of a quasi-phasematched device with co-engineered

waveguide dispersion, and confirm that the interaction lengths of short pulses in a PPLN waveguide

can be extended by more than an order of magnitude with a suitable choice of waveguide design. By

suppressing both the temporal walk-off between the harmonics and the group velocity dispersion of

the fundamental, we are able to perform SHG of 50-fs-long pulses in a 6-mm-long waveguide, which

enables efficient nonlinear optics at the femtojoule level.
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Figure 3.9: SHG conversion efficiency and pump depletion as a function of input pulse energy,
showing 50% conversion efficiency with an input pulse energy of 60-fJ. Inset: Undepleted regime
with fit given by Eqn. (3.9) and a heuristic model for saturation, as described in the text.

3.4 Cascaded Nonlinearities in Nanophotonic PPLN Devices

Having established the behavior of phase-matched SHG devices, we now consider the behavior of

phase-mismatched devices. As discussed in section 1.4.2, it can be shown that in the limit of large

phase-mismatch the coupled wave equations can be reduced to an effective nonlinear Schrödinger

equation (NLSE) for the fundamental wave[89, 40],

∂zAω =
ik′′ω
2
∂2
tAω + iγSPM|A2

ω|Aω, (3.10)

where γSPM = −η0/∆k. Here, self-phase modulation of the fundamental occurs due to back-action

of the second harmonic on the fundamental.

Eqn. 3.10 is valid when the phase-mismatch is sufficiently large to satisfy two criteria: |∆k| �
κA0, where A0 = max(|Aω(0, t)|), and |∆k| � 4π|∆k′/τ |, where τ is the transform-limited duration

of the pulse input to the waveguide. Typically the bounds of ∆k, and thus the strength of the effective

self-phase modulation, are set by the temporal walk-off. This constraint is lifted when ∆k′ ∼0. For

modest values of the phase mismatch (∆k ∼1 mm−1) and the CW normalized efficiency measured

previously, the effective nonlinearity is γSPM = 100/W-m. This corresponds to an effective nonlinear

refractive index of n2 = 4.8 × 10−17m2/W. We may compare this to the n2 associated with Kerr

nonlinearities in lithium niobate by scaling the values found in [90] with a two-band model[91]. We

find n2 = 2.6×10−19m2/W at 2050-nm, which is 185 times weaker than the self-phase modulation due

to cascaded nonlinearities. For comparison, typical numbers for γSPM based on Kerr nonlinearities in

silicon, silicon nitride, and lithium niobate are 38/W-m, 3.25/W-m, and 0.4/W-m respectively[92,

50, 93]. In addition to this large nonlinearity, we again note that the solutions of the effective

NLSE are preserved by the transformation z → sz, k′′ω → k′′ω/s, ∆k → ∆k/s and Aω → Aω/s.
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Longer waveguides with smaller dispersion achieve larger effective nonlinearities for SPM due to the

smaller ∆k, and correspondingly exhibit a quadratic decrease in the energy requirements to achieve

spectral broadening. In contrast, waveguides based on true χ(3) nonlinearities are scale invariant

under the transformation z → sz, k′′ω → k′′ω/s, Aω → Aω/s
1/2, and therefore only exhibit a linear

reduction in energy requirements as the waveguide is made longer. The large effective n2 calculated

above, with the P ∝ L(−2) scaling associated with χ(2) interactions, suggests that cascaded χ(2)

nonlinearities in dispersion-engineered nanowaveguides can be used to achieve dynamical processes

such as supercontinuum generation with substantially lower pulse energies than approaches based

on χ(3) nonlinearities. In practice, the full nonlinear polarization generates a cascade of mixing

processes which leads to spectral broadening of several harmonics; a heuristic picture of this process

is beyond the scope of the treatment presented here. A more general treatment that accounts for

the effects of saturation and the broadening of the second harmonic is presented in Ch. 3.6.

3.5 Supercontinuum Generation

Having established the large effective χ(3) nonlinearity associated with cascaded χ(2) interactions in

nonlinear nanophotonic devices, we now study supercontinuum generation in a dispersion-engineered

PPLN waveguide. The performance of these waveguides, as characterized by the pulse energies re-

quired to generate an octave of bandwidth at multiple harmonics, is an improvement over previous

demonstrations in lithium niobate by more than two orders of magnitude, from nanojoules to pico-

joules. We note here that while the analysis based on cascaded nonlinearities above motivated this

experimental study, it was later determined that the dynamical processes responsible for the observed

spectral broadening are dominated by amplitude modulations, rather than self-phase modulation.

These processes will be discussed in section 3.6.

Figure 3.10: a) Evolution of power spectral density over an order of magnitude variation of pulse
energy. Adjacent traces are displaced by 30 dB for clarity. The different noise floors correspond to
the three spectrometers used, and dotted lines have been added to guide the eye where discontinuities
in these noise floors are present. b) Photograph of supercontinuum produced with 11-pJ input to
the waveguide.
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We characterize SCG in a nanophotonic PPLN waveguide with the OPO source and waveguide

geometry used in the SHG experiment, however the poling period is now chosen such that ∆kL = 3π.

We record the output spectrum from the waveguide using three spectrometers: the visible to near-

infrared (400-900 nm) range is captured with a Ocean Optics USB4000, the near- to mid-infrared

(900-1600 nm) is captured with a Yokogawa AQ6370C, and the mid-infrared (1600-2400 nm) is

captured using a Yokogawa AQ6375. The results are shown in Fig. 3.10. The fundamental, second

harmonic, and fourth harmonic are observed for input pulse energies as low as 0.5-pJ. For pulse

energies >1-pJ, the first two harmonics undergo spectral broadening, and we observe buildup of

the third harmonic. As the waveguide is driven with larger pulse energies, all of the observed

harmonics undergo spectral broadening. The first two harmonics merge into a supercontinuum

spanning more than an octave when driven with 2-pJ of pulse energy. When driven with pulse

energies in excess of 10-pJ, the first five harmonics undergo spectral broadening and merge together

to form a supercontinuum spanning >2.5 octaves at the -30 dB level. The measured supercontinuum

is limited to wavelengths > 400 nm by the transparency window of our collection optics, and < 2400

nm by our available spectrometers. A photograph of the multi-octave supercontinuum is shown in

Fig. 3.10(b). The observed diffraction pattern is due to leakage of visible frequencies into slab-

waveguide modes. The evanescent tails of these modes sample the periodic substrate damage from

laser dicing, which acts as a diffraction grating.

Figure 3.11: Measured carrier-envelope-offset beatnotes for three different values of intracavity dis-
persion in the laser used to pump the OPO.

To characterize the coherence of this multi-octave supercontinuum, we measure the carrier-

envelope-offset frequency (fceo) using beatnotes that arise due to the overlap of the fundamental

and second harmonic. The experimental setup is the same as for SHG and SCG, except that the

light output from the waveguide is filtered using a Thorlabs FELH-1350 longpass filter, and focused

onto a Hamamatsu C12668-02 InGaAs photoreceiver. The recorded fceo beatnotes are shown in Fig.

3.11, alongside a 75 MHz beatnote corresponding to the repetition frequency of the OPO. We verify
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that the observed beatnotes correspond to the fceo by tuning the fceo of the OPO in two steps: i)

we tune the fceo of the laser used to pump the OPO by translating an intracavity prism, and ii) we

monitor the spectrum of the OPO to verify that it maintains degenerate operation, and therefore

remains phase-locked to the pump laser as the fceo is tuned. We achieve a 35-dB signal-to-noise ratio

in a 3-kHz resolution bandwidth, limited by the noise floor of the photoreceiver. Furthermore, we

remark that the intensity of the fceo beatnotes are only ∼22-dB below the intensity of the repetition

frequency beatnote. This bright relative intensity is due to the beatnotes remaining coherent and

in-phase across the entire 400-nm-wide bandwidth incident on the photodetector.

Figure 3.12: Power spectral density output from the chip as a function of input pulse energy a)
Experiment, b) Simulation. The power in dBm is measured in 2-nm-wide spectral bins.

To better understand the dynamics and coherence properties of the generated supercontinuum,

we simulate Eqns. (3.8a-3.8b) using the split-step fourier method described in Sec. 1.5, including

dispersion to third order saturation. The experimentally measured and simulated spectra output

from the waveguide are shown in Figs. 3.12(a) and 3.12(b), respectively. We note that the simulation

includes semi-classical vacuum noise and that the results have been renormalized to account for

outcoupling such that the simulation and experiment have the same peak power spectral density in

the near-infrared band (900-1600 nm) when driven with a pulse energy of 4-pJ. The two-envelope

model used here captures many of the features of the experiment except for the buildup of the higher

harmonics, which have been explicitly neglected by only considering Aω and A2ω in the coupled wave

equations.

We note here that the observed spectral broadening exhibits qualitative agreement with tradi-

tional heuristics derived from the nonlinear Schrödinger equation. If we define the soliton number

as N2 = γSPMUτs/(2k
′′
ω), where U is the input pulse energy, and τs = τ/1.76, then the the soliton

fission length is given by Ls = τ2
s /Nk

′′
ω. The soliton fission length approaches the length of the

device for an input pulse energy of 1 pJ, which is the energy at which the observed output spectra

begin to exhibit spectral broadening. Supercontinuum generation occurs for pulse energies in excess

of 2 pJ. As discussed earlier, a more rigorous heuristic model of spectral broadening in these devices

is presented in Sec. 3.6.
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Having shown strong agreement between the simulated and experimental spectral broadening,

we now consider the coherence properties of the generated supercontinuum. Fig. 3.13 shows the

simulated coherence function, |g(1)(λ, 0)|[45], which has been calculated using an ensemble average of

100 simulations, for an input pulse energy of 4-pJ (N = 14). The simulations shown here suggest that

the spectra are coherent over the range of pulse energies considered, with a calculated < |g(1)| >=∫
|g(1)(λ, 0)||A(λ)|2dλ/

∫
|A(λ)|2dλ of 0.9996 and 0.9990 for the fundamental and second harmonic,

respectively. This suggests that decoherence mechanisms that arise due to SPM such as modulation

instabilities, are absent for the devices under study. However, we note that the approach used

here neglects many possible decoherence mechanisms, such as degenerate parametric fluorescence

of the third harmonic. Remarkably, the results shown in 3.11, with the simulations considered

here, suggest that these multi-octave supercontinua are coherent for soliton numbers as high as

N = 20. Conventional approaches to SCG typically exhibit decoherence for soliton numbers as low

as N = 10, which suggests that the process under study here has different decoherence mechanisms

than traditional χ(3) devices.

Figure 3.13: Simulated coherence of the fundamental and second harmonic generated by a 4-pJ
pulse, showing |g(1)| ∼ 1.

We conclude this section by comparing these results to previous demonstrations in lithium nio-

bate waveguides. In proton-exchanged PPLN waveguides utilizing cascaded nonlinearities, multiple

coherent spectrally broadened harmonics were achieved using 5-nJ of pulse energy[90]. Substantial

energy reductions where observed in nanophotonic lithium niobate waveguides using χ(3) nonlin-

earities, where spectral broadening of the first two harmonics was observed with 150-pJ of pulse

energy[94]. The results presented here achieve a bandwidth comparable to [90], with less pulse en-

ergy than any previous demontration in lithium niobate. The low energy requirements of the work

presented here suggests that this is a promising approach for spectral broadening and fceo detection.
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Figure 3.14: Theoretical evolution of a) the fundamental, |Aω|2 and b) the second harmonic |A2ω|2.
Dotted lines show the in-coupled fundamental pulse, and solid lines show the resulting pulse at the
output of the waveguide for each harmonic.

3.6 Saturation Broadening in Nanophotonic PPLN Devices

In this section we develop a heuristic model for the evolution of the fundamental and second harmonic

presented in Sec. 3.5. This model is motivated by several observations: i) the observed coherence

for large soliton number suggests that the spectral broadening mechanisms may be different than an

effective χ(3), ii) the observed relative intensity of the second harmonic violates the assumption of an

undepleted fundamental, iii) the amount of k′′ω at the fundamental too small to cause significant self-

focusing, L ∼ zD/20 where zD = 2τ2/k′′ω is the characteristic dispersion length, and iv) the regular

patterning of the spectra in Fig. 3.12, with sharp dips forming as the pulse energy is increased,

is highly unusual for conventional SCG based on soliton fission. Based on these observations, and

relatively small magnitude of all of the waveguide dispersion orders, we propose a model that accounts

for saturation and neglects dispersion to arbitrary order. In this limit, the coupled wave equations

are given by

∂zAω(z, t) = −iκA2ωA
∗
ω exp(−i∆kz), (3.11a)

∂zA2ω(z, t) = −iκA2
ω exp(i∆kz). (3.11b)
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Eqns. 3.11a-3.11b may be solved for the local field intensity at each point in time using the Jacobi-

Elliptic functions associated with CW SHG in the limit of a depleted pump[95]. The local instanta-

neous power of the fundamental and second harmonic are given by

|Aω(z, t)|2 =(1− η2(z, t))|Aω(0, t)|2,

|A2ω(z, t)|2 = η2(z, t)|Aω(0, t)|2,

where the instantaneous field conversion efficiency is given by η(z, t) = ν(t)sn
(
κAω(0, t)z/ν(t)|ν4(t)

)
,

the Jacobi elliptic sine is sn, and ν(t) = ∆k/(4κAω(0, t))−
√

1 + (∆k/(4κAω(0, t)))2.

Figure 3.15: Comparison of theory with a full split-step Fourier simulation. a) Theoretical fundamen-
tal, b) theoretical second harmonic, c) simulated fundamental, and d) simulated second harmonic.

The Jacobi elliptic solutions found here bear many similarities to the sine-wave evolution that

occurs during undepleted phase-mismatched SHG, namely, periodic oscillations of the fundamental

and second harmonic power in z, and a conversion efficiency that increases with increasing pump

power. However, the Jacobi-elliptic functions saturate at high power and exhibit a spatial period

for back-conversion, hereafter referred to as the conversion period, that depends on the local field

intensity. The resulting theoretical evolution of a short pulse in the 6-mm-long waveguides studied

in Sec. 3.5 is shown in Fig. 3.14(a-b). Near the peak of the pulse the conversion period is the

shortest and both harmonics undergo ∼ 5 conversion periods as the field propagates through the
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Figure 3.16: Theoretical phase of a) the fundamental and b) the second harmonic. The fundamental
forms plateaus of ∼ constant phase in time, and the second harmonic exhibits a phase that is
independent of time.

waveguide. The oscillations in the tails of the pulse asymptotically approach a conversion period

given by twice the coherence length associated with the phase-mismatch between the two harmonics,

2zcoh = 2π/∆k = 2L/3. Remarkably, the peak undergoes more than three times as many oscillations

as the tails of the pulse, which gives rise to a pulse shape with rapid amplitude variations as each

part of the pulse cycles through a different number of conversion periods (Fig. 3.14, solid lines).

We now verify this analytic model against the full split-step Fourier model studied in Sec. 3.5

using the time-domain instantaneous power, |Aω|2 and |A2ω|2. The results are shown in Fig. 3.15.

While the simulated pulse envelopes do exhibit some distortion due to higher order dispersion, the

key aspects of our Jacobi-elliptic approach such as the rapid amplitude modulations of the resulting

pulses are largely preserved. Given this strong agreement, we now consider the phase evolution and

spectral broadening of the harmonics.

Using the same quasi-static heuristic, the Jacobi elliptic solutions can be shown to predict phase

envelopes for the fundamental and second harmonic,

φω(z, t) =
∆k

2

∫ z

0

η2(z′, t)

1− η2(z′, t)
dz′,

φ2ω(z, t) =
∆k

2
z,

respectively, and are plotted in Fig. 3.16. The rate of phase accumulation by the fundamental

depends strongly on the degree of pump depletion, with large phase shifts accumulated at values of

z and t that correspond to large η(z, t). Remarkably, this behavior results in a saturable effective

SPM for the fundamental, with the total accumulated phase plateauing across large time bins (Fig.

3.16(a)). The phase of the second harmonic is independent of time, and therefore can be neglected in

the context of spectral broadening. These two behaviors suggest that the predominant broadening
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Figure 3.17: Comparison of a) theoretical and b) experimental power spectral density for phase-
mismatched SHG in the saturated limit.

mechanisms for saturated SHG are not effective SPM. Instead, the observed spectral broadening of

the harmonics is dominated by the rapid amplitude modulations in time accumulated by each pulse.

Having calculated both the amplitude and phase of each envelope, we may now Fourier transform

these envelopes numerically to study the evolution of the power spectral density. The combined

power spectral density associated with each harmonic, |Âω(L,Ω)|2 + |Â2ω(L,Ω)|2 is plotted in Fig.

3.17(a) as a function of pulse energy coupled into the waveguide, and compared to our experimental

results in Fig. 3.17(b). The two spectra show reasonable agreement, with each harmonic broadening

for pulse energies in excess of 1-pJ, and both harmonics merging together for pulse energies > 2-pJ.

Deviations between the spectra for wavelengths shorter than 900-nm may be due to the avoided

mode-crossing in this range, which strongly perturbs the dispersion of the waveguide mode.

Finally, we consider the carrier-envelope-offset beatnotes of these two harmonics. The beatnote

power contained in each spectral bin is calculated using 2Re
(
Âω(L,Ω)Â∗2ω(L,Ω)

)
. Fig. 3.18 shows

the calculated fceo beatnote current for the overlapping spectra as a function of pulse energy and

wavelength. We note here that for a suitable choice of pulse energy, e.g. 3-, 3.5-, or 4-pJ, the

fceo beatnotes remain in-phase across nearly a micron of bandwidth. This behavior simplifies fceo

detection by allowing the output of the waveguide to be focused on a photoreceiver with minimal

filtering, and improves the detected beatnote power by integrating the photocurrent over many comb

lines. Furthermore, this periodic re-phasing of the beatnotes with pump power explains why we were

able to obtain bright fceo beatnotes across a large optical bandwidth in Sec. 3.5.

We close this section by noting that the dynamical processes discussed here represent a com-

pletely new approach to spectral broadening and supercontinuum generation. In contrast with the

effective self-phase modulation that occurs in the cascaded limit, here spectral broadening occurs due

to rapid amplitude modulations across the pulse envelope of the fundamental and second harmonic.
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Figure 3.18: Beatnote photocurrent as a function of wavelength and pulse energy coupled into the
waveguide. For in-coupled pulse energies of 3-, 3.5-, and 4-pJ, the generated beatnotes remain
in-phase across 100’s of nm of bandwidth.

This process allows for the generation of coherent octaves of bandwidth with record-low pulse en-

ergies. Furthermore, this process lacks many of the traditional decoherence mechanisms associated

with supercontinuum generation, namely, modulation instabilities, stimulated raman scattering, and

non-common-path noise. These first two processes only occur for pulse energies sufficiently strong to

achieve supercontinuum generation with the pure electronic χ(3) of lithium niobate. Finally, satura-

tion broadening can generate overlapping harmonics that interfere to produce beatnotes that remain

in-phase across 100’s of nm of bandwidth. This feature allows for efficient carrier-envelope-offset

detection with low average powers since a larger portion of the optical bandwidth may be integrated

to generate a large photocurrent.

3.7 Conclusions and Outlook

Nanophotonic PPLN waveguides are an extremely promising platform for nonlinear photonic de-

vices, and the experiments shown here represent a small portion of the new devices that can be

explored in this platform. The results presented throughout this chapter focused on SHG, and

initial results showed that such devices exhibit CW normalized efficiencies nearly two orders of

magnitude larger than state-of-the-art diffused waveguides. Then, we experimentally demonstrated

both SHG and SCG in a dispersion-engineered nanophotonic PPLN waveguide. These waveguides

are shown to exceed the performance of current-generation SHG devices by at least an order of

magnitude in phasematching bandwidth and pulse energy requirements. Similarly, they produce

multi-octave supercontinua comprised of multiple spectrally broadenend harmonics with at least an

order of magnitude lower pulse energies required than in previous demonstrations in lithium niobate

waveguides. Remarkably, this process did not correspond to conventional self-phase modulation
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based on cascaded nonlinearities, but instead amplitude modulations due to pump saturation. This

dynamical regime represents a new approach to supercontinuum generation and carrier-envelope-

offset detection. Finally, we note that these dramatic reductions in energy requirements are made

possible by combining the dispersion engineering and large η0 available in nanophotonic waveguides

with periodically poled χ(2) nonlinearities. When these techniques are combined they achieve highly

efficient quasi-phasematched interactions with femtosecond pulses over long propagation lengths,

thereby enabling a new class of nonlinear photonic devices and systems.



Chapter 4

Conclusions

4.1 Summary of this Dissertation

The two main topics addressed in this dissertation are the pulse formation mechanisms of syn-

chronously pumped optical parametric oscillators, and second harmonic generation of femtosecond

pulses in nonlinear nanophotonic devices. When studying pulse formation dynamics in OPOs, we

developed heuristic models that were able to qualitatively predict the regimes of operation that

occur in synchronously pumped OPOs. These regimes include non-degenerate operation, when the

cavity length detuning relative to a resonance and group velocity dispersion have opposite signs, and

degenerate operation when they have the same sign. The regimes of operation in degenerate OPOs

were further distinguished by the timing mismatch between the pump laser and the cold-cavity round

trip time, with perfect synchronization corresponding to the formation of box pulses, and long cav-

ity resonances forming temporal simultons. We then studied the formation of temporal simultons

experimentally, numerically, and analytically, and were able to show strong agreement between all

of these studies. We found that the simulton regime that occurs when the OPO is not perfectly

synchronized with the pump laser can yield higher conversion efficiencies than synchronous opera-

tion, and that the simulton regime exhibits a monotonic increase of the generated bandwidth with

increasing pump power. This favorable scaling law allows for simulton OPOs to produce few-cycle

pulses while achieving conversion efficiencies in excess of 50%.

In the context of nonlinear nanophotonic devices, we studied the dynamics of SHG in PPLN ridge

waveguides driven by femtosecond pulses. We first studied phase-matched SHG in the undepleted

regime, and established that the dominant dispersion orders that restrict the amount of bandwidth

that can be input at the fundamental and generated at the second harmonic were determined by

the group velocity dispersion of the fundamental and the temporal walk-off between the harmonics,

respectively. We then showed that with a suitable choice of waveguide geometry, we may both

eliminate the temporal walk-off between the fundamental and second harmonic, and suppress the

86
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group velocity dispersion of the fundamental. This enabled an order of magnitude increase of the

interaction lengths of few-cycle pulses, from ∼ 0.5 millimeters to ∼ 6 millimeters. In an experiment

the fabricated waveguides achieved transfer functions that exhibited strong agreement with theory,

and normalized efficiencies of ∼ 1000%/W-cm2, which exceed the performance of previous generation

diffuse waveguides 50-fold. When all of these features are combined, namely, large nonlinearities

and long interaction lengths with few-cycle pulses, the fabricated waveguides were able to achieve

saturated conversion efficiencies of 50% with only 60 femtojoules of in-coupled pulse energy.

We then studied phase-mismatched SHG of short pulses in the depleted regime. In this limit, we

were able to develop an analytic model for the evolution of the fundamental and second harmonic

pulses by adapting the Jacobi-Elliptic solutions typically associated with CW SHG. These analytic

models exhibit strong agreement with experimental results, and we were able to show both experi-

mentally and analytically that this effect may generate octaves of bandwidth at both harmonics with

substantially lower pulse energies than traditional approaches based on χ(3) nonlinearities. Due to

the low pulse energies involved, this method of spectral broadening appears to avoid many of the

decoherence mechanisms associated with χ(3) nonlinearities, such as the noise generated by sponta-

neous Raman processes. Furthermore, for certain values of in-coupled pulse energy, the beatnotes

produced by the interference of the two harmonics can fall in-phase across hundreds of nanometers

of bandwidth. This dramatically simplifies f-2f interferometry by allowing for bright beatnotes to

be detected across a broad bandwidth without the need for tunable narrowband filters, thereby sim-

plifying any experimental realizations and producing substantially larger photocurrents. Together,

these effects enabled an f-2f interferometer to be integrated into a single 6-mm-long waveguide that

operated with 1 - 10 picojoules of incoupled pulse energy, where 10’s - 100’s of picojoules is still

common among state-of-the-art devices.

4.2 Future Work

In many regards the work discussed in this thesis represents the beginning of many of these topics.

There is still a great deal that we do not understand about the simulton regime, including the

amount of third-order dispersion needed to achieve stable simulton operation, the mechanisms that

ultimately limit the bandwidth generated by an OPO operating in the simulton regime, and the

operating conditions that can cause the OPO to transition to box-pulse operation for large amount

of pump power. The manifold projection methods developed in Ch. 2 do not generalize well to

include the chirp induced by group velocity dispersion, and therefore cannot be used to analyze the

interplay of second- and third-order dispersion. Furthermore, by assuming the shape of the generated

fundamental pulses these methods are not well suited for studying the transition from simulton to

box-pulse operation, which exhibit rather different pulse shapes. Understanding these behaviors

requires more sophisticated theoretical tools, such as Lagrangian methods[66] or the method of
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moments[67].

Similarly, the treatment used here largely neglects many important spatial effects. We have

only incorporated nonlinear lensing due to the large undepleted gain of the parametric amplifier.

This treatment overlooks the non-trivial change in lensing that occurs during saturation, which

undoubtedly determines the total conversion efficiency that the OPO can achieve above threshold.

Furthermore, experimental studies have qualitatively suggested that the OPO can oscillate in many

spatial modes. Often these modes are suppressed in an ad-hoc manner, where the nonlinear crystal

is slightly displaced from the focus of the cavity and an intracavity iris is used to introduce loss

for higher order spatial modes. The treatment used here assumes the resonant spatial modes of the

OPO are predominantly fundamental Hermite-Gauss modes, neglects inter-modal scattering, and

cannot make any predictions about the quality of the generated beam. To date, a full model of

spatio-temporal effects in OPOs that addresses the role of nonlinear lensing in the saturated limit

and the coupling between multiple resonant spatial modes has not been used to understand these

behaviors in more detail.

There is, of course, an extraordinary amount of work left to be done regarding the dynamics of

few-cycle pulses in nonlinear waveguides. Current work is focused on scaling the results discussed in

Ch. 3 to wavelengths around 1560 nm, where pump sources are more readily accessible. Numerical

simulations of the waveguide dispersion have suggested that group velocity matching may occur

at wavelengths as short as 1300 nm, but many of these designs are more challenging to fabricate.

Furthermore, the normalized efficiency associated with SHG in nanophotonic devices exhibits a

quartic scaling with frequency. As a result, the experimental realization of group-velocity-matched

SHG devices at 1560-nm should correspond to the first generation of devices that achieve SCG with

100’s of femtojoules, rather than 1-10 picojoules.

There are a number of exciting future directions for this work, including developing new ap-

proaches to dispersion engineering using more complicated waveguide geometries, and co-engineering

aperiodic gratings to either improve the performance of traditional devices or enable new dynamical

processes entirely. Recent theoretical work has been intensely focused on the dynamical regimes

of dispersion engineered PPLN resonators, with several papers suggesting that a number of new

dynamical regimes corresponding to different varieties of quadratic solitons may exist in these

systems[96, 97, 98]. In principle, experimental realizations of these regimes could potentially com-

bine many of the features of Kerr microresonators, such as the ability to generate a short pulse from

a resonant CW wave, with the features of simulton OPOs, such as intrinsic phase-locking between

the interacting harmonics.

Finally, a natural extension of the work discussed in this thesis would be the realization of

a chip-integrated synchronously pumped OPO. Assuming we can suppress the dispersion of the

fundamental and the temporal walk-off using designs similar to those discussed in Ch. 3, then we

may model such an OPO by assuming quasi-static interactions of short pulses. In this limit, we may
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solve the coupled wave equations using the CW equations of motion for each time bin,

η(t) =
4Pth

|Ap(t)|2

(
|Ap(t)|√
Pth

− 1

)
, (4.1)

where Pth = ln(R)2/(4κ2L2). The threshold of oscillation is determined by the peak intensity of the

pulse used to drive the OPO, |Ap(0)| =
√
U/2τ . Using somewhat ambitious experimental numbers,

namely, R = 0.99, L = 7 mm, κ2 = 6000%/W-cm2, and τ = 28 fs, corresponding to a 10-GHz

ring resonator pumped by a commercially available 780-nm Ti:Sapphire, we obtain a threshold

pulse energy of 0.05 aJ. For comparison, the energy associated with a single photon at 780-nm

is 0.25 aJ, or five times larger. Using more conservative numbers such as R = 0.9, and the κ =

1000%/W-cm2 corresponding to pumping at 1030-nm, we obtain a threshold of 32 aJ, or 166 photons.

An experimental demonstration of these systems would represent the first example of quadratic

nonlinear photonic devices that can achieve saturated nonlinearities at the few- or single-photon level.

Further enhancements to the energy requirements of these systems may be achieved with a resonant

second harmonic, which would again reduce the threshold of oscillation by a factor of ∼ 1/(1−R).

In principle, systems with such large nonlinearities may potentially be used to realize the types

of behavior typically associated with strongly coupled atom-cavity systems and superconducting

circuits, such as vacuum Rabi splitting[99], photon blockading[100], and Schrödinger cat states[101,

102]. While the work we have done throughout this thesis has predominantly focused on efficiently

generating, frequency converting, and broadening optical frequency combs, the application of the

design principles discussed here to realizing novel quantum optical systems is an extremely promising

direction for the field.



Appendix A

The Coupled Wave Equations for

Gaussian Beams

While the plane-wave approach treated in Ch. 1 is a convenient method of deriving the coupled

wave equations, plane-waves never occur in a laboratory setting. A far more common case is to

drive a nonlinear interaction using the Gaussian beams naturally formed in laser cavities. We treat

this case here, first by considering interactions between fundamental Gaussian modes, and then by

generalizing to an arbitrary admixture of Gaussian beams using the methods described in [62]. While

it is possible to further generalize the methods used here to account for spatial walk-off and orbital

angular momentum, our analysis is greatly simplified by assuming that all of the beams input to,

and output from our nonlinear medium are azimuthally symmetric. These simplifications are often

sufficient for the types of devices studied here.

We begin by considering SHG, where the fundamental harmonic input to the nonlinear medium

is given by a Gaussian beam in the fundamental spatial mode,

Eω = (Aω(z)uω(z, r) exp(iωt− ikωz) + c.c.) /2, (A.1)

uω(z, r) =

√
2

πw2
ω(z)

exp

(
−r2

wω(z)2

)
exp

(
−i
(

kωr
2

2Rω(z)
− φω(z)

))
, (A.2)
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where the beam parameters are given by

wω(z) = w0,ω

√
1 + (z/zR,ω)2,

Rω(z) = z

[
1 +

(zR,ω
z

)2
]
,

φω(z) = − tan−1(z/zR,ω),

zR,ω = πw2
0,ωnω/λ.

Here, wω is the beam waist, Rω is the radius of curvature, and φω is the Guoy phase. The beam

profile defined by uω(z, r) is normalized such that
∫
|uω|2rdrdθ = 1, and for convenience we define

Amode,ω = πw2
0,ω/2. The nonlinear polarization envelope generated by the fundamental has a waist

given by 2w2
2ω = w2

ω, and the generated second harmonic has nearly the same Rayleigh length,

zR = 2πw2
2ωn2ω/λ. Therefore, a natural choice for the generated second harmonic mode is

u2ω(z, r) =

√
2

πw2
2ω(z)

exp

(
−r2

w2ω(z)2

)
exp

(
−i
(

k2ωr
2

2R2ω(z)
− φ2ω(z)

))
,

where all of the beam parameters used in u2ω are evaluated using w0,2ω, n2ω, and λ/2. The derivation

of the coupled wave equations from this choice of field distribution follows the same sequence of steps

as the plane-wave case, with Aω(z)uω(z, r) and A2ω(z)u2ω(z, r) in place of Aω(z) and A2ω(z). The

resulting coupled wave equations, with Aω normalized to units of W1/2, are

uω(z, r)∂zAω(z) = −iωχ(2)
√
Z0/

(
nωc
√

2n2ω

)
A2ω(z)A∗ω(z) exp(−i∆kz)u2ω(z, r)u∗ω(z, r) (A.4a)

u2ω(z, r)∂zA2ω(z) = −iωχ(2)
√
Z0/

(
nωc
√

2n2ω

)
A2
ω(z) exp(i∆kz)u2

ω(z, r). (A.4b)

Finally, we multiply Eqn. A.4a and A.4b by u∗ω(z, r) and u∗2ω(z, r), respectively, and integrate over

r and θ to find the evolution of Aω(z) and A2ω(z). Assuming the two envelopes have the same

Rayleigh length, we find

∂zAω(z) =
−iκ√

1 + (z/zR)2
A2ω(z)A∗ω(z) exp(−i∆kz) exp(−iφω(z)), (A.5a)

∂zA2ω(z) =
−iκ√

1 + (z/zR)2
A2
ω(z) exp(i∆kz) exp(iφω(z)). (A.5b)

Here, the nonlinear coupling is given by κ = ωχ(2)
√
Z0/

(
nωc
√

2n2ωAeff

)
. The effective area of

the interaction is A2
mode,ωAmode,2ω/O2, where Amode,ω = πw2

0,ω/2 is the area of the mode, and

O =
∫

exp(−2r2/w0,ω) exp(−r2/w0,2ω)rdrdθ is the overlap of the modes. These equations resemble

the coupled wave equations for plane-wave SHG, but with a nonlinear coupling that decays as
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√
(1 + (z/zR)2) and a small phase-mismatch induced by the Guoy phase. For the approximations

made here, these two modifications to the coupled wave equations effectively apodize the nonlinear

interaction, and may be analyzed using the methods described in [36]. Finally, we note that when

z � zR, we recover the plane-wave coupled wave equations, with ∆k = k2ω − 2kω − 1/zR.

We now consider the general case, where the waves are expanded in a series of Laguerre-Gaussian

modes. For simplicity, we consider only the radial number, p, and ignore the azimuthal number,

l = 0. This is equivalent to assuming that the beams input to and output from the nonlinear

crystal are azimuthally symmetric, which is often a good approximation to the behavior observed in

experiments. In this case, the field is given by

Eω =
∑
p

(Aω,p(z)uω,p(z, r) exp(iωt− ikωz) + c.c.) /2, (A.6)

uω,p(z, r) = Lp
(
2r2/wω(z)2

)
uω(z, r) exp(2piφω(z)), (A.7)

where Lp are the Laguerre polynomials. The uω,p satisfy an orthogonality relation,
∫
u∗ω,luω,mrdrdθ =

δlm, where δlm is the Kronecker delta function. Following the same steps as above, we find

∑
l

uω,l∂zAω,l = −iωχ(2)
√
Z0/

(
nωc
√

2n2ω

)
exp(−i∆kz)

∑
m,n

A2ω,nA
∗
ω,mu2ω,nu

∗
ω,m (A.8a)

∑
n

u2ω,n∂zA2ω,n = −iωχ(2)
√
Z0/

(
nωc
√

2n2ω

)
exp(i∆kz)

∑
l,m

Aω,lAω,muω,luω,m, (A.8b)

and can use orthogonality to extract the evolution of each mode. We consider two illustrative cases

here. First, if we assume that Aω is input in the fundamental Gaussian mode and remains in this

mode, which is equivalent to assuming that the fundamental is undepleted, then
∫
u2
ω,0u

∗
2ω,l = δl0.

That is, Aω,0 only couples to the fundamental Gaussian mode of the second harmonic, and we

recover the case discussed above. Second, if we assume that an incoupled second harmonic remains

entirely in the fundamental Gaussian mode, then each of the spatial modes of Aω,l evolve as

∂zAω,l(z) =
−iκ exp(−i∆kz)√

1 + (z/zR)2

∑
m,n

(l +m)!

l!m!2l+m
A2ω,0(z)A∗ω,m(z) exp(−2i(l +m+ 1/2)φω(z)). (A.9)

This corresponds to the case where a bright second harmonic is amplifying the spatial modes of

the fundamental without becoming depleted. This coupling between the modes of the fundamental

causes the shape of Eω to change as it propagates in the nonlinear medium. Remarkably, these

distortions can be well approximated as a lens that transforms Eω into a different fundamental

Gaussian beam. This effective lensing is referred to as gain-induced diffraction, and will become

important when we study high-gain optical parametric oscillators. We close this section by remarking

that the full coupled-wave approach, where we place no restrictions on l and m, can incorporate

both saturation and gain-induced lensing.
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A.1 Gain Induced Diffraction in OPOs

In this section we derive simple analytic models for the evolution of a degenerate signal undergoing

gain-induced diffraction, where the gain is treated as a nonlinear lens which scatters light into higher

order cavity modes. This effect will become significant when we study high-gain low-finesse optical

parametric oscillators, where the spatial gain narrowing in the OPA contributes a power dependent

loss by scattering power from the resonant TEM00 mode into higher order spatial modes. The Guoy

phase accumulated by these higher order modes shifts their resonances and timings from that of

the TEM00 mode, and the power scattered into these modes radiates out of the cavity. This effect

can be comparable to the large outcoupling of the cavity and may cause significant shifts to the

threshold of an OPO.

A full spatio-temporal treatment of the OPO is beyond the scope of the treatment presented

here. Instead, we can account for this nonlinear loss to first order by considering the spatial gain

narrowing due to an undepleted near-field pump. Under these conditions, we assume that the electric

field of the signal wave is given by

Eω = (Aω(z, r) exp(iωt− ikωz) + c.c.) /2, (A.10)

where Aω(z, r) corresponds to an envelope that varies slowly in z. The field envelope at the output

of an OPA of length L is given by

Aω(L, r) = Aω(0, r) exp

(
γ0L exp

(
− r2

w2
2ω

))
where γ0 is the small signal gain coefficient, w2ω is the pump waist, and wω is the waist of the

signal. The effective feedback coefficient of the cavity is given by the projection of the signal onto

the amplified TEM00 cavity mode

R(γ0) = R(0)

∫
dr exp

(
γ0L exp

(
− r2

w2
2ω

))
exp

(
−r2
w2
ω

)
exp(γ0L)

∫
dr exp −2r2

w2
ω

.

In the absence of gain-induced diffraction, threshold is given by γthL = − ln
(√

R(0)
)

. With the

effects of gain-induced diffraction, the condition for threshold becomes a transcendental equation

γGID
th L = −ln

(√
R(γGID

th )
)

. As an example, for a cavity with beam waists of wω =
√

2w2ω = 14µm,

and a threshold of 120 mW corresponding to R(0) = 35%, then gain-induced diffraction increases

the threshold of the OPO to 180 mW. We close this section by noting that gain-induced diffrac-

tion largely leaves the theoretical treatment of OPOs unchanged; insights gained from assuming

R = R(0) are valid, provided that the power dependence of R(γ0) is properly accounted for.

E.g. threshold still corresponds to the condition that the unsaturated gain balances the total loss,
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γGID
th L = −ln

(√
R(γGID

th )
)

, and perfect depletion still occurs when the unsaturated gain is twice

the total loss γGID
dep L = −2ln

(√
R(γGID

dep )
)

. The times above threshold now becomes a nonlinear

function of power,
√
M(γ0) = γ0L/ln

(√
R(γ0)

)
.



Appendix B

A Brief Review of Optical

Waveguide Theory

In this appendix, we review the relevant aspects of optical waveguide theory for the nonlinear devices

considered throughout chapter 3. The main purpose of this section is to derive the dispersion

operator, D̂, for a waveguide mode and the nonlinear coupling, κ, between two waveguide modes.

This section begins with a review of the key aspects of linear optical waveguide theory, include

the derivation of waveguide modes, as well as their orthogonality relations and dispersion relations.

We conclude this section by establishing the relevant mode normalization necessary to derive the

nonlinear coupling between two waveguide modes. Sec. B.1 derives the nonlinear coupling between

two waveguide modes, which yield the coupled wave equations for ultra-short pulses in nonlinear

waveguides when combined with the dispersion relations found here.

Figure B.1: Schematic of typical ridge waveguide studied in Ch. 3, with the associated electric field
Ex,µ of the waveguide mode for both the fundamental (left) and second harmonic (right). The top
cladding is air, the etched thin film is X-cut MgO:LN, and we approximate the 2-µm-thick silica
adhesion layer as extending to infinity.

A typical nonlinear waveguide, which comprises an LN ridge, an air top cladding, and a silica

substrate, is shown in Fig. B.1, with the associated field distribution, Hx,µ, of the TE00 mode.

We note that many other cross sections are possible, including multi-layer claddings and W-shaped

95
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ridges, but that the simple geometry shown here already allows for one to engineer a wide variety

of new devices. Waveguide modes correspond to solutions of Maxwell’s equations that propagate in

z in the absence of a nonlinear polarization, with a dielectric constant that varies in x and y,

∇ · [ε̄(x, y, ω)E(x, y, z, ω)] = 0 (B.1a)

∇·H(x, y, z, ω) = 0 (B.1b)

∇×H(x, y, z, ω) = iωε̄(x, y, ω)E(x, y, z, ω), (B.1c)

∇×E(x, y, z, ω) = −iωµ0H(x, y, z, ω). (B.1d)

We note that the media considered here are uniaxial, with the crystal coordinates aligned to the

waveguide coordinates such that ε̄(x, y, ω) is a second rank diagonal tensor

ε̄(x, y, ω) =


εxx(x, y, ω) 0 0

0 εyy(x, y, ω) 0

0 0 εzz(x, y, ω).

 (B.2)

Throughout this section, we will use capital letters (X,Y, Z) to denote crystal coordinates, and

lower-case letters (x, y, z) to denote waveguide coordinates. In typical straight waveguides, the

direction of propagation (z) is taken along the crystalline Y-axis of the lithium niobate. There are

two cases of interest: X-cut lithium niobate films, which have their crystalline Z-axis aligned with

the waveguide x-axis (εxx = εZZ , εyy = εXX , εzz = εXX) and Z-cut lithium niobate films, which

have their crystalline Z-axis aligned with the waveguide y-axis (εxx = εXX , εyy = εZZ , εzz = εXX).

This chapter will focus predominantly on TE00 modes in X-cut films, which exhibit both large

nonlinearities and allow for dispersion engineering at many wavelengths of interest.

Since ε̄(x, y, ω) is translation-invariant in z, we may solve Maxwell’s equations by expanding the

fields in a series of guided modes

E(x, y, z, ω) =
∑
µ

aµ(ω)Eµ(x, y, ω)e−ikµ(ω)z, (B.3a)

H(x, y, z, ω) =
∑
µ

aµ(ω)Hµ(x, y, ω)e−ikµ(ω)z, (B.3b)

where aµ represents the component of E contained in mode µ around frequency ω. The transverse

mode profiles, Eµ and Hµ, and their associated propagation constant, kµ, may be found as solutions

to an eigenvalue problem. The treatment presented here will largely follow that of [103]. To cast

Maxwell’s equations as an eigenvalue problem, we first combine Maxwell’s curl equations into a

system of homogeneous partial differential equations for the components of the magnetic field

∇× (ε̄−1∇×Hµ) = ω2µ0Hµ. (B.4)



APPENDIX B. A BRIEF REVIEW OF OPTICAL WAVEGUIDE THEORY 97

Then, we use ∂zHµ = −ikµHµ and the divergence relation ∇ ·Hµ = 0 to reduce this to a system of

equations for the transverse field components. Since ε̄ is a diagonal tensor, Eqn. B.4 becomes

∂2
xHx,µ +

εyy
εzz

∂2
yHx,µ +

(
1− εyy

εzz

)
∂x∂yHy,µ +

ω2

c2
εyyHx,µ = k2

µHx,µ, (B.5a)

∂2
yHy,µ +

εxx
εzz

∂2
xHy,µ +

(
1− εxx

εzz

)
∂x∂yHx,µ +

ω2

c2
εxxHy,µ = k2

µHy,µ. (B.5b)

Eqns. B.5a-B.5b take the familiar form of an eigenvalue problem once the left hand side is expressed

using matrix representations

A

[
Hx,µ

Hy,µ

]
=

[
Axx Axy

Ayx Ayy

][
Hx,µ

Hy,µ

]
= k2

µ

[
Hx,µ

Hy,µ

]
, (B.6)

where Axx = ∂2
x + εyy/εzz∂

2
y +ω2εyy/c

2 and Axy = (1− εyy/εzz)∂x∂y. Ayy and Ayx are obtained by

interchanging the subscripts x and y in Axx and Axy.

The eigenmodes resulting as solutions to equation B.6 satisfy an orthogonality relation. This

property of the waveguide modes will be a crucial tool throughout this section, and the following; it

will be necessary both to derive the nonlinear coupling between waveguide modes, and to efficiently

calculate the dispersion of the waveguide modes. We begin by considering a pair of eigenmodes,

E1 = Eµ exp(−ikµz), H1 = Hµ exp(−ikµz), E2 = Eν exp(−ikνz), and H2 = Hν exp(−ikνz), such

that Hν and Hµ independently satisfy Eqn. B.6. Substituting E1 and H1 into Maxwell’s curl

equations, taking the dot product with −H∗2 and E∗2, respectively, and adding them together yields

−H∗2 · (∇×E1) + E∗2 · (∇×H1) = iωµ0H
∗
2 ·H1 + iωε0E

∗
2 · εE1. (B.7)

Taking the complex conjugate of Eqn. B.7, interchanging the indices, and adding them together

(assuming real ε̄) yields

−H∗2 · (∇×E1) + E∗2 · (∇×H1)−H1 · (∇×E∗2) + E1 · (∇×H∗2) = 0. (B.8)

We rewrite Eqn. B.8 using ∇· (A×B) = B ·∇×A−A ·∇×B to arrive at the complex reciprocity

relation for E1 and E2

∇ · (E1 ×H∗2 + E∗2 ×H1) = 0. (B.9)

Substituting E1 = Eµ exp(−ikµz), E2 = Eν exp(−ikνz), integrating Eqn. B.9 over all space, and

apply the divergence theorem, we find

i(kµ − kν)

∫
(Eµ ×H∗ν + E∗ν ×Hµ) · ẑdA = 0. (B.10)

For µ 6= ν the integral must vanish. For µ = ν the integral is related to the power contained in the
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mode. Applying Poynting’s Theorem, we arrive at∫
A

1

4
([Eµ ×H∗ν + E∗ν ×Hµ] · ẑ) dxdy = Pδµ,ν . (B.11)

We may simplify Eqn. B.11 by repeating the derivation where E2 = E−ν exp(ikνz) is now the

backwards propagating counterpart to mode ν. In this case, equation (B.10) becomes

i(kµ + kν)

∫
((Eµ ×H∗ν −E∗ν ×Hµ) · ẑdA = 0. (B.12)

Combining equations B.10 and B.12 yields the orthogonality relation between modes µ and ν∫
A

1

2
Re ([Eµ ×H∗ν ] · ẑ) dxdy =

∫
A

1

2
Re ([E∗ν ×Hµ] · ẑ) dxdy = Pδµ,ν . (B.13)

The fields, as defined, are normalized such that P = 1 W, and therefore the power contained in

mode µ is P|aµ|2. For deriving the nonlinear coupling between two modes, it’s convenient to express

these mode profiles using dimensionless functions e(x, y) and h(x, y)

Eµ(x, y) =

√
2Z0P

nµAmode,µ
eµ(x, y), (B.14a)

Hµ(x, y) =

√
2nµP

Z0Amode,µ
hµ(x, y), (B.14b)

where nµ is the effective index of mode µ, and Z0 is the impedance of free space. The peak value

of
(
eµ × h∗µ

)
· ẑ is chosen to be unity. As a consequence of Eqn. (B.13), the area of mode µ is given

by Amode,µ =
∫

Re(eµ × h∗µ) · ẑdxdy. The modal area is a measure of how tightly confined a mode

is and largely determines the strength of nonlinear interactions, with more tightly confined modes

producing stronger nonlinear couplings.

Before we discuss the numerical calculation of the eigenmodes we briefly remark on their sym-

metry properties, which often allow for a number of analytical and numerical simplifications. Most

of these properties are discussed in [77], and we summarize them here. First, we note that for each

mode µ, there is a backwards propagating mode −µ, such that kµ = −k−µ. The fields associated

with the backward propagating mode are related to those of the forward propagating mode by the

following relationships:

Hx,−µ = −Hx,µ Ex,−µ = Ex,µ (B.15a)

Hy,−µ = −Hy,µ Ey,−µ = Ey,µ (B.15b)

Hz,−µ = Hz,µ Ez,−µ = −Ez,µ. (B.15c)
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The waveguides under study throughout this chapter are also well approximated as lossless. In this

case, the dielectric tensor is real and symmetric, and assuming the dielectric tensor is also diagonal,

we may always choose the field components of the bound modes to satisfy the following convention:

Hx,µ, Ex,µ, Hy,µ, Ey,µ ∈ Real (B.16a)

Hz,µ, Ez,µ ∈ Imaginary. (B.16b)

Finally, all of the waveguides presented here have an axis of symmetry in their cross-section,

ε̄(x, y, ω) = ε̄(−x, y, ω). As a result, Ex, Hy, and Hz all share the same parity. Similarly, Hx,

Ey, and Ez all share the same parity. This allows us to heuristically describe the modes as TE-like

and TM-like, as with a planar waveguide. For a TEmn mode, in which the field is predominantly

polarized along the waveguide x-axis, the parity of Ex is the same as the evenness of m, e.g., for a

TE00 mode Ex(−x, y) = Ex(x, y), while for a TE10 mode Ex(−x, y) = −Ex(x, y).

To solve Eqn. B.6 numerically, we discretise the transverse coordinates x and y using nx and ny

grid points, respectively. We represent the magnetic field, Hx,µ, using a vector

H̄x,µ = [Hx,µ(x1, y1), Hx,µ(x2, y1), ...,Hx,µ(xnx, y1), Hx,µ(x1, y2), ...,Hx,µ(xnx, yny)]T . (B.17)

A similar expression, H̄y,µ, can be defined for Hy,µ. The spatial derivatives ∂x and ∂y may be

represented using centered finite differences, thereby converting the linear operators Axx, Axy, Ayx,

and Ayy to N-by-N sparse matrices Āxx, Āxy, Āyx, and Āyy, where N = nxny. We note that the

form of equation B.6 is unchanged by this process,

Ā

[
H̄x,µ

H̄y,µ

]
=

[
Āxx Āxy

Āyx Āyy

][
H̄x,µ

H̄y,µ

]
= k2

µ

[
H̄x,µ

H̄y,µ

,

]
, (B.18)

except that the matrix representation H̄x,µ is a real vector, whereas the field Hx,µ is a real function

of space. Throughout the remainder of this section, barred variables will be used to denote matrix

representations. The fields H̄x,µ and H̄y,µ, and their associated propagation constant kµ, may be

found efficiently using standard eigenvalue solvers.

The operator A is not self-adjoint and therefore admits a distinct set of left-eigenmodes, which

we will refer to as Lx,µ and Ly,µ,

Ā†

[
L̄x,µ

L̄y,µ

]
= (k2

µ)∗

[
L̄x,µ

L̄y,µ

]
. (B.19)

Lx,µ and Ly,µ are related to the electric fields associated with the waveguide mode, Ey,µ and Ex,µ,

respectively. The eigenvectors (H̄µ = [H̄x,µ, H̄y,µ]T ) and their associated left-eigenvectors (L̄µ =
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[L̄x,µ, L̄y,µ]T ) form a biorthagonal system,

L̄†νH̄µ = δµ,ν , (B.20)

where δi,j is the Kronecker delta. We remark here that the orthogonality relation established here,

Eqn. B.20, is the same as that derived using Maxwell’s equations, Eqn. B.13. This correspondence

allows us to establish the relationship between Lµ and the electric fields associated with mode µ.

We begin by approximating Eqn. B.13 as a Riemann sum,

∫
1

2
Re ([E∗ν ×Hµ] · ẑ) dxdy → 1

2

([
−Ē∗y,ν , Ē∗x,ν

] [ H̄x,µ

H̄y,µ

])
∆x∆y. (B.21)

Equating the two orthogonality relations we have

L̄†νH̄µ =
1

2

([
−Ē∗y,ν , Ē∗x,ν

] [ H̄x,µ

H̄y,µ

])
∆x∆y, (B.22)

which implies L̄ν =
[
−Ēy,ν , Ēx,ν

]T
∆x∆y/2.

The orthogonality relations established above act as projection operators that enable a number

of useful computational techniques. For notational simplicity, we use the matrix representations

throughout the remainder of this section. First, we remark that the projection operator, Lµ, is a

powerful computational tool for calculating the dispersion orders of mode µ. Given L̄ν , H̄µ, and

the matrix representation of Maxwell’s equations, Ā, the dispersion orders of the waveguide may be

evaluated using the Hellmann-Feynman theorem,

L̄†µ(∂nωĀ)H̄µ

L̄†µH̄µ

= ∂nω(k2
µ). (B.23)

This allows us solve for the dispersion operator, D̂µ, to arbitrary order for mode µ by solving two

eigenvalue problems instead of solving for kµ(ω) across many frequencies.

Having established orthogonality relations for waveguide modes and how to calculate the disper-

sion operator, D̂µ, we are now equipped to derive the nonlinear coupling between two waveguide

modes. When combined with the dispersion relations found here these results yield the coupled wave

equations for SHG in the nanophotonic waveguides studied throughout Ch. 3.

B.1 The Coupled Wave Equations in Nonlinear Waveguides

In this section, we derive the nonlinear coupling between two waveguide modes and define the

effective area, Aeff , associated with these interactions. The effective area provides a measure of the
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strength of a nonlinear interaction due to the tight confinement of the waveguide; small effective

areas correspond to large field intensities and large normalized efficiencies. We focus on the case of

SHG in a nonlinear waveguide, but the results presented here are easily generalized to three wave

interactions. The treatment used here accounts for the fully-vectorial nature of the modes[78, 79],

with each field component of the waveguide mode coupled together by the full nonlinear tensor,

dijk, of the media that comprise the waveguide. Remarkably, these equations have the same form

as the coupled wave equations for SHG in much simpler contexts, such as SHG of plane waves

and paraxial gaussian beams. The effective area arises naturally when calculating the normalized

conversion efficiency of the power in the second harmonic, P2ω/Pω.

The presence of a nonlinear polarization at frequency ω gives rise to driving terms that cause

the content of each mode, aµ, to evolve in z. The derivation of the coupled wave equations under

the influence of a nonlinear polarization mirrors that of the orthogonality relations in the previous

section, where Maxwell’s equations now include the nonlinear polarization,

∇×H(x, y, z, ω) = iωε̄(x, y, ω)E(x, y, z, ω) + iωPNL(x, y, ω). (B.24)

Repeating the previous derivation, Eqn. (B.9) becomes

∇ · (E1 ×H∗2 + E∗2 ×H1) = − (iωE∗2 ·PNL,1 − iωE∗1PNL,2) . (B.25)

We now select a pair of modes E1 = aµ(z)Eµ(x, y) exp(−ikµz), E2 = aνEν(x, y) exp(−ikνz), and

integrate over all space. Using the orthogonality relations, we find that aµ evolves as

∂zaµ(z, ω) =
−iω
4P

eikµz
∫

E∗µ ·PNL,2dxdy. (B.26)

For second-harmonic generation in the limit where one pair of modes is close to phasematching, we

consider one mode for the fundamental at frequency ω and for the second harmonic at frequency 2ω

without loss of generality. For the remainder of this section, the modes under consideration will be

referred to as aω and a2ω for the fundamental and second harmonic, respectively. In this case, the

nonlinear polarization is given by

PNL,ω = 2ε0deffa2ωa
∗
ω

∑
jk

d̄ijkEj,2ωE
∗
k,ωe

−i(k2ω−kω)z (B.27a)

PNL,2ω = ε0deffa
2
ω

∑
jk

d̄ijkEj,ωEk,ωe
−2ikωz (B.27b)

where i, j, k ∈ {x, y, z}. deff = 2
πd33 is the effective nonlinear coefficient for a 50% duty cycle

periodically poled waveguide, and d̄ijk is the normalized χ(2) tensor. For lithium niobate, this is
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expressed using contracted notation[80] in the coordinates of the crystal as

d̄iJ =
1

d33


0 0 0 0 d15 d16

d16 −d16 0 d15 0 0

d15 d15 d33 0 0 0


where d15 = 3.67 pm/V, d16 = 1.78 pm/V, and d33 = 20.5 pm/V for SHG of 2-µm light. These

values are found using a least squares fit of Miller’s delta scaling to the values reported in [81, 82],

and have relative uncertainties of ±5%. We therefore expect a relative uncertainty in any calculated

normalized efficiency to be ±10%.

We arrive at the coupled wave equations for SHG by substituting Eqns. (B.27a-B.27b) into Eqn.

(B.26) and defining Aω =
√

Paω

∂zAω = −iκA2ωA
∗
ωe
−i∆kz (B.28a)

∂zA2ω = −iκ∗A2
ωe
i∆kz (B.28b)

We remark here that the coupling coefficient κ is complex in a nanophotonic waveguide. This is

due to coupling between the purely real transverse components of the fields associated with the

waveguide mode with the purely imaginary z-component of the fields. φκ ultimately contributes a

constant phase shift to the nonlinear process. For example, the second harmonic generated in the

presence of a complex κ will have a phase of −π/2 − φκ relative to the fundamental. κ and the

associated effective area are given by

κ =

√
2Z0ωdeff

cnω
√
Aeffn2ω

exp(−iφκ) (B.29a)

Aeff =
A2

mode,ωAmode,2ω∣∣∣∫ ∑i,j,k d̄ijke
∗
i,2ωej,ωek,ωdxdy

∣∣∣2 (B.29b)

For most waveguide modes under consideration in this thesis φκ, which is given by the phase of the

overlap integral in Eqn. (B.29b), is small or zero. As an example, we consider SHG in which both

eω and e2ω correspond to TE00 modes. In this case, ex is even, and both ey and ez are odd. In this

case, all of the dijkei,ωej,ωek,2ω terms that contribute an imaginary component to the overlap integral

(d16e
2
y,ωe

∗
z,2ω, d16ez,ωey,ωe

∗
y,2ω, and −d16e

2
z,ωe

∗
z,2ω) have odd parity and integrate to zero. However

for SHG in which e2ω corresponds to a TM00 mode, all of these terms have even parity, and contribute

a nonzero phase shift to the overlap integral. This nonzero phase of the nonlinear coefficient imparts a

small phase shift between each of the interacting envelopes, but does not contribute any meaningful

change in the resulting nonlinear dynamics. We can remove this phase from the coupled wave

equations by phase-shifting the second harmonic, A2ω(z, t)→ A2ω(z, t) exp(−iφk).

Eqns. B.28a-B.28b, with D̂ evaluated using Eqn. B.23 in principle contain all of the properties
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of the waveguides mode necessary to understand the nonlinear behavior of nanophotonic devices.

The dynamics described by the associated coupled wave equations (Eqns. 1.31a-1.31b) are the topic

of chapter 3.
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